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General Relativity
• Space-time geometry described by metric

ds2 = gμνdxμdxν

Fμν = ∇μ Aν − ∇ν Aμ

∇μFμν = Jν

• Non-gravitational physics uses “covariant derivative”, adapted to curved spacetime. 

• Geometry is curved by energy/momentum content of spacetime. 

• Gauge freedom: different  may correspond to the same spacetime 
since they may be related by coordinate transformations. 

gμν(xα)

a lot of 
calculus

gμν Gμν Gμν = 8πTμν

Einstein’s Equation
Gμν ∼ Rμν ∼ Rμναβ ∼

1
ℛ2
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Gravitational Waves are Linear Perturbations
• Linear perturbations of Minkowski geometry

gμν = ημν + hμν

h̄μν = hμν −
h
2

ημν , h = hμνημν

Gαβ = R̄αβ =
1
2 [−h̄αβ,μ

,μ − ηαβh̄μν
,μν + h̄αμ

,μ
,β + h̄βμ

,μ
,α] = 8πTαβ

h̄αβ
,β = 0

□ h̄αβ = − 16πTαβ

• Obtain Einstein Tensor

(one can choose Lorenz gauge)

• Linearized Einstein’s Equation

• Gauge Freedom

xα → xα + ξα hαβ → hαβ − ξα,β − ξβ,α
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The TT Gauge
• For a plane wave along the z direction, we can choose a gauge like

1

Linearized Einstein’s Equation gives:

⇤h̄
ab = �16pT

ab , h̄
ab

, b = 0 (1)

Plane-wave solutio

h̄
ab = H̄

ab
e

ikµx
µ

, kµk
µ = 0 , H̄

ab = H̄
ba, H̄

ab
ka = H̄

ab
kb = 0 (2)

Gauge transformation

Hab ! xakb + kaxb (3)

khab(t, x, y, z)k =

2

664

0 0 0 0
0 h+(t � z) h⇥(t � z) 0
0 h⇥(t � z) �h+(t � z) 0
0 0 0 0

3

775 (4)

• In general, if wave vector is 

• Find orthonormal basis  with 

• Define 


•  


•

k
(e1, e2, e3) e3 = k

e+ = e1 ⊗ e1 − e2 ⊗ e2
e× = e1 ⊗ e2 + e2 ⊗ e1

h+ =
1
2

hije
ij
+, h× =

1
2

hije
ij
×

[only keep transverse traceless components]
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Effect of GW on Freely Falling Objects
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J
µ =

1
64p

kn A
2 (55)

h
TT
jk
(t, x) =

"
2 Ïjk(t � r)

r

#TT

(56)

dE

dt
=

1
5
h
...
I jk(t � r)

...
I jk(t � r)i ,

dJ
j

dt
=

2
5

ejklh Ïka(t � r)
...
I al(t � r)i (57)

ds
2 = �(1 + R0l0mx

l
x

m)dt
2 � 4

3
R0l jmx

l
x

m
dt

j
dt +

✓
djk �

1
3

Rjlkmx
l
x

m

◆
dx

j
dx

k (58)
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R0l0m = �1
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ḧ
TT
lm

⇠ h

l2 , R0jlm ⇠ Rjlkm ⇠ h

l2 (59)
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j =

F
j

M
� R0l0jx

l =
F

j

M
+

ḧ
TT
l j

2
x

l (60)

5

J
µ =

1
64p

kn A
2 (55)

h
TT
jk
(t, x) =

"
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x
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• In this gauge (coordinate system): 

• Local Lorentz Frame [metric is flat up to ]


• For , main effect is objects feel tidal 
gravity force:

O(x /λ)2

L ≪ λGW/(2π)

Fermi Normal Coordinates
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Polarizations of Gravitational Waves

5

J
µ =

1
64p

kn A
2 (55)

h
TT
jk
(t, x) =

"
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ejklh Ïka(t � r)
...
I al(t � r)i (57)

ds
2 = �(1 + R0l0mx

l
x

m)dt
2 � 4

3
R0l jmx

l
x

m
dt

j
dt +

✓
djk �

1
3

Rjlkmx
l
x

m

◆
dx

j
dx

k (58)

R0l0m = �1
2

ḧ
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+ polarization

× polarization

hxx = − hyy = h+

hxy = hyx = h×

plane perpendicular to propagation direction
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Wave Propagation on Curved Background (I)
gμν = gB

μν + hμν

3

A2/l2

l &L (27)

A2/l2

l &L (28)

A2/l2

l
(29)

G
(1)
µn [h] = 0 (30)

B
Gµn + hG(2)

µn [h]i = 0 (31)

G
(1)
µn [j] + G

(1)
µn [h]� hG(1)

µn [h]i = 0 (32)

G
(1)
µn [h] = 0 (33)

h = 0 , h
ab

|b = 0 . (34)

rarahµn + 2 B
R

a
µn

b
hab = 0 (35)

hμν = AμνeiΦ/ϵ

Short-wavelength Approximation:

kαkα = 0 kα ∇αkβ = 0kα = ∇αΦ

phase  constant along null rays, with tangent vector field  Φ kα

Aμν = eμνA , eμνeμν = 2 , eμν = eνμ , eμνkμ = 0

decomposed into amplitude  and polarization tensor A eμν

kα ∇αeμν = 0 , kα ∇α A = −
1
2

A∇αkα

polarization tensor parallel transported; amplitude decays ~ 1/ S

propagate along null rays

S1
S2

A2 = A1
S1

S2

ray bundle

ph
as

e 
fro

nt

ph
as

e 
fro

nt
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Wave Propagation on Curved Background (II)
gμν = gB

μν + hμν

3

A2/l2

l &L (27)

A2/l2

l &L (28)

A2/l2

l
(29)

G
(1)
µn [h] = 0 (30)

B
Gµn + hG(2)

µn [h]i = 0 (31)

G
(1)
µn [j] + G

(1)
µn [h]� hG(1)

µn [h]i = 0 (32)

G
(1)
µn [h] = 0 (33)

h = 0 , h
ab

|b = 0 . (34)

rarahµn + 2 B
R

a
µn

b
hab = 0 (35)

gαβ = gB
αβ + ϵh(1)

αβ + ϵ2h(2)
αβ

• Existence of wave cause second-order correction 

Gμν = GB
μν + ϵG(1)

μν [h(1)
αβ ] + ϵ2G(2)

μν [h(1)
αβ ] + ϵ2G(1)

μν [h(2)
αβ ]

• … because Einstein’s equation is nonlinear

• Average over wavelength provides “energy-momentum content of GW”.

4

k
araeµn = 0 (41)

k
ara A +

1
2
(rak

a)A = 0 (42)

rak
a =

1
S

k
araS ) k

ara(A
2
S) = 0 (43)

J
a ⌘ A

2
k

a , ra J
a = 0 (44)

ds
2 = �dt

2 + a
2(t)

⇥
dc2 + Sk(c)

�
dq2 + sin2 qdf2�⇤ (45)

S = 4pa
2(trec)Sk(c) (46)

A µ a
�1(trec)S

�1/2
k

(c) µ
1

co-moving distance in receiver’s slice
(47)

B
Gµn = 8pT

GW
µn (48)

T
GW
µn = � 1

8p

D
G
(2)
µn [h]

E
(49)

h(...)|ai = 0 , (...)ab ⇡ (...)ba (50)

T
GW
µn =

1
32p

⌧
h̄ab|µh̄

ab
|n �

1
2

h̄|µh̄|n � 2h̄
ab

|bh̄a(µ|n)

�
(51)

T
GW
µn =

1
32p

D
h

TT
ab|µh

ab
TT|n

E
(52)

hab = Aabe
iF = Aeabe

iF (53)

T
GW
µn =

1
64p

kµkn A
2 (54)

1
ℛ2

GW
∼

h2

λGW

G(1)
μν [h(2)

αβ ] = − G(2)
μν [h(1)

αβ ]

• Second-order perturbation is quadratic in first-order perturbation

h(2) ∼ h(1)h(1) double frequency or zero frequency
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GW from Binary Stars

Using retarded potential: gravitational radiation is caused by stress

… and energy-momentum conservation, within mass-quadrupole approximation, 

radiation caused by change in mass-quadrupole moment

□ h̄αβ = − 16πTαβ

hTT
jk (t, x) = 4 [∫

Tjk(t − |x − x′￼| , x′￼)
|x − x′￼|

d3x′￼]
TT

hTT
jk (t, x) = [

2··I jk(t − r)
r ]

TT

Ijk = ∫ d3x ρ(x) xjxk
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Harmonic Oscillator?

… what about this harmonic oscillator?

hTT
jk (t, x) = 4 [∫

Tjk(t − |x − x′￼| , x′￼)
|x − x′￼|

d3x′￼]
TT

hTT
jk (t, x) = [

2··I jk(t − r)
r ]

TT

H =
p2

2m
+

mω2x2

2

Ixx = mx2 ?

… actually depends on how the 
“potential” is created

rigid 
wall

spring constant k
stress

m

Ixx = m(L + x)2

L x
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Binary Stars in Circular Orbits

source

z

y

x

GW
dir

ect
ion

transverse 
plane

1

h̄ab(t, x) = 4
Z Tab(t � |x � x0|, x0)

|x � x0| d3x0 (1)

hTT
jk (t, x) =

4
r

Z
Tjk(t � r, z)d3z

�TT
(2)

hjk = h+e+jk + h⇥e⇥jk (3)

e+ = eq ⌦ eq � ef ⌦ ef (4)
e⇥ = eq ⌦ ef + ef ⌦ eq (5)

Tjk
,k + Tj0

,0 = 0 , (zlTjk),k = Tjl + Tjk
,kzl = Tjl � Tj0

,0zl (6)

Z
Tjkd3z = �

Z
Tj0

,0zkd3z = � d
dt

Z
Tj0zkd3z (7)

Z
Tjkd3z =

1
2

d2

dt2

Z
T00zjzkd3z =

1
2

Ïjk (8)

v ⌧ c ! wL ⌧ c ! L ⌧ c/w =
l

2p
(9)

⇤y = 0 (10)

⇤y = 0 , y(t, r) =
f (t � r)

r
(11)

⇤h̄ab = 0 , h̄ab
,b = 0 (12)

h̄00 = +2

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r
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
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Ï jk(t � r)

r

�
(15)

1

h̄ab(t, x) = 4
Z Tab(t � |x � x0|, x0)

|x � x0| d3x0 (1)

hTT
jk (t, x) =

4
r

Z
Tjk(t � r, z)d3z

�TT
(2)

hjk = h+e+jk + h⇥e⇥jk (3)

e+ = eq ⌦ eq � ef ⌦ ef (4)
e⇥ = eq ⌦ ef + ef ⌦ eq (5)

Tjk
,k + Tj0

,0 = 0 , (zlTjk),k = Tjl + Tjk
,kzl = Tjl � Tj0

,0zl (6)

Z
Tjkd3z = �

Z
Tj0

,0zkd3z = � d
dt

Z
Tj0zkd3z (7)

Z
Tjkd3z =

1
2

d2

dt2

Z
T00zjzkd3z =

1
2
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µ =
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h ⌘ µ

M
. (29)

Ḟ = W =
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M
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Keplerian Motion
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n = ex sin q cos f + ey sin q sin f + ez cos q (22)
eq = ex cos q cos f + ey cos q sin f � ez sin q (23)
ef = �ex sin f + ey cos f (24)

h+ =
1
2

h̄jke+jk , h⇥ =
1
2

h̄jke⇥jk . (25)
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M = MA + MB , (27)

µ =
MA MB

M
, (28)
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eq = ex cos q cos f + ey cos q sin f � ez sin q (23)
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h̄jke⇥jk . (25)

F (26)

M = MA + MB , (27)

µ =
MA MB

M
, (28)
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Binary Stars in Circular Orbits

source

z

y

x

GW
dir

ect
ion

transverse 
plane

1

h̄ab(t, x) = 4
Z Tab(t � |x � x0|, x0)

|x � x0| d3x0 (1)

hTT
jk (t, x) =

4
r

Z
Tjk(t � r, z)d3z

�TT
(2)

hjk = h+e+jk + h⇥e⇥jk (3)

e+ = eq ⌦ eq � ef ⌦ ef (4)
e⇥ = eq ⌦ ef + ef ⌦ eq (5)

Tjk
,k + Tj0

,0 = 0 , (zlTjk),k = Tjl + Tjk
,kzl = Tjl � Tj0

,0zl (6)

Z
Tjkd3z = �

Z
Tj0

,0zkd3z = � d
dt

Z
Tj0zkd3z (7)

Z
Tjkd3z =

1
2

d2

dt2

Z
T00zjzkd3z =

1
2

Ïjk (8)

v ⌧ c ! wL ⌧ c ! L ⌧ c/w =
l

2p
(9)

⇤y = 0 (10)

⇤y = 0 , y(t, r) =
f (t � r)

r
(11)

⇤h̄ab = 0 , h̄ab
,b = 0 (12)

h̄00 = +2

I jk(t � r)

r

�

,jk
(13)

h̄0j = �2

İ jk(t � r)

r

�

,k
(14)

h̄jk = +2

Ï jk(t � r)

r

�
(15)

1

h̄ab(t, x) = 4
Z Tab(t � |x � x0|, x0)

|x � x0| d3x0 (1)

hTT
jk (t, x) =

4
r

Z
Tjk(t � r, z)d3z

�TT
(2)

hjk = h+e+jk + h⇥e⇥jk (3)

e+ = eq ⌦ eq � ef ⌦ ef (4)
e⇥ = eq ⌦ ef + ef ⌦ eq (5)

Tjk
,k + Tj0

,0 = 0 , (zlTjk),k = Tjl + Tjk
,kzl = Tjl � Tj0

,0zl (6)

Z
Tjkd3z = �

Z
Tj0

,0zkd3z = � d
dt

Z
Tj0zkd3z (7)

Z
Tjkd3z =

1
2

d2

dt2

Z
T00zjzkd3z =

1
2

Ïjk (8)

v ⌧ c ! wL ⌧ c ! L ⌧ c/w =
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(9)

⇤y = 0 (10)

⇤y = 0 , y(t, r) =
f (t � r)
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
I jk(t � r)

r

�

,jk
(13)

h̄0j = �2

İ jk(t � r)

r

�

,k
(14)

h̄jk = +2

Ï jk(t � r)

r

�
(15)

2

h̄00
,0 + h̄0j

,j = 0 , h̄j0
,0 + h̄jk

,k = 0 (16)

∂t ⌧ ∂r (17)

h̄00(t, x) = 2 I jk(t � r)


djk � 3njnk

r3

�
(18)

h̄0j, h̄jk ⌧ h̄00 (19)

I jk = I jk (20)

n (21)

2

h̄00
,0 + h̄0j

,j = 0 , h̄j0
,0 + h̄jk

,k = 0 (16)

∂t ⌧ ∂r (17)

h̄00(t, x) = 2 I jk(t � r)


djk � 3njnk

r3

�
(18)

h̄0j, h̄jk ⌧ h̄00 (19)

I jk = I jk (20)

n q f (21)

q f

2

h̄00
,0 + h̄0j

,j = 0 , h̄j0
,0 + h̄jk

,k = 0 (16)

∂t ⌧ ∂r (17)

h̄00(t, x) = 2 I jk(t � r)


djk � 3njnk

r3

�
(18)

h̄0j, h̄jk ⌧ h̄00 (19)

I jk = I jk (20)

n q f (21)

q f
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h̄00
,0 + h̄0j

,j = 0 , h̄j0
,0 + h̄jk

,k = 0 (16)

∂t ⌧ ∂r (17)

h̄00(t, x) = 2 I jk(t � r)


djk � 3njnk

r3

�
(18)

h̄0j, h̄jk ⌧ h̄00 (19)

I jk = I jk (20)

n q f (21)

q f

n = ex sin q cos f + ey sin q sin f + ez cos q (22)
eq = ex cos q cos f + ey cos q sin f � ez sin q (23)
ef = �ex sin f + ey cos f (24)

h+ =
1
2

h̄jke+jk , h⇥ =
1
2

h̄jke⇥jk . (25)

F (26)

1

h̄ab(t, x) = 4
Z Tab(t � |x � x0|, x0)

|x � x0| d3x0 (1)

hTT
jk (t, x) =

4
r

Z
Tjk(t � r, z)d3z

�TT
(2)

hTT
jk = h+e+jk + h⇥e⇥jk (3)

e+ = eq ⌦ eq � ef ⌦ ef (4)
e⇥ = eq ⌦ ef + ef ⌦ eq (5)

Tjk
,k + Tj0

,0 = 0 , (zlTjk),k = Tjl + Tjk
,kzl = Tjl � Tj0

,0zl (6)

Z
Tjkd3z = �

Z
Tj0

,0zkd3z = � d
dt

Z
Tj0zkd3z (7)

Z
Tjkd3z =

1
2

d2

dt2

Z
T00zjzkd3z =

1
2

Ïjk (8)

v ⌧ c ! wL ⌧ c ! L ⌧ c/w =
l

2p
(9)

⇤y = 0 (10)

⇤y = 0 , y(t, r) =
f (t � r)

r
(11)

⇤h̄ab = 0 , h̄ab
,b = 0 (12)

h̄00 = +2

I jk(t � r)

r

�

,jk
(13)

h̄0j = �2

İ jk(t � r)

r

�

,k
(14)

h̄jk = +2

Ï jk(t � r)

r

�
(15)

2

h̄00
,0 + h̄0j

,j = 0 , h̄j0
,0 + h̄jk

,k = 0 (16)

∂t ⌧ ∂r (17)

h̄00(t, x) = 2 I jk(t � r)


djk � 3njnk

r3

�
(18)

h̄0j, h̄jk ⌧ h̄00 (19)

I jk = I jk (20)

n q f (21)

q f

n = ex sin q cos f + ey sin q sin f + ez cos q (22)
eq = ex cos q cos f + ey cos q sin f � ez sin q (23)
ef = �ex sin f + ey cos f (24)

h+ =
1
2

h̄jke+jk , h⇥ =
1
2

h̄jke⇥jk . (25)

F (26)

M = MA + MB , (27)

µ =
MA MB

M
, (28)

h ⌘ µ

M
. (29)

Ḟ = W =

r
M
a3 (30)

Ixx = µa2 cos2 F, Iyy = µa2 sin2 F, (31)

Ixy = Iyx = µa2 cos F sin F (32)

h+ = �2(1 + cos2 q)
µW2a2 cos 2F

r
(33)

h⇥ = �4 cos q
µW2a2 sin 2F

r
(34)

Optimally Oriented: θ = 0

h+ ∼ h+ ∼ 4
μΩ2a2

r
∼ 4

μv2

r
∼

Mv2

r

M⊙ ∼ 1.5 × 103 m

Mpc ∼ 3 × 1022 m

h ∼ 5 × 10−21 ( M
100 M⊙ ) ( 100 Mpc

r ) ( v2

0.1 )
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Back Reaction!

x

y

2

h̄00
,0 + h̄0j

,j = 0 , h̄j0
,0 + h̄jk

,k = 0 (16)

∂t ⌧ ∂r (17)

h̄00(t, x) = 2 I jk(t � r)


djk � 3njnk

r3

�
(18)

h̄0j, h̄jk ⌧ h̄00 (19)

I jk = I jk (20)

n q f (21)

q f

n = ex sin q cos f + ey sin q sin f + ez cos q (22)
eq = ex cos q cos f + ey cos q sin f � ez sin q (23)
ef = �ex sin f + ey cos f (24)

h+ =
1
2

h̄jke+jk , h⇥ =
1
2

h̄jke⇥jk . (25)

F (26)

A

B Adiabatic Approach: assuming that orbit remains nearly 
Keplerian, but with slowly varying parameters.

3

Ixy = Iyx = µa2
cos F sin F (32)

h+ = �2(1 + cos
2 q)

µW2a2
cos 2F
r

(33)

h⇥ = �4 cos q
µW2a2

sin 2F
r

(34)

h ⇠ µv2

r
(35)

µv2 ⇠ µM
a

(36)

WGW = 2

r
M
a3

⇠ 0.06

M
⇠ 2p ⇥ 729

✓
2.8M�

M

◆
Hz (37)

h ⇠ µv2

r
⇠ 1

40

M
r

⇠ 3 ⇥ 10
�21

✓
M

2.8 M�

◆✓
r

1 Mpc

◆
(38)

✓
dE
dt

◆

GW

=
Z

T0rr2d2W (39)

T0r = �T0r = � 1

32p

D
h̄TT

jk,0
h̄jk

TT,r

E
(40)

✓
dE
dt

◆

GW

=
1

5

D...

/I jk
...

/I jkE
(41)

/I jk ⌘ Ijk �
1

3
djk I (42)

✓
dJk

dt

◆

GW

=
Z

ek
lmxlTmrr2d2W

=
2

5
eklm

D
/̈I a

l
...
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E
(43)

E = �µM
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(44)

✓
dE
dt

◆

GW

=
1

5

D...

/I jk
...

/I jkE

=
32

p

µ2

M2
(MW)10/3

(45)

Energy carried 
by GW per unit 

time

3

Ixy = Iyx = µa2
cos F sin F (32)

h+ = �2(1 + cos
2 q)

µW2a2
cos 2F
r

(33)

h⇥ = �4 cos q
µW2a2

sin 2F
r

(34)

h ⇠ µv2

r
(35)

µv2 ⇠ µM
a

(36)

WGW = 2

r
M
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M
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◆
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M
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✓
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E = �µM
2a

(44)

✓
dE
dt

◆

GW

=
1

5

D...

/I jk
...

/I jkE

=
32

p

µ2

M2
(MW)10/3

(45)

dEmotion

dt
= �
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3
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(33)
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✓
dE
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✓
dE
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Keplerian Motion
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W2

=
1

WtR

=
torb

tR

⇠ v5
(49)

v =
p

M/a = (MW)1/3
(50)

14



The Newtonian Chirp
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W2

=
1

WtR

=
torb

tR

⇠ v5
(49)

v =
p

M/a = (MW)1/3
(50)

Ẇ
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Ẇ
W2

=
96

5

⇣ µ

M

⌘
(MW)5/3

(47)

Ẇ
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Ẇ
W2

=
96

5

⇣ µ

M

⌘
(MW)5/3

(47)

Ẇ
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Ẇ ⌘ W
tR

) Ẇ
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Ï jk(t � r)

r

�
(15)

1

h̄ab(t, x) = 4
Z Tab(t � |x � x0|, x0)

|x � x0| d3x0 (1)

hTT
jk (t, x) =

4
r

Z
Tjk(t � r, z)d3z

�TT
(2)

hjk = h+e+jk + h⇥e⇥jk (3)

e+ = eq ⌦ eq � ef ⌦ ef (4)
e⇥ = eq ⌦ ef + ef ⌦ eq (5)

Tjk
,k + Tj0

,0 = 0 , (zlTjk),k = Tjl + Tjk
,kzl = Tjl � Tj0

,0zl (6)

Z
Tjkd3z = �

Z
Tj0

,0zkd3z = � d
dt

Z
Tj0zkd3z (7)

Z
Tjkd3z =

1
2

d2

dt2

Z
T00zjzkd3z =

1
2
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İ jk(t � r)

r

�

,k
(14)

h̄jk = +2

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FIG. 2. Top: Estimated gravitational-wave strain amplitude
from GW150914 projected onto H1. This shows the full band-
width of the waveforms, without the filtering used for Fig. 1.
The inset images show numerical-relativity models of the black
hole horizons as the black holes coalesce. Bottom: The Kep-
lerian effective black hole separation in units of Schwarzschild
radii (RS = 2GM/c2) and the effective relative velocity given
by the post-Newtonian parameter v/c = (GM⇡f/c3)1/3, where
f is the gravitational-wave frequency calculated with numerical
relativity and M is the total mass (value from Table I).

masses, m1 and m2, due to gravitational-wave emission.
At the lower frequencies, such evolution is characterized
by the chirp mass [47]

M =
(m1m2)3/5

(m1 +m2)1/5
=

c3

G


5

96
⇡�8/3f�11/3ḟ

�3/5

,

where f and ḟ are the observed frequency and its time
derivative and G and c are the gravitational constant and
speed of light. Estimating f and ḟ from the data in Fig. 1
we obtain a chirp mass of M ' 30M�, implying that the
total mass M = m1 + m2 is >⇠ 70M� in the detector
frame. This bounds the sum of the Schwarzschild radii of
the binary components to 2GM/c2 >⇠ 210 km. To reach
an orbital frequency of 75 Hz (half the gravitational-wave
frequency) the objects must have been very close and very
compact; equal Newtonian point masses orbiting at this fre-
quency would be only ' 350 km apart. A pair of neutron
stars, while compact, would not have the required mass,
while a black hole-neutron star binary with the deduced
chirp mass would have a very large total mass, and would
thus merge at much lower frequency. This leaves black
holes as the only known objects compact enough to reach

an orbital frequency of 75 Hz without contact. Further-
more, the decay of the waveform after it peaks is consis-
tent with the damped oscillations of a black hole relaxing
to a final stationary Kerr configuration. Below, we present
a general-relativistic analysis of GW150914; Fig. 2 shows
the calculated waveform using the resulting source param-
eters.

Detectors — Gravitational-wave astronomy exploits multi-
ple, widely separated detectors to distinguish gravitational
waves from local instrumental and environmental noise, to
provide source sky localization, and to measure wave po-
larizations. The LIGO sites each operate a single Advanced
LIGO detector [33], a modified Michelson interferometer
(see Fig. 3) that measures gravitational-wave strain as a
difference in length of its orthogonal arms. Each arm is
formed by two mirrors, acting as test masses, separated by
Lx = Ly = L = 4 km. A passing gravitational wave ef-
fectively alters the arm lengths such that the measured dif-
ference is �L(t) = �Lx � �Ly = h(t)L, where h is the
gravitational-wave strain amplitude projected onto the de-
tector. This differential length variation alters the phase dif-
ference between the two light fields returning to the beam-
splitter, transmitting an optical signal proportional to the
gravitational-wave strain to the output photodetector.

To achieve sufficient sensitivity to measure gravitational
waves the detectors include several enhancements to the
basic Michelson interferometer. First, each arm contains
a resonant optical cavity, formed by its two test mass mir-
rors, that multiplies the effect of a gravitational wave on
the light phase by a factor of 300 [49]. Second, a partially
transmissive power-recycling mirror at the input provides
additional resonant buildup of the laser light in the interfer-
ometer as a whole [50, 51]: 20 W of laser input is increased
to 700 W incident on the beamsplitter, which is further in-
creased to 100 kW circulating in each arm cavity. Third,
a partially transmissive signal-recycling mirror at the out-
put optimizes the gravitational-wave signal extraction by
broadening the bandwidth of the arm cavities [52, 53].
The interferometer is illuminated with a 1064-nm wave-
length Nd:YAG laser, stabilized in amplitude, frequency,
and beam geometry [54, 55]. The gravitational-wave sig-
nal is extracted at the output port using homodyne read-
out [56].

These interferometry techniques are designed to maxi-
mize the conversion of strain to optical signal, thereby min-
imizing the impact of photon shot noise (the principal noise
at high frequencies). High strain sensitivity also requires
that the test masses have low displacement noise, which
is achieved by isolating them from seismic noise (low fre-
quencies) and designing them to have low thermal noise
(mid frequencies). Each test mass is suspended as the final
stage of a quadruple pendulum system [57], supported by
an active seismic isolation platform [58]. These systems
collectively provide more than 10 orders of magnitude of
isolation from ground motion for frequencies above 10 Hz.

3

For robustness and validation, we also use other generic
transient search algorithms [41]. A different search [73] and
a parameter estimation follow-up [74] detected GW150914
with consistent significance and signal parameters.

B. Binary coalescence search

This search targets gravitational-wave emission from
binary systems with individual masses from 1 to 99M⊙,
total mass less than 100M⊙, and dimensionless spins up to
0.99 [44]. To model systems with total mass larger than
4M⊙, we use the effective-one-body formalism [75], which
combines results from the post-Newtonian approach
[11,76] with results from black hole perturbation theory
and numerical relativity. The waveform model [77,78]
assumes that the spins of the merging objects are aligned
with the orbital angular momentum, but the resulting
templates can, nonetheless, effectively recover systems
with misaligned spins in the parameter region of
GW150914 [44]. Approximately 250 000 template wave-
forms are used to cover this parameter space.
The search calculates the matched-filter signal-to-noise

ratio ρðtÞ for each template in each detector and identifies
maxima of ρðtÞwith respect to the time of arrival of the signal
[79–81]. For each maximum we calculate a chi-squared
statistic χ2r to test whether the data in several different
frequency bands are consistent with the matching template
[82]. Values of χ2r near unity indicate that the signal is
consistent with a coalescence. If χ2r is greater than unity, ρðtÞ
is reweighted as ρ̂ ¼ ρ=f½1þ ðχ2rÞ3&=2g1=6 [83,84]. The final
step enforces coincidence between detectors by selecting
event pairs that occur within a 15-ms window and come from
the same template. The 15-ms window is determined by the
10-ms intersite propagation time plus 5 ms for uncertainty in
arrival time of weak signals. We rank coincident events based
on the quadrature sum ρ̂c of the ρ̂ from both detectors [45].
To produce background data for this search the SNR

maxima of one detector are time shifted and a new set of
coincident events is computed. Repeating this procedure
∼107 times produces a noise background analysis time
equivalent to 608 000 years.
To account for the search background noise varying across

the target signal space, candidate and background events are
divided into three search classes based on template length.
The right panel of Fig. 4 shows the background for the
search class of GW150914. The GW150914 detection-
statistic value of ρ̂c ¼ 23.6 is larger than any background
event, so only an upper bound can be placed on its false
alarm rate. Across the three search classes this bound is 1 in
203 000 years. This translates to a false alarm probability
< 2 × 10−7, corresponding to 5.1σ.
A second, independent matched-filter analysis that uses a

different method for estimating the significance of its
events [85,86], also detected GW150914 with identical
signal parameters and consistent significance.

When an event is confidently identified as a real
gravitational-wave signal, as for GW150914, the back-
ground used to determine the significance of other events is
reestimated without the contribution of this event. This is
the background distribution shown as a purple line in the
right panel of Fig. 4. Based on this, the second most
significant event has a false alarm rate of 1 per 2.3 years and
corresponding Poissonian false alarm probability of 0.02.
Waveform analysis of this event indicates that if it is
astrophysical in origin it is also a binary black hole
merger [44].

VI. SOURCE DISCUSSION

The matched-filter search is optimized for detecting
signals, but it provides only approximate estimates of
the source parameters. To refine them we use general
relativity-based models [77,78,87,88], some of which
include spin precession, and for each model perform a
coherent Bayesian analysis to derive posterior distributions
of the source parameters [89]. The initial and final masses,
final spin, distance, and redshift of the source are shown in
Table I. The spin of the primary black hole is constrained
to be < 0.7 (90% credible interval) indicating it is not
maximally spinning, while the spin of the secondary is only
weakly constrained. These source parameters are discussed
in detail in [39]. The parameter uncertainties include
statistical errors and systematic errors from averaging the
results of different waveform models.
Using the fits to numerical simulations of binary black

hole mergers in [92,93], we provide estimates of the mass
and spin of the final black hole, the total energy radiated
in gravitational waves, and the peak gravitational-wave
luminosity [39]. The estimated total energy radiated in
gravitational waves is 3.0þ0.5

−0.5M⊙c2. The system reached a
peak gravitational-wave luminosity of 3.6þ0.5

−0.4 × 1056 erg=s,
equivalent to 200þ30

−20M⊙c2=s.
Several analyses have been performed to determine

whether or not GW150914 is consistent with a binary

TABLE I. Source parameters for GW150914. We report
median values with 90% credible intervals that include statistical
errors, and systematic errors from averaging the results of
different waveform models. Masses are given in the source
frame; to convert to the detector frame multiply by (1þ z)
[90]. The source redshift assumes standard cosmology [91].

Primary black hole mass 36þ5
−4M⊙

Secondary black hole mass 29þ4
−4M⊙

Final black hole mass 62þ4
−4M⊙

Final black hole spin 0.67þ0.05
−0.07

Luminosity distance 410þ160
−180 Mpc

Source redshift z 0.09þ0.03
−0.04
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include spin precession, and for each model perform a
coherent Bayesian analysis to derive posterior distributions
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to be < 0.7 (90% credible interval) indicating it is not
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results of different waveform models.
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Extensions to the Newtonian Chirp
• Eccentric orbits.


• Higher  and  corrections to Newtonian physics.


• Finite-Size effects related to spins, tidal effects, and natures of neutron 
stars and black holes


• Mergers of the two objects to a final neutron star or black hole 

v/c GM/(rc2)
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Extensions to the Newtonian Chirp

we have both za ! 1 and ca ! 1. The nice correspondence (439) shows that the
heuristic model based on the constitutive relations (436) is able to capture the physics
of corotating black hole binary systems.

3.3.4 Post-Newtonian approximation versus gravitational self-force

The high-accuracy predictions from GR we have drawn up to now are well suited to
describe the inspiralling phase of compact binaries, when the post-Newtonian
parameter (1) is small, independently of the mass ratio q ! m1=m2 between the
compact bodies. In this section we investigate how well does the post-Newtonian
expansion, compared with another very important approximation scheme in general
relativity: The gravitational self-force approach, based on black-hole perturbation
theory, which gives an accurate description of extreme mass ratio binaries having
q " 1 or equivalently m " 1, even in the strong field regime. It is thus expected to
provide templates for extreme mass ratio inspirals (EMRI) anticipated to be present
in the bandwidth of space-based detectors.

The gravitational self-force analysis was pioneered by De Witt and Brehme
(1960), Mino et al. (1997b), Quinn and Wald (1997), Detweiler and Whiting (2003),
Gralla and Wald (2008); see Poisson et al. (2011), Detweiler (2011), Barack (2011),
Barack and Pound (2018) for reviews. The expansion at leading order in the mass

Fig. 7 Different analytical approximation schemes and numerical techniques to study black hole binaries,
depending on the mass ratio q ¼ m1=m2 and the post-Newtonian parameter !2 $ v2=c2 $Gm=ðc2r12Þ. Post-
Newtonian theory and perturbative self-force analysis can be compared in the post-Newtonian regime
(! " 1 thus r12 ' Gm=c2) of an extreme mass ratio (m1 " m2) binary. Image courtesy A. Le Tiec
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Post-Newtonian Dynamics
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Full Einstein’s equation in “wave equation form”

Choose Harmonic gauge (Lorenz gauge): 𝔤αβ
,β = 0

Landau-Lifshitz pseudotensor
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PN Binding Energy (Non-Spinning)

that we substitute back into Eq. (374), making all appropriate post-Newtonian re-
expansions. As a result, we gladly discover that the gauge constant r00 has cancelled
out. Therefore, the gauge-invariant result is (Damour et al. 2000b; Blanchet and Faye
2000a; Damour et al. 2001a; Blanchet et al. 2004a; Le Tiec et al. 2012a, b; Bini and
Damour 2013; Damour et al. 2014; Bernard et al. 2017a, b; Foffa and Sturani 2012;
Foffa et al. 2019)75
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ð377Þ

For quasi-circular orbits one can check that there are no terms of order / x9=2 in
(377), so the result is actually valid up to the 4.5PN order. We shall discuss in
Sect. 3.6 how the effects of the spins of the two black holes affect the latter formula.
We can write also a similar expression for the angular momentum,

J ¼ Glm
cx1=2

(

1þ 3
2
þ m
6

! "
xþ 27

8
" 19

8
mþ m2

24

! "
x2

þ 135
16

þ
#
" 6889

144
þ 41
24

p2
$
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24
m2 þ 7

1296
m3
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x3

þ 2835
128

þ 98869
5760
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1536

p2 " 128
3

cE "
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3
lnð16xÞ

# $
m

!

þ 356035
3456

" 2255
576

p2
# $

m2 " 215
1728

m3 " 55
31104
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"
x4

þO
1
c10

! ")

;

ð378Þ

For circular orbits the energy E and angular momentum J are known to be linked
together by the so-called “thermodynamic” relation

75 Note the exact (Schwarzschild) test-mass limit m! 0 of the energy function:

ESchw ¼ lc2
1" 2xffiffiffiffiffiffiffiffiffiffiffiffiffi
1" 3x
p " 1

& '
¼ " lc2x

2

Xþ1

p¼0

ð2p" 1Þ!!ð1" 2pÞ
ðpþ 1Þ!

3x
2

! "p

:
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oE
oX

¼ X
oJ
oX

; ð379Þ

which is actually just one aspect of the “first law of binary black hole mechanics” that
we shall discuss in more details in Sect. 3.3.3.

We observe in Eqs. (377) and (378) the occurence of logarithmic terms / ln x
starting at the 4PN order. These terms are due to tail effects occurring in the near
zone. They contribute to the Fokker action via the generalization of Eq. (348) to
include higher mass and current multipole moments (Foffa and Sturani 2020). The
4PN, 5PN and 6PN coefficients of the logarithms in the circular energy function have
been explicitly computed using a mix between the traditional approach (Blanchet
et al. 2010a; Damour 2010; Le Tiec et al. 2012b) and the EFT method (Foffa and
Sturani 2020; Blanchet et al. 2020):

Elog
tail ¼ $ lc2x

2

(
448
15

mx4 ln xþ $ 4988
35

$ 656
5

m
! "

mx5 ln x

þ $ 1967284
8505

þ 914782
945

mþ 32384
135

m2
! "

mx6 ln xþO
1
c14

! ")

:

ð380Þ

The 7PN coefficient is also known, however in this case the iterated “tail-of-tail-of-
tail” process is also relevant, and the complete 7PN result is not yet known. Fur-
thermore it was shown how to compute, by means of renormalization group (RG)
techniques (Goldberger and Ross 2010; Goldberger et al. 2014), the leading loga-
rithmic terms to generic power n, which turn out to appear at orders ð3nþ 1ÞPN,
with n ¼ 1 corresponding to the 4PN logarithm in (380), then n ¼ 2 being the first
logarithm square at 7PN order, and so on. We have, up to any power n (Blanchet
et al. 2020):

Eleading$
tail ðlogÞn ¼ $ lc2x

2

(
64m
15

Xþ1

n¼1

6nþ 1
n!

#
4bðmÞ2

$n$1
x3nþ1ðln xÞn

)

; ð381aÞ

Jleading$tail ðlogÞn ¼ Glm
cx1=2

(

$ 64m
15

Xþ1

n¼1

3nþ 2
n!

#
4bðmÞ2

$n$1
x3nþ1ðln xÞn

)

; ð381bÞ

where bðmÞ2 ¼ $ 214
105 is the b-function coefficient associated with the logarithmic

renormalization of the mass-type quadrupole moment (‘ ¼ 2), and given for an
arbitrary multipolarity by Eq. (201). For the linear log-term (n ¼ 1) one recovers the
4PN coefficient in (380), while further comparison with high-order state-of-the-art
self-force calculations by Kavanagh et al. (2015) reveals perfect match with the first
terms up to n 6 7 in the infinite series (381a). Indeed, Eqs. (381) are first order
effects in the test-mass limit m! 0. Note that the comparison necessitates the first
law of compact binary dynamics, reviewed in Sect. 3.3.3. The gravitational self-force
(GSF) results are expressed in terms of the Detweiler (2008) redshift variable. The
first law permits to convey all the information from the redshift variable to the
binary’s energy function. The leading logarithms to any power n in the redshift are
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ð374Þ

This expression is that of a physical observable E; however, it depends on the choice
of a coordinate system, as it involves the post-Newtonian parameter c defined from
the harmonic-coordinate separation r. But the numerical value of E should not
depend on the choice of a coordinate system, so E must admit a frame-invariant
expression, the same in all coordinate systems. To find it we re-express E with the
help of the following frequency-related parameter x, instead of the post-Newtonian
parameter c (with m ¼ m1 þ m2)

74:

x & GmX
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! "2=3

¼ O
1
c2

! "
: ð375Þ

We readily obtain from Eq. (373) the expression of c in terms of x as

c ¼ x
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ð376Þ

74 This parameter is an invariant in a large class of coordinate systems, namely all those for which the
metric becomes asymptotically Minkowskian far away from the matter source, i.e.,
gab ! diagð"1; 1; 1; 1Þ.
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• Evolution of circular orbits 
can be obtained from 
adiabatic matching:

dx
dt

=
dE/dt
dE/dx

= −
ℱ(x)

dE(x)/dx

• Multipole waveform can 
also be obtained.
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PN Energy Flux (Non-Spinning)

binary’s energy E for circular orbits. Indeed the energy was expressed in Eq. (377) in
terms of the orbital frequency x, which represents exactly the quantity which would
be measured far away from the binary detector88 and actually agrees with the
measurable GW frequency xGW obtained in (481). In particular we shall consistently
use the balance equation (447), where both EðxÞ and F ðxÞ are expressed in terms of
the same frequency x, which is the orbital frequency measured far away in the left-
hand side, and the GW frequency in the right-hand side.

At long last, adding all pieces together, i.e. Equation (457) plus contributions from
tails, iterated tails and tails-of-memory in Sect. 2.4.5, we obtain the quasi-circular
4.5PN energy flux as (Blanchet et al. 2023c, b)—remind our rename of xGW as x:

F ¼ 32c5
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ð483Þ

A technical check is that all arbitrary constants (r0, r00 and b0) which played a role in
intermediate steps of the calculation finally cancel out. An important physical check

88 For instance by analyzing EM radio pulses sent out to infinity by an observer equipped with a flashlight
and sitting on one of the binary’s particles (Detweiler 2005).
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• Evolution of circular orbits 
can be obtained from 
adiabatic matching:

dx
dt

=
dE/dt
dE/dx

= −
ℱ(x)

dE(x)/dx

• Multipole waveform can 
also be obtained.
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Effects of Spins
A

B

orbital motion

1. Orbital motion of B around A causes SB to precess [spin-orbit]
2. SA causes SB to precess [spin-spin]
3. SA causes orbit of B to precess [spin-orbit]
4. SB causes orbit of B to precess [spin-orbit]

Leading-order dynamical effects 
superimpose with each other.

described by gravito-magnetism

For aligned spins, both binding energy 
and radiation flux are affected by spin-

orbit and spin-spin coupling. 

for non-aligned spins

24



4

h00 = �2
5

(5)

/I jk(t)x
j
x

k (47)

Freact =
1
5

(5)

/I jk(t)x
j
x

k (48)

ds
2 =�

✓
1 � 2mA

r

◆
dt

2 �
4ejkmS

k

A
x

m

r3 dx
j
dt

+

✓
1 +

2mA

r

◆
djkdx

j
dx

k (49)

S
µ
B
= (0, SB) , (rest frame of B) (50)

g
B

abu
a
B

S
b
B
= 0 (51)

DS
a

dt
= 0 ) dS

j

dt
+ Gj

00S
0
u

0 + Gj
0k(S

0
u

k + S
k
u

0) + Gj
lmS

l
u

m = 0 (52)

S
0
u0 + S

j
uj = 0 (53)

dS
j

dt
+

1
2
�

gj0,k � gk0,j
�

S
k +

1
2

⇣
g00,mu

m
S

j + g00,mS
m

u
j � 2g00,ju

m
Sm

⌘
= 0 (54)

dSB

dt
=

3
2
(v ⇥rF)⇥ SB

| {z }
⇠LB⇥SB

�SA � 3nAB(nAB · SA)

r
3
AB

⇥ SB

| {z }
⇠H⇥SB

(55)

dvB

dt
= �2H ⇥ v (56)

dLB

dt
=

2
r3 SA ⇥ LB

| {z }
⇠H⇥vB

+
3
2

mA

mB

SB ⇥ LB

r
3
AB| {z }

(57)

gravitomagnetic 
precession of orbit

spin-curvature 
coupling
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m -3 ( 4 15 .4a2pN = ——n —(12 + 29@) — + g(3 —4g) v +—g(l —3')r'r2 4 8

——g (3—4') v r' ——q(13 —4)7)—v —(2 + 25' + 2g ) r'—3 22 1 m 2 2m 2
2 2 r r

rv—')7(15 + 4g)v —(4 + 41' + 8g )——3g(3 + 2rI)r'
2 r (2.2d)

ass = — (n(Sq . S2) + Sq(n S2) + S2(n Sq) —5n(n Sq)(n. S2)),pr4 (2.2e)

28 m .„2 2m .2 2 m
+RR = r'6 18v + ———25r' —v 6v —2——15r'r3 3 r r (2.2f)

where aN, apN, and a2pN are the Newtonian, (post)—
Newtonian, and (post)2-Newtonian contributions to the
equations of motion, aRR is the contribution to the equa-
tion of motion due to the radiation-reaction force, and
aso and ass are the spin-orbit and spin-spin contribu-
tions to the equations of motion which we have ignored
previously, and where x—:xq —x2, v = dx/dt, n = x/r,
)(), = mgm2/m, g = p/m, bm = mg —m2, S—:Sg + S2,
and b, —:m(S2/m2 —Sq/mq), and an overdot denotes
d/dt
It should be noted that the above expression for aso

is not unique; it depends on a "spin supplementary con-
dition" (SSC) which is related to the definition of the
center-of-mass world line x& for each body A. The
above form of as~ is for the covariant SSC given by
S& u~„——0, where u& is the four-velocity of the center-
of-mass world line of body A, and

and ass are not. As a result, the orbital plane will precess
in space (except for specific spin orientations) resulting
in modulations of the observed waveform. We will dis-
cuss this efFect in more detail in Sec. IV. Iyer and Will
[20] have derived post-Newtonian corrections to aRR at
O(e ~2) and O(e4) where the latter are the spin-orbit cor-
rections to radiation reaction.

B. Spin precession equations

In addition to the precession of the orbital plane, there
are precessions of the spin vectors themselves. This ef-
fect has been studied by numerous authors [8—10]; the
relevant equations are

=1 3
Sg ———(LN x Sq) 2+ — —S2 x Sqr 2m, )

S„" —= 2 (2.3) + 3(n S2)n x S, (2.4a)
where w~ denotes the stress-energy tensor of matter
plus gravitational fields satisfying ~""„=0, and square
brackets around indices denote antisymmetrization. Note
that the spin vector S of each body is defined by S&
2~,~A, S&". We discuss the issue of SSC's in more detail
in Appendix A. Here we simply wish to emphasize that
since we have chosen a center-of-mass world line for each
body through our choice of a SSC, we must ensure that
all our calculations are consistent with this choice.
Since the spin of each body is of order mR~6~ where

RA is the size of body A and 6~ is its rotational velocity,
we see that the spin-orbit and spin-spin accelerations are
of order (R~/r)vv~ and (R~/r) v&, respectively, com-
pared to the Newtonian acceleration; these terms thus
are formally of (post)~-Newtonian order. For compact
objects, however, R~ is of order m, while 6~ could be
of order unity for suKciently rapid rotation, so that the
spin-orbit and spin-spin accelerations are efFectively of
(post)s) 2-Newtonian and (post)2-Newtonian order, re-
spectively. If the bodies are slowly rotating, the spin
contributions to the acceleration will be even smaller.
It is interesting to note that while aN, apN, 82pN, and

aRR are all confined to the orbital plane, in general aso

=1 3m, ~
S2 ———(LN x S2) 2+ — —Sg x S2r 2 m2)

+ 3(n S~)n x S2 (2.4b)

t'7 3 hm
LN x

~

-S+ — &
~

+3(n. Si)(n x S2)r&

+ 3(n s~)(n x s, )). (2.5)

It is useful to note that the precession of spins is a post-
Newtonian effect, since IN r = (v/r)(p/r) = e(d/dt),
and S;/rs m;Rv/rs es ~(d/dt).

where LN = p, (x x v) is the Newtonian orbital angular
momentum, and where the first term in each expression
is the precession due to spin-orbit coupling, while the
second and third terms are due to spin-spin coupling. It
is straightforward to show that the total spin S evolves
as

Kidder, 1995

Effects of Spins
A

B

orbital motion
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was delned by the location of J at the moment that the
gravity wave freqency f swept through 10(M/10Mo) Hz.
For the chosen mass and spin ratios, r /M = 25, so
&om Eq. (67) we would expect transitional precession to
"turn off" (e & 1/2) for K & —0.978, when the angle
between L and S is roughly 168 . This is in reasonable
agreement with the numerical results shown in Fig. 10.

A5.

3

2

V. NUMERICAL SOLUTIONS FOR ARBITRARY
MASSES AND SPINS 0 10

I s ~ s ~ & ~ I

30 100
f (10 MO/M) (Hz)

300

A. Relation of the general case to our special cases

In this section we move beyond our two special cases,
M~ ——M2 and S2 ——0, and discuss binaries with arbi-
trary masses and spins (consistent with the requirement
that S; & M; ). In this general case we were unable
to solve the precession equations (11) analytically, and
so had to resort to numerical integrations. One would
expect, however, that, for "typical" inspirals, the pre-
cessional behavior will qualitatively resemble the simple
precession described in Sec. IV, if precession is impor-
tant to the dynamics at all. That expectation is based
on the following argument, which begins by dividing
binaries into two categories based on their mass ratio:
Mz/Mi « 1 and M2/Mi = 1. If Mz/Mi « 1, the am-
plitude of precession will be very small unless Sq )) S2,
since Sz/L(t) & (Mz/Mi)[M/r(t)j / « 1. If Si &) S2,
the larger spin should dominate the precessional dynam-
ics, and the smaller spin can be treated as a perturba-
tion on the special-case solutions of Sec. IV. Similarly, if
Mq M2, the mass difference can be treated as a per-
turbation to our special case solutions for Mq ——M2.
The above argument is not very compelling, especially

when applied to "intermediate" cases such as Mz/Mi ——

1/2. One therefore seeks guidance from numerically gen-
erated examples. Now, in principle one could system-
atically look for qualitatively new types of solutions by
integrating the precession equations {11)for thousands
of randomly chosen values of M] y M2) S] y S2) and ini-
tial directions Si and Sz. This we have not attempted
to do. However, we have integrated equations (11) for
a wide variety of initial conditions which we "put in by
hand"; the results seem to support the conclusion that
most cases give "somewhat ragged" versions of the simple
precession described in Sec. IVB. That is, J is roughly
fixed, and L(t) roughly traces an outward spiral from J.
To illustrate this, Figs. 11—18 display several examples

of numerical solutions to the precession equations (11),
augmented by the signal-amplitude equations (19a) and
(20). The drawing in each figure depicts the initial val-
ues of the vectors L, Sq, S2, and S at the moment that
the gravity wave frequency sweeps past 10(10Mo/M) Hz
(corresponding to r/M = 75). For ease of comparison,
we have chosen J = S + L to point initially along the
z-axis in all our examples; the precise details of how
the other initial vectors were chosen are spelled out in
the caption of Fig. 11. In each 6gure, the curve on the
sphere is the time evolution of L(t) from the initial mo-

FIG. 11. This and the next seven figures (Figs. 11—18) de-
pict the precession of the orbital angular momentum direction
L snd the resulting modulated signal amplitude A(t) in the
detector, as computed by numerical integrations of the preces-
sion equations (11) together with Eqs. (19s) and (20). In sll
these figures the detector's legs are along the x and y axes, the
direction from the detector to the binary is N = (z + x)/v 2,
the total spin S = Sq+ Sq has magnitude S = Mq, the angle
between the orbital angular momentum L and the total spin
S is 60 so rc = L S = 0.5 (except in Figs. 17 snd 18, where
that angle is 178 and ~ = —0.99939), and at the beginning
of the integration —when f = 10(10MO/M) Hz, r/M = 75,
and L = v 75MiMz—the total angular momentum J = L+S
points in the z direction, and L is in the z-z plane, on the
+x side of the z-axis, while S is in the x-z plane, on the —z
side of the z-axis. When both bodies are spinning (Figs. 12,
14, 16, snd 18), their spins initially lie in the y-S plane. The
figures ditfer from each other in their mass ratio Mz/Mi and
in the magnitudes of the bodies' spins. In this figure, the
masses are equal, Mz/Mi ——1, body 1 is maximally spinning,
S& ——M&, and body 2 is nonspinning, S~ ——0, so S = S&
and L have the initial values shown in the drawing. The sub-
sequent motion of L is shown as an outward-spiraling path
on the sphere. The graph shows the amplitude A(t) of the
gravitational-wave signal measured by the detector.

5.
4.
3.
2.

0 30 100
f (10 MO/M) (Hz)

300

FIG. 12. Same as Fig. 11, and with the same mass ra-
tio Mi/Mz ——1 but with both bodies maximally spinning,
S~ ——Mq, Sq ——M2, so the initial S~, Sq, S, and L are as
shown.

simple precession
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FIG. 13. Same as Fig. 11, but with Mq/Mq —— 0.3,
S~ ——M~ and Sq ——0, so the initial Sq and L are as shown. FIG. 15. Same as in Fig. 11, but with Mz/Mq ——O.l,

S~ ——Mq and Sq ——0, so the initial Sq and L are as shown.
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FIG. 16. Same as in Fig. 11, but with Mz/Mq ——0.1 (as in
Fig. 15) and Sr ——Mr, Sz ——Mz, so the initial S~, Sz, S,
and L are as shown.
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FIG. 17. Same as in Fig. 11, but with L and S nearly an-

tialigned (i.e., separated by an angle of 178 so m = —0.99939),
and with M2/Mq ——0.13, Sz ——Mq, and Sq = 0, so the initial
S~ and L are as shown. The evolution illustrates transitional
precession and the subsequent return to simple precession.

FIG. 14. Same as Fig. 11, but with Mz/Mq ——0.3 (as in
Fig. 13) and Sq = Mq, S2 = M2, so the initial Sq, Sz, S,
and L are as shown.

ment, when f = 10(10Mo/M) Hz and r/M = 75 to a
final moment, when f = 440(10Mo/M)Hz and r/M = 6.
The curve plotted in each figure is the amplitude A(t) of
the gravity-wave signal that would be measured by a de-
tector whose arms lie along the x and y axes, when the
binary is in the direction N = (z + x)/~2. The signal
amplitude A(t) is actually plotted against the frequency
f of the gravity wave signal at time t; that is, we plot
A(f):—A(t(f)). [We emphasize that we are not plotting
the Fourier transform of A(t).] The overall normalization
of A(f) is arbitrary.
We have arranged Figs. 11—18 in pairs: an example

with just one body spinning, Sq ——Mq and S2 ——0
(for which the special-case theory of Sec. IV is valid),
is paired with a corresponding example having the same
mass ratio and same initial L and S, but with both bodies
maximally spinning, so S~ ——M~ and S2 ——M2 . We em-
phasize that when both bodies are spinning (Figs. 12, 14,
16, and 18) the precession and signal amplitude depicted
are solutions of the full post2-Newtonian precession equa-
tions (ll), including the spin spin terms; th-e spin-spin
terms either vanished identically or were ignored in our
analysis of special cases in Sec. IV.
The first pair of examples, Figs. 11 and 12, are for a

mass ratio M2/Mi ——1.0 and for K = 0.5 (so the angle be-
tween L and S is 60 ). Because the two masses are equal,

transitional precession

[Apostolatos et al., 1994]

 ~ fixedJtot

 tumbles in spaceJtot
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Figure 7. Marginal posterior distributions for the source chirp mass M, mass ratio q, e↵ective inspiral spin �e↵ , e↵ective
precession spin �p and luminosity distance DL for O3b candidates with pastro > 0.5 plus GW200105 162426. The vertical
extent of each colored region is proportional to one-dimensional marginal posterior distribution at a given parameter value
for the corresponding event. We highlight with italics GW200105 162426 as it has pastro < 0.5, as well as GW191219 163120
because of potential uncertainties in its pastro and because it has significant posterior support outside of mass ratios where the
waveform models have been calibrated. Results for GW200308 173609 and GW200322 091133 include a prior-dominated mode
at large distances and high masses: the hatched posterior probability distribution shown on the lower half of the plots for these
candidates exclude these low-likelihood, prior-dominated modes. Colors correspond to the date of observation.
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sources of GW191219 163120, GW200105 162426,
GW200115 042309 and GW200210 092254 have mass
ratios q  0.041, q  0.259, q  0.571 and q  0.150,
respectively. The mass ratio of GW200210 092254’s
source is q = 0.118+0.048

�0.041, which is comparable to

GW190814’s q = 0.112+0.008
�0.009 [227]. The mass ra-

tio of GW191219 163120’s source is inferred to be
q = 0.038+0.005

�0.004, which is extremely challenging for
waveform modeling, and thus there may be systematic
uncertainties in results for this candidate.

GW200115 042309’s source is the lowest total mass
O3b binary; this potential NSBH coalescence has M =
7.4+1.8

�1.7M�. Its chirp mass is well measured at M =

2.43+0.05
�0.07M�. GW200115 042309’s source has com-

ponents with masses m1 = 5.9+2.0
�2.5M� and m2 =

1.44+0.85
�0.29M�. These results are consistent with previ-

ous inferences [8], showing that the change in how the
fast scattering glitches in Livingston data were mitigated
(discussed in Appendix C) does not have a significant
impact on this analysis. The primary is consistent with
being a low-mass BH [8], we infer a 29% probability that
m1 < 5M�; the secondary is consistent with the masses
of known Galactic NSs [159, 228–230].

GW200105 162426’s source corresponds to a higher
mass NSBH candidate, with M = 11.0+1.5

�1.4M�, and

M = 3.42+0.08
�0.08M�. The binary components have masses

m1 = 9.0+1.7
�1.7M� and m2 = 1.91+0.33

�0.24M�, which are con-
sistent with a BH and a NS, respectively [8].

GW200210 092254’s source has M = 27.0+7.1
�4.3M�

and M = 6.56+0.38
�0.40M�, which sit within the range

seen for the unambiguous-BBHs candidates discussed in
Sec. V A 1. While the primary is clearly a BH with m1 =
24.1+7.5

�4.6M�, its secondary has m2 = 2.83+0.47
�0.42M� with

a 76% probability that m2 < 3M�. The secondary mass
sits within the hypothesized lower mass gap between NSs
and BHs [187–190]. The inferred m2 is comparable to the
3.3+2.8

�0.7M� (95% confidence) candidate BH in the non-
interacting binary 2MASS J05215658+4359220 [231]; the
3.04 ± 0.06M� (68% confidence) candidate BH binary
companion to V723 Mon [232], and potentially the pul-
sar J1748�2021B’s estimated mass of 2.74 ± 0.21M�
(68% confidence) if the assumption of purely rela-
tivistic precession (with no contributions from tidal
or rotational distortion of the companion) is accu-
rate [233]. GW200210 092254’s source is similar to
GW190814’s, where the component masses were inferred
to be m1 = 23.2+1.1

�1.0M� and m2 = 2.59+0.08
�0.09M� [227].

GW200210 092254’s source could either be a BBH or
a NSBH system, but given current understanding of
the maximum NS mass [159, 160, 234–239], it is more
probable that it is a BBH, similar to the case for
GW190814 [227].

For GW191219 163120, we infer a source with M =
32.3+2.2

�2.7M� and M = 4.32+0.12
�0.17M�. It has m1 =

31.1+2.2
�2.8M� and m2 = 1.17+0.07

�0.06M�, which would make
the source a clear NSBH, assuming that the signal is as-
trophysical. The secondary is probably the least massive

compact object among the O3b observations, and is com-
parable to the least massive of known NSs [159, 228, 240].
For example, the companion to pulsar J0453+1559 that
has an estimated mass of 1.174 ± 0.004M� (68% confi-
dence) [241], although this object has also been suggested
to be a white dwarf [242]; the pulsar J1802�2124 that
has an estimated mass 1.24 ± 0.11M� (68%) [243], or
the NSs in the high-mass X-ray binaries SMC X-1 and
4U 1538�522 that have inferred masses of 1.21 ± 0.12M�
and 1.02 ± 0.17M� (68%), respectively [244].

Measuring the mass distribution of NSs will illuminate
the physical processes that form them. Determining the
maximum NS mass provides a key insight into the prop-
erties of NS matter [235, 238, 239, 245–249], while de-
termining the spectrum of NS masses provides an insight
into the physics of processes such as supernova explo-
sions [195, 242, 250–255]. As the catalog of observations
grows, it will be possible to better determine the NS mass
distribution.

B. Spins

Spins leave a relatively subtle imprint on the GW sig-
nal, and so are more di�cult to measure from observa-
tions than the masses [13, 138–140, 156, 256–258]. Typi-
cally, it is not possible to put strong constraints on indi-
vidual components’ spins, as the evolution of the system
is primarily determined by mass-weighted combinations
of the two component spins [259–263]. However, when
a binary has unequal masses it may also be possible to
constrain the primary spin because �1 dominates the spin
contributions to the signal. To reflect how the two spins
influence the signal, we quote results for two convenient
spin parameters, the e↵ective inspiral spin �e↵ [91, 92]
and the e↵ective precession spin �p [264, 265].

The e↵ective inspiral spin, as defined in Eq. (2),
describes the mass-weighted projection of the compo-
nent spins parallel to the orbital angular momentum,
and is approximately conserved throughout the inspi-
ral [266] while remaining important in determining evo-
lution through the merger [222, 267, 268]. The e↵ective
inspiral spin influences the length of the inspiral and the
transition to merger [222, 260, 267, 269]. A non-zero �e↵

indicates the definite presence of spins in the system, with
positive values indicating that there is a net spin aligned
with the orbital angular momentum, and negative values
indicating that there is a net spin anti-aligned with the
orbital angular momentum.

The e↵ective precession spin,

�p = max

⇢
�1,?,

q(4q + 3)

4 + 3q
�2,?

�
, (4)

where �i,? is the component of spin perpendicular to the
direction of the Newtonian orbital angular momentum
L̂N, measures the mass-weighted in-plane spin compo-
nent that contributes to spin precession [264, 265, 270,
271]. With this parametrization, a value of �p = 0 would
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IV. CANDIDATE IDENTIFICATION

Identification of candidates and assessment of their sig-
nificance relative to the background of detector noise is
the first step in extracting catalog results. This is fol-
lowed by detailed analyses to estimate source properties
(Sec. V) and reconstruct waveforms (Sec. VI). We use
multiple search algorithms to identify potential GW can-
didates in our data. Searches are performed at two dif-
ferent latencies: online searches are run in near-real time
as data are collected, and o✏ine searches are completed
later, using the final calibrated and cleaned data set. The
online analyses allow for the rapid release of public alerts
associated with candidates, to enable the search for mul-
timessenger counterparts, as described in Appendix A.
The o✏ine analyses benefit from improved background
statistics, extensive data calibration, vetting and condi-
tioning as described in Sec. III, and the ability to perform
more computationally expensive calculations to separate
signals from background given the relaxation of latency
requirements. Due to these factors, the o✏ine analyses
are more sensitive than the online analyses. In this cata-
log, we report on the results of o✏ine analyses performed
after the end of O3b.

Our search analyses use di↵erent approaches to find
events, either filtering the data using CBC waveform tem-
plates to identify matches (described in Sec. IV A), or
coherently searching data from the detector network for
transient signals without assuming a waveform template
(described in Sec. IVB). We use four pipelines to identify
the candidates from O3b: three that search using CBC
waveform templates, GstLAL [70–73], Multi-Band Tem-
plate Analysis (MBTA) [74, 75] and PyCBC [21, 76–80],
and one that searches for transient signals with minimal
assumptions about sources, cWB [55, 81, 82]. The four
pipelines used o✏ine were also operated in online config-
urations, along with the waveform-based Summed Par-
allel Infinite Impulse Response (SPIIR) pipeline [83–85],
to identify candidate GW signals in low latency. Of the
four pipelines, cWB, GstLAL, and PyCBC were used for
o✏ine LVK analysis of O1 [13, 86], O2 [14] and O3a [3, 4]
data, whereas MBTA was first used for o✏ine analysis of
O3a [4].

There are several technical and configuration di↵er-
ences across the pipelines used in the search analyses.
While the CBC pipelines consider all possible (double or
triple) detector combinations to form coincident events,
cWB only reports analysis of pairs of detectors [27]. An-
other significant di↵erence across pipelines is the data
baseline used to assign FARs to candidates. The FAR is
used as a measure of significance, and defines how regu-
larly we would expect to see a noise (non-astrophysical
background) event with the same, or higher, ranking
statistic as the candidate. GstLAL compares candidates
to a global background from the full O3b time-span, while
cWB, MBTA and PyCBC use local background from a
typical time-span of one to a few weeks. All pipelines
estimate background distributions empirically from the

O3b data. Further technical details of the search algo-
rithms are given in Appendix D.

A. Modeled search analyses for transient sources

The dedicated CBC search algorithms use matched fil-
tering [87, 88], identifying candidates by correlating the
data with templates. We use sets of templates, or banks,
that provide a discrete sampling of the parameter space
defined by the binary component masses m1 and m2 (the
primary and secondary masses, defining m1 � m2), and
the corresponding dimensionless spins ~�1 and ~�2.

The signals expected from CBCs are well characterized
by combinations of the binary component parameters.
To leading order, the phase evolution during inspiral of
a binary is determined by the chirp mass [89, 90],

M =
(m1m2)3/5

(m1 + m2)1/5
. (1)

We also use the total mass M = m1 + m2, and the mass
ratio q = m2/m1  1 to describe a binary system. The
dimensionless component spin ~�i = c~Si/(Gm

2

i ), where
~Si is the spin angular momentum and i = {1, 2}, can
theoretically range in magnitude from 0 (non-spinning)
to 1 (Kerr limit) for BHs. The two spins are combined
to form the e↵ective inspiral spin [91, 92], defined as

�e↵ =
(m1~�1 + m2~�2) · L̂N

M
, (2)

where L̂N is the unit vector in the direction of the Newto-
nian orbital angular momentum. In the modeled search
analyses, the spins are assumed to be parallel to L̂N.

The banks cover systems with total masses, redshifted
to the detector frame [93], ranging from a minimum value
2M� for all pipelines to a maximum value of 200M�
(MBTA), 500M� (PyCBC) or 758M� (GstLAL). The
minimum binary component mass is 1M�. Searches for
binaries with component masses less than 1M� have been
completed for previous observing runs [94–98]. The Py-
CBC pipeline performs two search analyses; the first is an
analysis encompassing a wide parameter space, allowing
detection of many di↵erent types of CBC systems, which
we refer to as the PyCBC-broad analysis. In addition to
this broad analysis, PyCBC is also used in a di↵erent con-
figuration, which we refer to as the PyCBC-BBH analy-
sis, focusing on BBH systems with total masses between
10M� and 500M�, mass ratios in the range 1/3  q  1,
and component masses in the range 5M�  m1  350M�
and m2 � 5M�. This PyCBC-BBH analysis is designed
to have higher sensitivity to BBH coalescences with com-
ponent masses that are similar to those of the majority
of previously detected systems. The range of templates
is the same as used for the search of O3a [4].

For each template, the matched-filter correlation pro-
duces a time series of SNR values for each detector, and

Effect of phase cumulation

Effect of precessions
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Inspiral, Merger and RingdownLIGO-P150914-v13

FIG. 2. Top: Estimated gravitational-wave strain amplitude
from GW150914 projected onto H1. This shows the full band-
width of the waveforms, without the filtering used for Fig. 1.
The inset images show numerical-relativity models of the black
hole horizons as the black holes coalesce. Bottom: The Kep-
lerian effective black hole separation in units of Schwarzschild
radii (RS = 2GM/c2) and the effective relative velocity given
by the post-Newtonian parameter v/c = (GM⇡f/c3)1/3, where
f is the gravitational-wave frequency calculated with numerical
relativity and M is the total mass (value from Table I).

masses, m1 and m2, due to gravitational-wave emission.
At the lower frequencies, such evolution is characterized
by the chirp mass [47]

M =
(m1m2)3/5

(m1 +m2)1/5
=

c3

G


5

96
⇡�8/3f�11/3ḟ

�3/5

,

where f and ḟ are the observed frequency and its time
derivative and G and c are the gravitational constant and
speed of light. Estimating f and ḟ from the data in Fig. 1
we obtain a chirp mass of M ' 30M�, implying that the
total mass M = m1 + m2 is >⇠ 70M� in the detector
frame. This bounds the sum of the Schwarzschild radii of
the binary components to 2GM/c2 >⇠ 210 km. To reach
an orbital frequency of 75 Hz (half the gravitational-wave
frequency) the objects must have been very close and very
compact; equal Newtonian point masses orbiting at this fre-
quency would be only ' 350 km apart. A pair of neutron
stars, while compact, would not have the required mass,
while a black hole-neutron star binary with the deduced
chirp mass would have a very large total mass, and would
thus merge at much lower frequency. This leaves black
holes as the only known objects compact enough to reach

an orbital frequency of 75 Hz without contact. Further-
more, the decay of the waveform after it peaks is consis-
tent with the damped oscillations of a black hole relaxing
to a final stationary Kerr configuration. Below, we present
a general-relativistic analysis of GW150914; Fig. 2 shows
the calculated waveform using the resulting source param-
eters.

Detectors — Gravitational-wave astronomy exploits multi-
ple, widely separated detectors to distinguish gravitational
waves from local instrumental and environmental noise, to
provide source sky localization, and to measure wave po-
larizations. The LIGO sites each operate a single Advanced
LIGO detector [33], a modified Michelson interferometer
(see Fig. 3) that measures gravitational-wave strain as a
difference in length of its orthogonal arms. Each arm is
formed by two mirrors, acting as test masses, separated by
Lx = Ly = L = 4 km. A passing gravitational wave ef-
fectively alters the arm lengths such that the measured dif-
ference is �L(t) = �Lx � �Ly = h(t)L, where h is the
gravitational-wave strain amplitude projected onto the de-
tector. This differential length variation alters the phase dif-
ference between the two light fields returning to the beam-
splitter, transmitting an optical signal proportional to the
gravitational-wave strain to the output photodetector.

To achieve sufficient sensitivity to measure gravitational
waves the detectors include several enhancements to the
basic Michelson interferometer. First, each arm contains
a resonant optical cavity, formed by its two test mass mir-
rors, that multiplies the effect of a gravitational wave on
the light phase by a factor of 300 [49]. Second, a partially
transmissive power-recycling mirror at the input provides
additional resonant buildup of the laser light in the interfer-
ometer as a whole [50, 51]: 20 W of laser input is increased
to 700 W incident on the beamsplitter, which is further in-
creased to 100 kW circulating in each arm cavity. Third,
a partially transmissive signal-recycling mirror at the out-
put optimizes the gravitational-wave signal extraction by
broadening the bandwidth of the arm cavities [52, 53].
The interferometer is illuminated with a 1064-nm wave-
length Nd:YAG laser, stabilized in amplitude, frequency,
and beam geometry [54, 55]. The gravitational-wave sig-
nal is extracted at the output port using homodyne read-
out [56].

These interferometry techniques are designed to maxi-
mize the conversion of strain to optical signal, thereby min-
imizing the impact of photon shot noise (the principal noise
at high frequencies). High strain sensitivity also requires
that the test masses have low displacement noise, which
is achieved by isolating them from seismic noise (low fre-
quencies) and designing them to have low thermal noise
(mid frequencies). Each test mass is suspended as the final
stage of a quadruple pendulum system [57], supported by
an active seismic isolation platform [58]. These systems
collectively provide more than 10 orders of magnitude of
isolation from ground motion for frequencies above 10 Hz.
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Black-Hole: Ringdown

then present the mathematical procedure we use in our
method, for an equal-mass, head-on collision of black
holes. In Sec. III, we present an explicit calculation for
the head-on collision of two black holes with transverse,
anti-aligned spins, and we compare waveforms, radiated
energy, and radiated linear momentum, from our model
with the equivalent quantities from a full numerical-
relativity simulation. In Sec. IV we discuss how our
method can help interpret the waveform during merger,
and finally, in Sec. V, we conclude. We will use geometri-
cal units (G ¼ c ¼ 1) and Einstein summation convention
throughout this paper.

II. A DETAILED DESCRIPTION OF THE METHOD

A. Further motivation

Before going into the details of our procedure, it is worth
spending some time discussing why our specific imple-
mentation of PN and BHP theories will help avoid some of

the difficulties that arose in other methods in the
Introduction and noting the limitations and assumptions
that underlie our approach.
It is certainly hard to argue that existing orders of PN (up

to v6 in the metric, for near-zone dynamics [22]) and BHP
(up to second order for Schwarzschild, see [23] for a
gauge-invariant formulation) theories are accurate in the
whole space, simultaneously. Nevertheless, it is plausible
to argue that these approximation techniques cover differ-
ent spatial regions at different times in a way such that each
theory is either valid to a reasonable level of accuracy or
occupying a portion of space-time that will not influence
physical observables where it fails. Using an approach of
this type, we aim to get the most out of the approximation
methods.
Specifically, we find that the following procedure gives

good agreement with the waveform of a numerical-
relativity simulation presented in Sec. III. First, we have
the reduced mass of the binary follow a plunging geodesic
in the Schwarzschild space-time. Then, we divide this
trajectory in half to make a coordinate radius (and thus a
coordinate sphere) that passes through the centers of the
black holes. The set of all the coordinate spheres defines a
timelike surface in space-time. Finally, we apply PN theory
within this timelike surface and BHP on the exterior. The
two theories must agree on this timelike surface, which we
will subsequently call the shell.
Matching PN and BHP theories on this shell has certain

advantages. Because BHP theory relies upon a multipole
expansion, this makes it necessary to treat the PN interior
in terms of multipoles of the potentials. For one, this is
useful, because physical observables like the radiated en-
ergy and momentum very often do not need many multi-
poles to find accurate results. (In fact, in our example in
Sec. III, we see that the quadrupole perturbations alone
suffice.) Second, a multipole expansion may also be help-
ful for the convergence of the approach. For two point
particles, for example, each multipole component of the

Newtonian potential UðlÞ
N at the location of the particles

satisfies UðlÞ
N & M=R, where M is the mass of the binary

and R is the distance from the center of mass. This is small
for much of the infall, when R $ M, and even when the
binary reaches what will be the peak of the effective

potential of the merged black hole, UðlÞ
N % 1=3.

Because the effective potential of the final black hole
tends to mask perturbations within (as they are redshifted
and cannot escape), our hope (supported by the example in
Sec. III) is that PN theory is still reasonably accurate at the
peak of the potential. Then, in our approach, the PN error
will be hidden by this potential and, along with BHP in the
exterior, it will suffice to explain the physics outside the
black hole (in particular the gravitational waveform and
the energy and momentum flux). Of course whether such a
mechanism exists is not easily deduced analytically from
first principles; only by comparing our results with those
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FIG. 1 (color online). This figure depicts a space-time diagram
of a black-hole collision, modeled after Price’s description of
stellar collapse. We choose the trajectory of the two holes as a
way to separate the space-time into an interior and an exterior
region. The exterior region is a perturbed, black-hole space-time,
whereas the interior is that of a post-Newtonian (PN) black-hole-
binary system [shaded in yellow (light gray)]. The red (dark
gray) region of the diagram shows the place at which the
effective potential of the black-hole is significantly greater
than zero. This formalism allows us to divide the waveform
into three sections: inspiral (or infall), which extends from the
beginning of the binary’s evolution until when the l ¼ 2 effec-
tive potential of the exterior BHP space-time starts to be ex-
posed; merger, which extends from the end of inspiral to when
the majority of the exterior potential is revealed; and ringdown,
which represents the remainder. We overlay the even-parity,
(l ¼ 2, m ¼ 0) mode of the waveform.

HYBRID METHOD FOR UNDERSTANDING BLACK- . . . PHYSICAL REVIEW D 82, 104020 (2010)

104020-3

Posing Data on Inflating Shell: Hybrid Approach

[Nichols and Chen, 2010; Zimmerman and Chen, 

2011]

Close-Limit Approximation

[Campanelli, Lousto, Baker, Price, et al., 1990s]

Richard Price (1970s): 

GW at the end of gravitational collapse is made 

up from QNMs, because the star no longer 
sources radiation that can escape the potential 
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Black-Hole: Quasi-Normal Modes

Waves will reach the 

future horizon, and distort it.


but the horizon simply passively 
receives the radiation.


The horizon will not radiate.
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Here Mis the mass of the black hole, aM its angular momentum, X = r2 + a2 cos2 9, 
and1 A = r2 — 2Mr + a2. When a = 0, the metric reduces to the Schwarzschild 
metric, a nonrotating black hole. 

Any NP tetrad must satisfy the following orthogonality relations: 

/•h = 1 , /ifw* = — 1, all other dot products zero , (4.2) 

so the metric is 

= l»nv + nHv - m"m*v - m^mv. (4.3) 

The relations (4.2) are preserved under the 6-parameter group of Lorentz transforma- 
tions at each point of spacetime. A convenient decomposition of these six degrees of 
freedom is described in Appendix A. Choosing the directions of / and n so that equa- 
tions (2.1) hold uses up four degrees of freedom (eqs. [Al] and [A2]). We choose to 
follow Kinnersley (1969) and use up the remaining freedom by making a “null rota- 
tion” (eq. [A3]) to set the spin coefficient e = 0. The resulting tetrad has [f, r, 9, <p] 
components : 

I» = [(r2 + a2)/A5 ^ o, a/A], n* = [r2 + a2, —A, 0, a]/(2X) , 

nf = [ia sin 0, 0, 1, //sin 0]/[21/2(r + ia cos 0)] . (4.4) 

The nonvanishing spin coefficients are 

/> = — 1 /(r — ia cos 0) , ß = —p* cot 0/(2 V2) , tt = iap2 sin 9/V2 , 

r = —iapp* sin 0/V2 , pu = p2p*A/2 9 y — pu pp*(r — M)/2 , a = tt — ß* , (4.5) 

while 

Í2 = M/>3 . (4.6) 

We use these expressions, and the fact that2 D = lßd/dxß, A = nßd/dxß, and 8 = 
mßd/dxß, to write equations (2.12), (2.14), (3.5), and (3.7) as a single master equation— 
valid equally well for a test scalar field in the Kerr background (s = 0, not derived 
here), a test neutrino field (s = ± 1/2, derived in Appendix B), a test electromagnetic 
field (s = ±1, derived in § III), or a gravitational perturbation (s = ±2, derived in 
§H): 

(r2 + a2) 2\2 
e) W’ + 

4Mar d2ifj 
A dtd(p + 

1 ]a20 
sin2 0J dcp2 

- i"s (*"��f) - ¿«á (sin "Is) - 4 
a(r — M) i cos 01 3$ 

A sin2 9] 3(p 

— 2s[ 
M(r2 - a2) ÀdA 

J 8t 
— r — ia cos 9\-£- + (s2 cot2 0 — s)ifs — 47rXr. (4.7) 

Here s is a, parameter called the “spin weight” of the field. Table 1 specifies the field 
quantities ÿ which satisfy this equation, the corresponding values of s, and the source 
terms T. 

^ In §§ II and III, A denoted the NP operator nudldxß. In the remainder of the paper A is used 
in its other conventional sense, to denote the function r2 — 2Mr + a2 unless otherwise noted. 

2 See n. 1. 
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TABLE 1 
Field Quantities Spin-Weight s, and Source 

Terms T for Equation (4.7) 

t s T 

í> 0 DO = 47rr 

Xo-1 J See references in Appendix B P Xi -i 

to 1 Jo (eq. [3.6]) 
p-2t2 -1 />-V2 (eq. [3.8]) 

toB 2 27*0 (eq. [2.13]) 
P"4<A4B “2 2p-4r4 (eq. [2.15]) 

Consider first the vacuum case (T = 0). Then the master equation (4.7) can be 
separated by writing 

xjj = e-i(ùtém<i,S(d)R(r). (4.8) 

The equations for R and S are 

ia2o)2 cos2 9 ~ Zciajs cos 9 — ^mS g0? ^ — s2 cot2 ö + ^ + ^Nj*S' = 0, \ sm2 9 sin2 9 ) 

(4.10) 

where K={r2 + a2)œ — am and \ = A + a2o)2 — 2amw. Equation (4.10), together 
with boundary conditions of regularity at 0 = 0 and tt, constitutes a Sturm-Liouville 
eigenvalue problem for the separation constant A — sAmi(a<o). For fixed s, m, and aœ, 
we label the eigenvalues by /. The smallest eigenvalue has / = max (|m|, |^|). From 
Sturm-Liouville theory, the eigenfunctions sSmi are complete and orthogonal on 
0 < 0 < tt- for each m, s, and aoi. When ^ = 0, the eigenfunctions are the spheroidal 
wave functions Sm¿( —a2cu2, cos 0) (cf. Flammer 1957). When aœ — 0, the eigenfunc- 
tions are the spin-weighted spherical harmonics s7m

z = and A = 
(/ — s){l + ^ + 1) (cf. Goldberg et al 1967). In the general case, we shall refer to the 
eigenfunctions as “spin-weighted spheroidal harmonics.” The numerical calculation 
of these functions and the corresponding eigenvalues is described in Paper II of this 
series. 

When sources are present (T ^ 0), we can use the eigenfunctions of equation (4.10) 
to separate equation (4.7) by expanding 

4ttY,T = í Jcü 2 G(r)sSmi(8)eim,t’e~iat, 
J Urn 

ip = Í i/to 2 R(r)sSm
l(d)eim'pe~iot. (4.11) 

J Um 
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A2/l2

l &L (27)

A2/l2

l &L (28)

A2/l2

l
(29)

G
(1)
µn [h] = 0 (30)

B
Gµn + hG(2)

µn [h]i = 0 (31)

G
(1)
µn [j] + G

(1)
µn [h]� hG(1)

µn [h]i = 0 (32)

G
(1)
µn [h] = 0 (33)

h = 0 , h
ab

|b = 0 . (34)

rarahµn + 2 B
R

a
µn

b
hab = 0 (35)

too many components!

In 1973, Teukolsky found decoupled 
equation for Weyl scalars  and .  ψ0 ψ4
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TABLE 1 
Field Quantities Spin-Weight s, and Source 

Terms T for Equation (4.7) 

t s T 

í> 0 DO = 47rr 

Xo-1 J See references in Appendix B P Xi -i 

to 1 Jo (eq. [3.6]) 
p-2t2 -1 />-V2 (eq. [3.8]) 

toB 2 27*0 (eq. [2.13]) 
P"4<A4B “2 2p-4r4 (eq. [2.15]) 

Consider first the vacuum case (T = 0). Then the master equation (4.7) can be 
separated by writing 

xjj = e-i(ùtém<i,S(d)R(r). (4.8) 

The equations for R and S are 

ia2o)2 cos2 9 ~ Zciajs cos 9 — ^mS g0? ^ — s2 cot2 ö + ^ + ^Nj*S' = 0, \ sm2 9 sin2 9 ) 

(4.10) 

where K={r2 + a2)œ — am and \ = A + a2o)2 — 2amw. Equation (4.10), together 
with boundary conditions of regularity at 0 = 0 and tt, constitutes a Sturm-Liouville 
eigenvalue problem for the separation constant A — sAmi(a<o). For fixed s, m, and aœ, 
we label the eigenvalues by /. The smallest eigenvalue has / = max (|m|, |^|). From 
Sturm-Liouville theory, the eigenfunctions sSmi are complete and orthogonal on 
0 < 0 < tt- for each m, s, and aoi. When ^ = 0, the eigenfunctions are the spheroidal 
wave functions Sm¿( —a2cu2, cos 0) (cf. Flammer 1957). When aœ — 0, the eigenfunc- 
tions are the spin-weighted spherical harmonics s7m

z = and A = 
(/ — s){l + ^ + 1) (cf. Goldberg et al 1967). In the general case, we shall refer to the 
eigenfunctions as “spin-weighted spheroidal harmonics.” The numerical calculation 
of these functions and the corresponding eigenvalues is described in Paper II of this 
series. 

When sources are present (T ^ 0), we can use the eigenfunctions of equation (4.10) 
to separate equation (4.7) by expanding 

4ttY,T = í Jcü 2 G(r)sSmi(8)eim,t’e~iat, 
J Urn 

ip = Í i/to 2 R(r)sSm
l(d)eim'pe~iot. (4.11) 

J Um 
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TABLE 1 
Field Quantities Spin-Weight s, and Source 

Terms T for Equation (4.7) 

t s T 

í> 0 DO = 47rr 

Xo-1 J See references in Appendix B P Xi -i 

to 1 Jo (eq. [3.6]) 
p-2t2 -1 />-V2 (eq. [3.8]) 

toB 2 27*0 (eq. [2.13]) 
P"4<A4B “2 2p-4r4 (eq. [2.15]) 

Consider first the vacuum case (T = 0). Then the master equation (4.7) can be 
separated by writing 

xjj = e-i(ùtém<i,S(d)R(r). (4.8) 

The equations for R and S are 

ia2o)2 cos2 9 ~ Zciajs cos 9 — ^mS g0? ^ — s2 cot2 ö + ^ + ^Nj*S' = 0, \ sm2 9 sin2 9 ) 

(4.10) 

where K={r2 + a2)œ — am and \ = A + a2o)2 — 2amw. Equation (4.10), together 
with boundary conditions of regularity at 0 = 0 and tt, constitutes a Sturm-Liouville 
eigenvalue problem for the separation constant A — sAmi(a<o). For fixed s, m, and aœ, 
we label the eigenvalues by /. The smallest eigenvalue has / = max (|m|, |^|). From 
Sturm-Liouville theory, the eigenfunctions sSmi are complete and orthogonal on 
0 < 0 < tt- for each m, s, and aoi. When ^ = 0, the eigenfunctions are the spheroidal 
wave functions Sm¿( —a2cu2, cos 0) (cf. Flammer 1957). When aœ — 0, the eigenfunc- 
tions are the spin-weighted spherical harmonics s7m

z = and A = 
(/ — s){l + ^ + 1) (cf. Goldberg et al 1967). In the general case, we shall refer to the 
eigenfunctions as “spin-weighted spheroidal harmonics.” The numerical calculation 
of these functions and the corresponding eigenvalues is described in Paper II of this 
series. 

When sources are present (T ^ 0), we can use the eigenfunctions of equation (4.10) 
to separate equation (4.7) by expanding 

4ttY,T = í Jcü 2 G(r)sSmi(8)eim,t’e~iat, 
J Urn 

ip = Í i/to 2 R(r)sSm
l(d)eim'pe~iot. (4.11) 

J Um 
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TABLE 1 
Field Quantities Spin-Weight s, and Source 

Terms T for Equation (4.7) 

t s T 

í> 0 DO = 47rr 

Xo-1 J See references in Appendix B P Xi -i 

to 1 Jo (eq. [3.6]) 
p-2t2 -1 />-V2 (eq. [3.8]) 

toB 2 27*0 (eq. [2.13]) 
P"4<A4B “2 2p-4r4 (eq. [2.15]) 

Consider first the vacuum case (T = 0). Then the master equation (4.7) can be 
separated by writing 

xjj = e-i(ùtém<i,S(d)R(r). (4.8) 

The equations for R and S are 

ia2o)2 cos2 9 ~ Zciajs cos 9 — ^mS g0? ^ — s2 cot2 ö + ^ + ^Nj*S' = 0, \ sm2 9 sin2 9 ) 

(4.10) 

where K={r2 + a2)œ — am and \ = A + a2o)2 — 2amw. Equation (4.10), together 
with boundary conditions of regularity at 0 = 0 and tt, constitutes a Sturm-Liouville 
eigenvalue problem for the separation constant A — sAmi(a<o). For fixed s, m, and aœ, 
we label the eigenvalues by /. The smallest eigenvalue has / = max (|m|, |^|). From 
Sturm-Liouville theory, the eigenfunctions sSmi are complete and orthogonal on 
0 < 0 < tt- for each m, s, and aoi. When ^ = 0, the eigenfunctions are the spheroidal 
wave functions Sm¿( —a2cu2, cos 0) (cf. Flammer 1957). When aœ — 0, the eigenfunc- 
tions are the spin-weighted spherical harmonics s7m

z = and A = 
(/ — s){l + ^ + 1) (cf. Goldberg et al 1967). In the general case, we shall refer to the 
eigenfunctions as “spin-weighted spheroidal harmonics.” The numerical calculation 
of these functions and the corresponding eigenvalues is described in Paper II of this 
series. 

When sources are present (T ^ 0), we can use the eigenfunctions of equation (4.10) 
to separate equation (4.7) by expanding 

4ttY,T = í Jcü 2 G(r)sSmi(8)eim,t’e~iat, 
J Urn 

ip = Í i/to 2 R(r)sSm
l(d)eim'pe~iot. (4.11) 

J Um 
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TABLE 1 
Field Quantities Spin-Weight s, and Source 

Terms T for Equation (4.7) 

t s T 

í> 0 DO = 47rr 

Xo-1 J See references in Appendix B P Xi -i 

to 1 Jo (eq. [3.6]) 
p-2t2 -1 />-V2 (eq. [3.8]) 

toB 2 27*0 (eq. [2.13]) 
P"4<A4B “2 2p-4r4 (eq. [2.15]) 

Consider first the vacuum case (T = 0). Then the master equation (4.7) can be 
separated by writing 

xjj = e-i(ùtém<i,S(d)R(r). (4.8) 

The equations for R and S are 

ia2o)2 cos2 9 ~ Zciajs cos 9 — ^mS g0? ^ — s2 cot2 ö + ^ + ^Nj*S' = 0, \ sm2 9 sin2 9 ) 

(4.10) 

where K={r2 + a2)œ — am and \ = A + a2o)2 — 2amw. Equation (4.10), together 
with boundary conditions of regularity at 0 = 0 and tt, constitutes a Sturm-Liouville 
eigenvalue problem for the separation constant A — sAmi(a<o). For fixed s, m, and aœ, 
we label the eigenvalues by /. The smallest eigenvalue has / = max (|m|, |^|). From 
Sturm-Liouville theory, the eigenfunctions sSmi are complete and orthogonal on 
0 < 0 < tt- for each m, s, and aoi. When ^ = 0, the eigenfunctions are the spheroidal 
wave functions Sm¿( —a2cu2, cos 0) (cf. Flammer 1957). When aœ — 0, the eigenfunc- 
tions are the spin-weighted spherical harmonics s7m

z = and A = 
(/ — s){l + ^ + 1) (cf. Goldberg et al 1967). In the general case, we shall refer to the 
eigenfunctions as “spin-weighted spheroidal harmonics.” The numerical calculation 
of these functions and the corresponding eigenvalues is described in Paper II of this 
series. 

When sources are present (T ^ 0), we can use the eigenfunctions of equation (4.10) 
to separate equation (4.7) by expanding 

4ttY,T = í Jcü 2 G(r)sSmi(8)eim,t’e~iat, 
J Urn 

ip = Í i/to 2 R(r)sSm
l(d)eim'pe~iot. (4.11) 

J Um 

© American Astronomical Society • Provided by the NASA Astrophysics Data System 

36



Quasi-Normal Mode Spectrum

△△△△ △ △ △△△△△△△△

△△△ △ △ △ △
△△△△△

△△ △ △ △ △ △

△△△△△△△

□□□ □ □□□□□□

□□ □ □ □
□□□□□

□
□
□

□ □

□
□

□
□□

-0.5 0.0 0.5
-0.6

-0.5

-0.4

-0.3

-0.2

-0.1

0.0

MωR

M
ω
I

a /M = 0.7

hi
gh

er
 o

ve
rt

on
es

, n

higher harmonics, ℓ

mode

splitting, m

37



Black-Hole: Quasi-Normal Modes

Horizon

Spin

Gr
av

ito
n 

An
gu

la
r 

m
om

en
tu

m

Precession

Photosphere: Graviton Circular Orbits

2

shorter than the background curvature, the mode behaves as if
it were sourced by a perturbation that orbits on and diffuses
away from the light ring on the time scale of the Lyapunov
exponent.

Ferrari and Mashhoon [9] also derived an analogous result
to Eq. (1.1) for slowly rotating black holes. They showed for
l & m � 1, the real part of the frequency is given by

W ⇡ worb +
m

l +1/2
wprec , (1.2)

where worb is now the Keplerian orbital frequency for the cir-
cular photon orbit and wprec is the Lense-Thiring-precession
frequency of the orbit (which arises because of the slow rota-
tion of the black hole). The term proportional to wprec also has
a simple geometric-optics interpretation. Inertial frames near
the high-frequency wave at the light ring are dragged with
respect to inertial frames at infinity, and this frame dragging
causes the perturbation’s orbit to precess about the spin axis of
the black hole with a frequency, wprec. If the orbit is inclined at
an angle of sin2 q =m2/l(l+1) (the ratio of angular momenta
L2

z/L2 for quantized waves in flat space), then the projection
of the precessional velocity onto the orbital plane scales the
precessional frequency by a factor of ⇠ m/(l +1/2).

Why the QNM frequency is multiplied by (l + 1/2) is a
feature that we will explain in greater detail in this paper. In-
tuitively, this term arises because the in the high-frequency
limit, any wavefront traveling on null orbits will have an inte-
gral number of oscillations in the q and f directions. For the
wave to be periodic and single-valued, there must be m oscil-
lations in the f direction. For the q direction, it is a Bohr-
Sommerfeld quantization condition that requires l� |m|+1/2
oscillations in this direction, which implies that there should
be a net spatial frequency of roughly (l+1/2). This increases
the frequency of the radiation seen far from the hole by the
same factor.

From this intuitive argument, we expect that the real part of
the mode should be

wR = L
⇣

worb +
m
L

wprec

⌘
, (1.3)

where we define L = l +1/2. In this paper, we will show that
an equation of the form of Eq. (1.3) does, in fact, describe the
QNM frequencies of Kerr black holes of arbitrary astrophys-
ical spins (and it recovers the result of Ferrari and Mashhoon
for slowly spinning black holes). As we mention in the next
part of this section, the exact details of the correspondence be-
tween QNMs and photon orbits is richer for rapidly rotating
black holes than for slowly rotating or static black holes.

B. Methods and results of this article

To derive Eq. (1.3) requires that we develop a geometric-
optics interpretation of the QNMs of Kerr black holes with
arbitrary astrophysical spins. Finding the correspondence re-
quires two steps: first, we need to calculate the approximate
frequencies using the WKB method; next, we must articulate
a connection between the mathematics of waves propagating

in the Kerr spacetime in the geometric-optics approximation
and those of the WKB approximation (the first step). Finally,
with the geometric-optics description of QNMs, we can make
a physical interpretation of the spectrum (for example, the de-
generacy or the lack of damping in the extremal limit).

In Sec. II, we describe how we solve the eigenvalue prob-
lem that arises from separating the Teukolsky equation [30] (a
linear partial differential equation that describes the evolution
of scalar, vector, and gravitational perturbations of Kerr black
holes) into two nontrivial linear ordinary differential equa-
tions. The two differential equations, the radial and angular
Teukolsky equations, share two unknown constants—the fre-
quency, w , and the angular separation constant, Alm—that are
fixed by the boundary conditions that the ordinary differen-
tial equations must satisfy (ingoing at the horizon and outgo-
ing at infinity for the radial equation, and well-behaved at the
poles for the angular equation). The goal of the WKB method
is to compute the frequency and separation constant approxi-
mately.

Although there has been work by Kokkotas [31] and Iyer
and Seidel [32] using WKB methods to compute QNM fre-
quencies of rotating black holes, their results were limited to
slowly rotating black holes, because they performed an ex-
pansion of the angular separation constant, Alm, for small, di-
mensionless spin parameters, a/M, and only applied the WKB
method to the radial Teukolsky equation to solve for the fre-
quency. In a different approach, Dolan developed a matched-
expansion formalism for Kerr black holes of arbitrary spins
that can be applied to compute the frequency of QNMs, but
only for modes with l = |m| and m = 0 [27].

Therefore, it remains an outstanding problem to compute a
WKB approximation to the quasinormal modes of Kerr black
holes of large spins and for any multipolar index m. In Sec. II,
we solve the joint eigenvalue problem of the radial and angular
Teukolsky equations by applying a change of variables to the
angular equation that brings it into the form of a bound-state
problem in quantum mechanics. Applying the WKB method
to the angular equation, we arrive at a Bohr-Sommerfeld con-
dition that constrains the angular constant in terms of the fre-
quency (and the indices l and m). Simultaneously, we can an-
alyze the radial equation in the WKB approximation, and the
two equations together define an system of integral equations,
which can be solved for the eigenvalues. When we expand
the Bohr-Sommerfeld condition in a Taylor series in terms of
the numerically small parameter, aw/l, the system of integral
equations reduces to an algebraic system (which, in turn, leads
to a simpler expression for the frequency). The approximate
frequency agrees very well with the result that includes all
powers of aw/l, and, in the eikonal limit, it is accurate to or-
der 1/l for Kerr black holes of arbitrary spins, for modes with
any value of m, and for both the real and the imaginary parts
of the frequency.

To interpret the WKB calculation of Sec. II in the lan-
guage of propagating waves in the geometric-optics limit
within the Kerr spacetime, we analyze waves around a Kerr
black hole in Sec. III using the geometric-optics approxima-
tion and the Hamilton-Jacobi formalism. We confirm that
the leading-order pieces of the WKB frequencies and angu-

15

The physical interpretation of the rate that multiplies (n+
1/2) is somewhat subtle. Because the q motion is inde-
pendent from r motion, a bundle of geodesics at the same r
slightly larger than r0, but at different locations in q , will re-
turn to their respective initial values of q with a slightly in-
creased value of r after one period of motion in the q direc-
tion. The area of this bundle increases in the process, and by
Eq. 3.8, the amplitude of the wave must decay; the rate of de-
cay is governed by the quantity that multiplies (n+ 1/2) in
Eq. (3.33).

In addition, as shown in Fig. 10, the homoclinic orbits do
pass through an infinite number of such oscillations near r0,
because the radial motion is indefinitely slower than the q mo-
tion as r approaches r0. It is clear from Fig. 10 that

1
r� r0

Dr
Dl

=
D log(r� r0)

Dl
(3.34)

approaches a constant as r ! r0. By multiplying the above
equation by the constant value of (Dl )/(Dt) over one orbit of
motion in the q direction,

1
r� r0

Dr
Dt

=
D log(r� r0)

Dt
⌘ gL (3.35)

also approaches a constant. This is usually defined as the Lya-
punov exponent of one-dimensional motion; here, however,
we emphasize that it is defined only after averaging over entire
cycle of q motion. By comparing Eq. (3.35) with the second
line of Eq. (3.33), and bearing in mind that the Lyapunov ex-
ponent is defined after averaging over one period of q motion,
one can write Eq. (3.33) as

g = (n+ 1
2 )gL . (3.36)

To put Eq. (3.33) into a form that relates more clearly to
Eq. (2.39), we use the conditions on the phase function,

∂S
∂E

= 0 ,
∂S
∂Q

= 0 , (3.37)

which hold for any point on the trajectory of the particle. We
will apply this condition to two points on the particle’s trajec-
tory: one at (t,r,q ,f) and the second at (t +Dt,r+Dr,q ,f +
Df), where Dt is chosen such that the particle completes a cy-
cle in q in this time (and it moves to a new location shifted
Dr and Df ). Substituting in the explicit expressions for the
principal function in Eqs. (3.10) and (3.11a), we find

∂
∂E

"Z r+Dr

r

p
R(r0)

D(r0)
dr0+DSq

#
= Dt (3.38a)

∂
∂Q

"Z r+Dr

r

p
R(r0)

D(r0)
dr0+DSq

#
= 0 . (3.38b)

where we have defined

DSq ⌘ 2
Z q+

q�

p
Q(q 0)dq 0 ⌘

I p
Q(q 0)dq 0. (3.39)

Because the change Dr is infinitesimal for r near r0, the in-
tegrand is roughly constant, and the r-dependent part of the

integral becomes the product of the integrand with Dr. Then,
one can use Eq. (3.31) to write Eqs. (3.38a) and (3.38b) as

1p
2R 00

0 D0

∂R

∂E

Dr
r� r0

+
∂DSq
∂E

= Dt , (3.40a)

1p
2R 00

0 D0

∂R

∂Q

Dr
r� r0

+
∂DSq
∂Q

= 0 . (3.40b)

Now, we also note that for a given fixed Lz = m, the angular
Bohr-Sommerfeld condition in Eq. (3.22) makes Q a function
of E through the condition that DSq = (L� |m|)p . Because
DSq is a function of E , its total derivative with respect to E
must vanish,

∂DSq
∂E

+
∂DSq
∂Q

✓
dQ
dE

◆

BS
= 0 . (3.41)

Therefore, when we multiply Eq. (3.40b) by (dQ/dE )BS and
add it to Eq. (3.40a), we obtain the condition that

1p
2R 00

0 D0


∂R

∂E
+

∂R

∂Q

✓
dQ

dE

◆

BS

�
Dr

r� r0
= Dt . (3.42)

Combining this fact with the definition of the Lyapunov expo-
nent in Eq. (3.35) and Eq. (3.36), we find that

g =

✓
n+

1
2

◆ p
2R 00

0 D0
∂R

∂E
+

∂R

∂Q

✓
dQ

dE

◆

BS

�

r0

, (3.43)

where we recall that the quantities should be evaluated at r0.
Equation (3.43) is equivalent to Eq. (2.39). Note, however,
that in Eq. (3.43) we explicitly highlight the dependence of Q
on E through the term (dQ/dE )BS. There is an analogous
term in Eq. (2.39) from the dependence of Alm on w in the ex-
pression for the potential V r, which we must take into account
when computing ∂V r/∂w; however, we did not write it out
explicitly in Eq. (2.39).

Summarizing the physical interpretation of the results in
this subsection, we note that the Lyapunov exponent gL is the
rate at which the cross-sectional area of a bundle of homo-
clinic rays expand, when averaged over one period of motion
in the q direction in the vicinity of r0. The spatial Killing
symmetry along f means the extension of the ray bundle re-
mains the same along that direction. This, therefore, allows us
to write

A ⇠ egLt . (3.44)

Correspondingly, the A
p

A = const law requires that

A ⇠ e�gLt/2 , (3.45)

which agrees with the decay rate of the least-damped QNM.
The higher decay rates given by Eq. (3.33) come from an ef-
fect related to the intrinsic expansion of the area of a phase
front. More specifically, if the amplitude is already nonuni-
form at points with different r� r0 (but same q ), then shifting
the spatial locations of the nonuniform distribution gives the
appearance of additional decay.

[Huan Yang et al., PRD 86, 104006 (2012)]
QNMs are features of the photosphere

L and m: number of nodes in 
the angular directions

n: radial pattern

: orbital frequency


: precession frequency 
(splitting)


: orbital Lyapunov exponent

ωorb

ωprec

γL

eiS = e−iEt+imϕ+iR(r)+iΘ(θ)

gαβ ∂S
∂xα

∂S
∂xβ

= 0
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Excitation of QNMs

carry out this study firstly for a “benchmark binary”
waveform, G0 (with parameters similar to the first GW
event GW150914 [60,87,88]), and then nine nonspinning
binaries with mass ratio q ranging from 1 to 6, as listed in
Table II.
In Sec. III A, we introduce our strategy for choosing

which angular ðl; mÞ modes to include in the QNM
expansion. In Sec. III B, we present the fitting results for
the benchmark binary waveform G0. In Sec. III C, we
compare the results for binaries with different mass ratios.

A. Strategy for choosing angular modes

Even though the quadrupole ðl; mÞ ¼ ð2; 2Þ mode is the
dominant component of the inspiral, merger, and ringdown
waves, gravitational wave detectors at present and in the
future are capable of detecting higher multipole modes that
are also excited [45]. This capability is the foundation for
our studies in this paper. The NR waveforms from the SXS

catalog include all ðl; mÞ modes up to lmax ¼ 8 [60].
However, incorporating too many modes in the
QNM expansion will eventually lead to overfitting and
numerical noise. We need a strategy to include the
appropriate angular modes, which should be based on:
(i) the strength of excitation of the modes, and (ii) the
accuracy of the NR waveforms and the sensitivity of our
detectors.
Let us now address (i) above, while (ii) will be discussed

at the end of Sec. III B. To investigate the excitation
strength of each ðl; mÞ mode, we can rank them in terms
of their relative importance for the QNM expansion,

Alm ¼
Z

tpeakþ100M

tpeak
dtjhlmðtÞj2: ð16Þ

For G0 and N1–N9 binaries, we plot their Alm as vertical
bars in Fig. 4. According to the order of magnitude of Alm

FIG. 4. The relative importance Alm, defined in Eq. (16) as the strain component in spin-weighted spherical mode ðl; mÞ squared and
integrated from tpeak to tpeak þ 100M. Groups 1–4 of the ðl; mÞ modes are defined according to their relative importance in the QNM
expansion and are added to the fitting models in order. See details in Sec. III A.

TABLE II. SXS BBH waveforms used in Sec. III.

Label SXS ID/Lev a qref
b ðχ⃗ref;1Þz

b ðχ⃗ref;2Þz
b χeff ðχ⃗fÞz

b,c

G0 0305/Lev6 1.221 0.3300 −0.4399 −0.0166 0.6921
N1 1154/Lev3 1.000 0.0000 0.0000 0.0000 0.6864
N2 1143/Lev3 1.250 −0.0001 0.0000 −0.0001 0.6795
N3 0593/Lev3 1.500 0.0000 0.0001 0.0001 0.6641
N4 1354/Lev3 1.832 −0.0002 0.0001 −0.0001 0.6377
N5 1166/Lev3 2.000 0.0000 0.0000 0.0000 0.6234
N6 2265/Lev3 3.000 0.0000 0.0000 0.0000 0.5406
N7 1906/Lev3 4.000 0.0001 −0.0001 0.0000 0.4718
N8 0187/Lev3 5.039 0.0000 0.0000 0.0000 0.4148
N9 0181/Lev4 6.000 0.0000 0.0000 0.0000 0.3725

aAll SXS waveforms [60] used in this paper have the ID type “BBH_SKS”, and the levels listed are the maximum available ones.
bThe initial values are taken at the reference time after junk radiation [89]. At an accuracy level of 10−4, the spin components in x̂ and

ŷ directions are zero for all the primary, secondary and remnant black holes listed here.
cFor simplicity, in the main text we use χf to represent ðχ⃗fÞz.

LI, SUN, LO, PAYNE, and CHEN PHYS. REV. D 105, 024016 (2022)

024016-8[Xiang Li et al., 2021]
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Overtones in Ringdown Waves: Theory

hNlmðtÞ ¼
XN

n¼0

Clmne−iωlmnðt−t0Þ t ≥ t0; ð1Þ

with complex frequencies ωlmn ¼ ωlmnðMf; χfÞ as deter-
mined by perturbation theory [45,46]. Here, t0 corresponds
to a specifiable “start time” for themodel, and times before t0
are not included in the model. The complex coefficients
Clmn, which are not known a priori as they depend on the
binary configuration and dynamics near merger, are deter-
mined using unweighted linear least squares in the time
domain.The complex-valued amplitudes can be factored into
a real-valued amplitude and phase,Clmn ¼ jAlmnje−iϕlmn , of
which we make direct use in Sec. IV C.
Throughout this work, we focus on describing the

dominant spherical harmonic mode in the NR simulation,
the l ¼ m ¼ 2 mode [47]. The natural angular basis in
perturbation theory is spin-weighted spheroidal harmonics
[4–6], which can be written as an expansion in spin-
weighted spherical harmonics [6,48–50]. Decomposing the
ringdown into spherical harmonics results in mixing of the
spheroidal and spherical bases between the angular func-
tions with the same m but different l’s, and this mixing
increases with χf [6,51]. For the SXS:BBH:0305 wave-
form, the l ¼ m ¼ 2 spherical harmonic remains a good
approximation for the l ¼ m ¼ 2 spheroidal harmonic.
The amplitudes of the spheroidal and spherical l ¼ m ¼ 2
modes differ by a maximum of only 0.4%, which occurs
roughly 15M after the peak of h. This difference is
significantly smaller at the peak. The mixing is small
because higher ðl; mÞ harmonics are subdominant for this
waveform, but in a more general case, these higher
harmonics may play a more important role.

IV. RESULTS

A. QNM overtone fits

The linear superposition of the fundamental QNM and N
overtones is an excellent description of the waveform
around and before the peak strain. To demonstrate this
case, we begin by fixing the remnant properties to the final
values provided by the NR simulation. With the mass Mf

and dimensionless spin χf fixed, the set of frequencies
ω22nðMf; χfÞ is fully specified by perturbation theory. The
only remaining free parameters in Eq. (1) are the complex
coefficients C22n and the model start time t0. For N
included overtones, and a given choice of t0, we determine
the (N þ 1) complex C22n’s using unweighted linear least
squares, thus obtaining a model waveform given by Eq. (1).
We construct such a model waveform for t ≥ t0 at many
start times beginning at t0 ¼ tpeak − 25M and extending to
times t0 ¼ tpeak þ 60M, where tpeak is the peak amplitude
of the complex strain. For each start time t0, we compute
the mismatchM between our model waveform hN22 and the
NR waveform hNR22 through

M ¼ 1 −
hhNR22 ; hN22iffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

hhNR22 ; hNR22 ihhN22; hN22i
p : ð2Þ

In the above, the inner product between two complex
waveforms, say, xðtÞ and yðtÞ, is defined by

hxðtÞ; yðtÞi ¼
Z

T

t0
xðtÞyðtÞdt; ð3Þ

where the bar denotes the complex conjugate, the lower limit
of the integral is the start time parameter t0 in Eq. (1), and the
upper limit of the integral T is chosen to be a time before
the NR waveform has decayed to numerical noise. For
the aforementionedNR simulation, we set T ¼ tpeak þ 90M.
This procedure results in mismatches as a function of t0

for each set of overtones; these mismatches are presented in
Fig. 1. The figure shows that N ¼ 7 overtones provide the
minimum mismatch at the earliest of times, as compared to
the other overtone models. The waveform corresponding to
the N ¼ 7 overtone model and t0 ¼ tpeak is visualized in
Fig. 2, where the model waveform is compared to the NR
waveform along with the fit residual.
At face value, Fig. 1 provides us with a guide for

determining the times where a linear ringdown model with
N QNM overtones is applicable. However, relying on the
mismatch alone can be deceiving. The n ¼ 7 overtone
decays away very quickly, yet Fig. 1 shows that retaining
this overtone still produces small mismatches at times
beyond when this mode should no longer be numerically
resolvable. This result is due to overfitting to numerical

FIG. 1. Mismatches as a function of time for the eight models,
each including up toN QNM overtones. The mismatch associated
with each model at a given t0 corresponds to the mismatch
computed using Eq. (2), between the model and the NR wave-
form for t ≥ t0, where t0 specifies the lower limit used in
Eq. (3). Each additional overtone decreases the minimum
achievable mismatch, with the minimum consistently shifting to
earlier times.

BLACK HOLE RINGDOWN: THE IMPORTANCE OF OVERTONES PHYS. REV. X 9, 041060 (2019)
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noise after the higher overtones in each model have suffi-
ciently decayed. We find that the turnover subsequent to the
firstmismatchminimum inFig. 1 is a goodapproximation for
when each overtone has a negligible amplitude.
It is important that the model not only minimizes the

residual in the waveform quantity but also provides faithful
estimates of the underlying system parameters. In particu-
lar, we may demand that the inferred mass and spin agree
with the true values known from the NR simulation. To
check that the model does indeed faithfully represent the
NR waveform with the correct final mass and spin, we
repeat the fits but we allow Mf and χf to vary, and we set
the frequencies of each overtone to their GR-consistent
values through the perturbation-theory formula for
ω22nðMf; χfÞ. As a measure of error, we use

ϵ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðδMf=MÞ2 þ ðδχfÞ2

q
; ð4Þ

where δMf and δχf are the differences between the best-fit
estimates forMf and χf as compared to the remnant values
from the NR simulation. Using a model with N ¼ 7
overtones and t0 ¼ tpeak, the best-fit estimates for Mf

and χf yield a value of ϵ ∼ 2 × 10−4. For reference, by
comparing the two highest resolutions of this simulation,
we estimate the error in the NRmeasured remnant mass and
spin to be δMf ∼ 1.3 × 10−5M and δχf ∼ 2.1 × 10−5,
which corresponds to a value of ϵ ∼ 2 × 10−5.

Furthermore, the difference in the recovered Mf and χf
as compared to the NR values increases as we drop
overtones from the model. This behavior appears to be
robust. Repeating the above analysis on roughly 80 addi-
tional waveforms in the SXS catalog with aligned spins and
mass ratios up to 8 [39,52] yields similar results, with a
median value of ϵ ∼ 10−3. The full distribution of ϵ for this
part of parameter space, with N ¼ 7 overtones at t0 ¼ tpeak,
is shown in Fig. 3.

Returning to our analysis of SXS:BBH:0305, to high-
light the worst-fit and best-fit cases and to visualize the
mismatch as a function of mass and spin, we compute
the mismatch between NR and the model in Eq. (1) with
t0 ¼ tpeak and the C22n’s determined by a least-squares fit
for a grid of Mf and χf values. In Fig. 4, we see that with
N ¼ 7 overtones, the mismatch has a deep minimum
associated with the true remnant quantities. However, using
solely the fundamental mode, N ¼ 0, with t0 ¼ tpeak,
provides largely biased estimates for the remnant Mf
and χf, as is visible in Fig. 5. This result is not surprising
in light of Fig. 1, where at this time the N ¼ 0 model
provides the poorest mismatch; this result is a consequence
of the higher overtones dominating the waveform at this
time. The bias can be overcome by waiting a sufficiently
long time, which allows the overtones to decay away and
the fundamental mode to become dominant. This case can
be seen in Fig. 6, where we repeat the same procedure with
N ¼ 0 and t0 ¼ tpeak þ 47M. Here, the resulting distribu-
tion of mismatches in the Mf − χf plane is on par with the
distribution associated with including N ¼ 7 overtones and

FIG. 3. The distribution of ϵ, Eq. (4), for a range of simulations
in the SXS catalog. The distribution includes systems with mass
ratios up to 8 and orbit-aligned component spins with jχ⃗j ≤ 0.8.
The distributions shown are for N ¼ f0; 3; 7g overtones at the
peak of the strain amplitude. For the best performing model,
N ¼ 7, the median value is 2 × 10−3, and the maximum error in
estimating the mass and spin is about 5 × 10−3.

FIG. 2. Comparison between the plus polarization of the l ¼
m ¼ 2 mode of the NR waveform and the N ¼ 7 linear QNM
model. The QNM model begins at t0 ¼ tpeak. The upper panel
shows both waveforms, and the lower panel shows the residual
for t ≥ tpeak. For reference, the lower panel also shows an estimate

of the error in the NR waveform, jhNR22 − hNR22 j, where hNR22 refers
to the highest resolution waveform of SXS:BBH:0305 and hNR22
refers to the next highest resolution waveform for this same
system. The two NR waveforms are aligned at t0 ¼ tpeak, in both
time and phase.

GIESLER, ISI, SCHEEL, and TEUKOLSKY PHYS. REV. X 9, 041060 (2019)

041060-4

“Mismatch” between numerical waveform and sums of QNM overtones

for (l, m) = (2,2)

[Giesler, Isi, Scheel and Teukolsky, 2019]
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Overtones in Ringdown Waves: GW150914

studies ignored important signal content and were unable to
extract multiple ringdown modes.
The inclusion of overtones enables us to perform a

multimodal spectroscopic analysis of a black-hole ring-
down, which we apply to LIGO data from the GW150914
event [16] (Fig. 1). We rely on overtones of the l ¼ m ¼ 2
angular mode to measure the remnant mass and spin from
data starting at the peak of the signal, assuming first that
quasinormal modes are as predicted for a Kerr black
hole within general relativity. We find the least-damped
(“fundamental”) mode and at least one overtone with 3.6σ
confidence (Fig. 2). At least one overtone, in addition to the
fundamental, is needed to describe the waveform near the
peak amplitude. This agrees with our expectations from
Ref. [32] given the signal-to-noise ratio of GW150914.
Assuming the remnant is a Kerr black hole, frequencies

and damping rates of the fundamental mode and one
overtone imply a detector-frame mass of ð68# 7ÞM⊙

and a dimensionless spin magnitude of 0.63# 0.16, with
68% credibility. This is the best constraint on the remnant
mass and spin obtained in this work. This measurement
agrees with the one obtained from the fundamental mode
alone beginning 3 ms after the waveform peak amplitude
(Figs. 1 and 3) [39]. It also agrees with the mass and spin
inferred from the full waveform using fits to numerical
relativity. The fractional difference between the best-
measured combination of mass and spin at the peak with
one overtone and the same combination solely with the
fundamental 3 ms after the peak is ð0# 10Þ% [40]. This is
evidence at the ∼10% level that GW150914 did result in a
Kerr black hole as predicted by general relativity, and that
the postmerger signal is in agreement with the no-hair
theorem. Similarly, the fractional difference between the
best-measured combination of mass and spin at the peak
with one overtone and the same combination using the full
waveform is ð7# 7Þ%.

FIG. 1. Remnant parameters inferred with different number of
overtones, using data starting at peak strain amplitude. Contours
represent 90%-credible regions on the remnant mass (Mf) and
dimensionless spin magnitude (χf), obtained from the Bayesian
analysis of GW150914. The inference model is that of Eq. (1),
with different number of overtones N: 0 (solid blue), 1 (solid
yellow), 2 (dashed purple). In all cases, the analysis uses data
starting at peak strain (Δt0 ¼ t0 − tpeak ¼ 0). Amplitudes and
phases are marginalized over. The black contour is the 90%-
credible region obtained from the full IMR waveform, as
described in the text. The intersection of the dotted lines marks
the peak of this distribution (Mf ¼ 68.5 M⊙, χf ¼ 0.69). The top
and right-hand panels show 1D posteriors for Mf and χf,
respectively. The linear quasinormal mode models with N > 0
provide measurements of the mass and spin consistent with the
full IMR waveform, in agreement with general relativity.

FIG. 2. Measured quasinormal-mode amplitudes for a model
with the fundamental mode and two overtones (N ¼ 2). The
purple color map represents the joint posterior distribution for the
three amplitudes in the N ¼ 2 model: A0, A1, A2, as defined in
Eq. (1). The solid curves enclose 90% of the probability mass.
A yellow curve in the A0-A1 plane, as well as corresponding
yellow dashed lines, represents the 90%-credible measurement
of the amplitudes assuming N ¼ 1. Similarly, blue dashed lines
give the 90%-credible measurement of A0 assuming N ¼ 0. All
amplitudes are defined at t ¼ tpeak, where all fits here are carried
out (Δt0 ¼ 0). Values have been rescaled by a constant to
correspond to the strain measured by the LIGO Hanford detector.
Assuming N ¼ 1, the mean of the A1 marginalized posterior lies
3.6 standard deviations away from zero; i.e., A1 ¼ 0 is disfavored
at 3.6σ. Assuming N ¼ 2, A1 ¼ A2 ¼ 0 is disfavored with 90%
credibility.

PHYSICAL REVIEW LETTERS 123, 111102 (2019)
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Traditional proposals for black-hole spectroscopy
require frequency measurements for two or more quasi-
normal modes [6]. In that spirit, we also consider a single-
overtone model that allows the overtone frequency and
damping time to deviate from the Kerr prediction for any
given mass and spin. This enables us to evaluate the
agreement of the observed ringdown spectrum with the
prediction for a perturbed Kerr black hole, regardless of
the specific properties of the remnant. From analysis of data
starting at peak strain, we find the spectrum to be in
agreement with the no-hair hypothesis to within ∼20%,
with 68% credibility (Fig. 4). This is a test of the no-hair
theorem based purely on the postinspiral regime.
Method.—Each quasinormal mode has a frequency ωlmn

and a damping time τlmn, where n is the “overtone” index
and ðl; mÞ are indices of spin-weighted angular harmonics

that describe the angular dependence of the mode. We
focus on the fundamental and overtones of the dominant
l ¼ m ¼ 2 spin-weighted spherical harmonic of the strain
[41]. This is the only angular harmonic expected to be
relevant for GW150914 [45,46]. (Dedicated studies have
found no evidence of higher angular harmonics in the late
ringdown of GW150914 [29].) For ease of notation, we
generally drop the l and m indices, retaining only the
overtone index n. The l ¼ m ¼ 2 mode of the parame-
trized ringdown strain (h ¼ hþ − ih×) can be written as a
sum of damped sinusoids [1–4],

hN22ðtÞ ¼
XN

n¼0

An exp ½−iðωntþ ϕnÞ − t=τn&; ð1Þ

for times t greater than some start time t0, where Δt ¼
t − t0. The overtone index n orders the different modes by
decreasing damping time τn, so that n ¼ 0 denotes the
longest-lived mode. N is the index of the highest overtone
included in the model, which in this work will be N ≤ 2.
Importantly, higher n does not imply a higher frequency
ωn; rather, the opposite is generally true. All frequencies
and damping times are implicit functions of the remnant
mass and spin magnitude (Mf, χf), and can be computed
from perturbation theory [47–49]. The amplitudes An and
phases ϕn encode the degree to which each overtone is

FIG. 3. Remnant parameters inferred only from the fundamental
mode, using data starting at different times after the peak. Contours
represent 90%-credible regions on the remnant mass (Mf) and
dimensionless spin magnitude (χf), obtained from the Bayesian
analysis of GW150914. For the blue contours, the inference model
included no overtones (N ¼ 0) and used data starting at different
times after the peak: Δt0 ¼ t0 − tpeak ∈ ½1; 3; 5& ms. For the
yellow contour, the analysis was conducted with one overtone
(N ¼ 1) starting at the peak (Δt0 ¼ 0), as in Fig. 1. Amplitudes
and phases are marginalized over. The black contour is the 90%-
credible region obtained from the full IMR waveform, as described
in the text. The intersection of the dotted lines marks the peak of
this distribution (Mf ¼ 68.5 M⊙, χf ¼ 0.69). The top and right-
hand panels show 1D posteriors for Mf and χf, respectively.
Around Δt0 ¼ 3 ms, the overtones have become unmeasurable
and only the fundamental mode remains; consequently, at that time
N ¼ 0 returns a measurement of the final mass and spin consistent
with both the full IMR waveform and the N > 0 models at the
peak, in agreement with general relativity.

FIG. 4. Measurement of the frequency and damping time of the
first overtone, using data starting at the peak. The color map
represents the posterior distribution of the fractional deviations
δf1 and δτ1 away from the no-hair value δf1 ¼ δτ1 ¼ 0 (gray
dotted lines). The solid contour and dashed vertical lines enclose
90% of the posterior probability. All other parameters, including
Mf and χf , have been marginalized away. Fixing δf1 ¼ δτ1 ¼ 0
recovers the N ¼ 1 analysis in Figs. 1 and 3.

PHYSICAL REVIEW LETTERS 123, 111102 (2019)
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With early starting time, more 
overtones are better!

With additional overtone, better 
to start early!

Extracting overtone frequencies  allow “no-hair” test!
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Nonlinearity

of Fig. 9, we see the phase of the original waveform (the
black curve) decreases with time, indicating that the
progrades are more dominant. After applying the filter,
the decreasing trend terminates at ∼16Mf after the peak
and the phase starts to grow at the same time that the
residual oscillations in the top panel appear. This obser-
vation confirms the physical origin of the residual
oscillations.
Then we look into the case of SXS:BBH:1107 inves-

tigated by Dhani [103]. As shown in Fig. 10, there are a few
cycles in the filtered residual waveform h22 (the red curve)
that are consistent with the retrograde mode −ω!

2−20.
Meanwhile, the phase of the filtered waveform also grows

within that regime, which serves as more evidence.
Nevertheless, the retrograde mode in this case is weaker
and noisier than that of SXS:BBH:1936. Furthermore, we
find applying retrograde filters (not only the fundamental
mode but also overtones) has little impact on the early
portion (t≲ 0) of the red curve in Fig. 10, meaning there is
no strong evidence for the existence of retrograde modes
within that regime. As for the harmonic h21, we find it has a
mixing component from the mode ω220 due to the gravita-
tional recoil, similar to the case discussed in Sec. III A 3.
This effect was not taken into consideration by Dhani [103],
sowe speculate that this could be the cause for the crests and
troughs in the mismatch of h21, e.g., Fig. 3 of Ref. [103].

FIG. 7. Second-order modes in h44 (top), h54 (bottom left), h55 (bottom right) of SXS:BBH:0305. After removing linear QNMs and
relevant spherical-spheroidal mixing modes from original waveforms (black curves), filtered waveforms (red curves) contain
oscillations that are consistent with the sum tone of 2ω220 or ω220 þ ω330 (green dashed curves). As for the harmonics h55 and
h54, the comparison is done in the superrest frame to avoid other mixing modes.

SIZHENG MA et al. PHYS. REV. D 106, 084036 (2022)

084036-10

Effective Stress-Energy of the 220 mode will drive a (4,4) spatial mode with  frequency!2ω220

[Keefe Mitman et al., 2023; Sizheng Ma et al., 2022]
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Nonlinearity

ð4; 4Þ quadratic model hmodel;Q
ð4;4Þ as a function of time, where

we find that it can fit rather well the amplitude and phase
evolution of the numerical waveform at late times.

The bottom panel shows the residual of the NR waveform
with the linear and quadratic ð4; 4Þ QNM models, hmodel;L

ð4;4;2Þ

and hmodel;Q
ð4;4Þ , and a conservative estimate for the numerical

error obtained by comparing the highest and second highest
resolution simulations for SXS:BBH:0305. We see that,
even though the linear and quadratic ð4; 4Þmodels have the
same number of free parameters, the residual of hmodel;Q

ð4;4Þ
is nearly an order of magnitude better, which confirms
the importance of including quadratic QNMs. Since, in
general, the quadratic mode decays in time slower than
the ð4; 4; 2Þ QNM, the quadratic model generally better
describes the late time behavior of the waveform. In
addition, the best-fit value of Að4;4;0Þ—which is the most
important QNM in the ð4; 4Þ mode at late times—differs in
the linear and quadratic models, which causes the residuals
to be rather different even beyond u ¼ 50M when
we expect the overtones and quadratic mode to be
subdominant.
In addition to the residuals, we quantify the goodness of

fit by our models through the mismatch

M ¼ 1 − Re

2

64
hhNRðl;mÞjh

model
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The top panel of Fig. 3 shows the mismatch in the ð4; 4Þ
mode between the NR waveform and the QNM model as a
function of u0. The red and blue lines show the results
for the SXS:BBH:0305 simulation when the ð4; 4Þ mode
was modeled with hmodel;L

ð4;4;2Þ and hmodel;Q
ð4;4Þ , respectively. As a

FIG. 1. Relationship between the peak amplitudes of the linear ð2; 2; 0Þ and the quadratic ð2; 2; 0Þ × ð2; 2; 0Þ QNMs (top) as well as
the linear ð4; 4; 0Þ QNM (bottom), at different model start times u0. Colors show different mass ratios q, and circles and triangles denote
systems with remnant dimensionless spin χf ≈ 0.5 and χf ≈ 0.7, respectively. Each blue curve is a pure quadratic fit with start time u0,
and the shaded region brackets every one of the individual fits.

FIG. 2. Top: in black, the NR waveform for the SXS:BBH:0305
simulation and its comparison to the quadratic ð4; 4Þ QNMmodel
with start time u0 ¼ 20M [total is dashed blue; yellow and green
are contributions from individual QNMs, respectively the linear
ð4; 4; 1Þ and the quadratic ð2; 2; 0Þ × ð2; 2; 0Þ]. Bottom: residual
in the ð4; 4Þ mode when using the linear (solid red) or the
quadratic (dashed blue) ð4; 4Þ model. We also show a
conservative estimate of the numerical error.

PHYSICAL REVIEW LETTERS 130, 081402 (2023)

081402-4

[Mitman et al., 2023]

across different binaries: amplitude of  mode is quadratic in  mode2ω22 ω2,2
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Other Tests of Relativity
Alternative 

Theories


• Scalar-Tensor Theory

• Higher-Derivative Terms

• Chern-Simons Gravity

• Stars phase-transition 

instead of forming BHs


Parametrized 
Deviations


• How many polarizations?

• Speed of GW?

• Waveform’s Amplitude/

Phase deviates from GR?


Confirm 
Phenomena


• Is Energy/Angular 
Momentum Lost during 
Merger?


• GW Memory?

• Is Horizon Black?

• Are there quantum 

fluctuations around BH?

Environment?


• Is there a third object around our binary?


• Are there other things?  Like Dark-Matter Halo, Axion Cloud, etc?
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FIG. 6. 90% upper bounds on the magnitude of the parametrized test coe�cients discussed in Sec. V A. The bounds were obtained with a
pipeline based on the model SEOBNRv4 ROM, combining all eligible GWTC-3 events, under the assumption that deviations take the same
value for all the events. Filled gray diamonds mark analogous results obtained with GWTC-2 data [11]; in this case, we also show bounds
obtained with a pipeline based on IMRPhenomPv2, that are marked by unfilled black diamonds. Horizontal stripes indicate constraints obtained
with individual events, with cold (warm) colors representing low (high) total mass events. The left and right panel show constraints on PN
deformation coe�cients, from �1PN to 3.5PN order. The best improvement with respect to the GWTC-2 bounds is achieved for the �1PN term,
thanks ot the inclusion of the NSBH candidate GW200115 042309.

FIG. 7. Combined GWTC-3 results for the parametrized deviation coe�cients of Sec. V A. Filled distributions represent the results obtained
hierarchically combining all events. This method allows the deviation coe�cients to assume di↵erent values for di↵erent events. Unfilled black
curves represent the distributions obtained in Fig. 6, by assuming the same value of the deviation parameters across all events. Horizontal ticks
and dashed white lines mark the 90% credible intervals and median values obtained with the hierarchical analysis.

Along with this leading-order e↵ect, we have included higher-
order PN terms that appear through the inspiral phase [167,
204] of gravitational waveform.

While Kerr BHs have  = 1 [201–203], compact stars have
a value of  that di↵ers from the BH value, determined by the
star’s mass and internal composition. Numerical simulations
of spinning neutron stars show that the value of  can vary be-
tween ⇠2 and ⇠14 for these systems [205–207]. Moreover, for
currently available models of spinning boson stars,  can have
values ⇠10–150 [208–211]. More exotic stars like gravastars
can even take negative values for  [212]. Hence, an indepen-
dent measurement of  from gravitational-wave observations
can be used to distinguish black holes from other exotic ob-

jects [213–216]. However, to fully understand the nature of
compact objects, one may also include e↵ects such as the tidal
deformations that arise due to the external gravitational field
[217–220] and tidal heating [221–226] along with the spin-
induced deformations, an extensive study of these e↵ects is not
in the scope of this paper.

For a spinning compact binary system, the coe�cients i,
i = 1, 2 represent the primary and secondary components’
spin-induced quadrupole moment parameters. The correlation
of i with the masses and spin parameters of the binary are
evident from Eq. (6), which makes the simultaneous estima-
tion of 1 and 2 hard. The higher-order terms present at the
3PN order help break this degeneracy, but are not enough to
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Along with this leading-order e↵ect, we have included higher-
order PN terms that appear through the inspiral phase [167,
204] of gravitational waveform.

While Kerr BHs have  = 1 [201–203], compact stars have
a value of  that di↵ers from the BH value, determined by the
star’s mass and internal composition. Numerical simulations
of spinning neutron stars show that the value of  can vary be-
tween ⇠2 and ⇠14 for these systems [205–207]. Moreover, for
currently available models of spinning boson stars,  can have
values ⇠10–150 [208–211]. More exotic stars like gravastars
can even take negative values for  [212]. Hence, an indepen-
dent measurement of  from gravitational-wave observations
can be used to distinguish black holes from other exotic ob-

jects [213–216]. However, to fully understand the nature of
compact objects, one may also include e↵ects such as the tidal
deformations that arise due to the external gravitational field
[217–220] and tidal heating [221–226] along with the spin-
induced deformations, an extensive study of these e↵ects is not
in the scope of this paper.

For a spinning compact binary system, the coe�cients i,
i = 1, 2 represent the primary and secondary components’
spin-induced quadrupole moment parameters. The correlation
of i with the masses and spin parameters of the binary are
evident from Eq. (6), which makes the simultaneous estima-
tion of 1 and 2 hard. The higher-order terms present at the
3PN order help break this degeneracy, but are not enough to
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Superradiance of Black Holes and Dark Matter

substantially overestimate the size of the effect. In order to
develop a self-consistent description of such systems, we
first present N-body simulations which allow us to accu-
rately model dynamical friction and the scattering of DM
particles with the compact object. In particular, this allows
us to understand where the energy lost by the compact
object is injected in the DM cloud. We then devise a
prescription for evolving the phase space distribution of
DM as energy is injected during the inspiral.
We self-consistently follow the evolution of the binary

and theDMspike, andwe robustly estimate the dephasing of
the gravitational waveform with respect to both the vacuum
inspiral, and to the unphysical case of a static DM halo. We
demonstrate that the dephasing of the gravitational wave-
form induced by dark matter is smaller than previously
assumed, but is still potentially detectable by the LISA
mission, which will have a peak sensitivity at frequencies
between 10−3 and 10−2 Hz [42]. It could thus provide a
powerful diagnostic of the particle nature of dark matter.
The paper is organized as follows: in Sec. II, we

demonstrate that the standard approach to the dephasing
signal induced by DMminispikes is likely to violate energy
conservation; in Sec. III, we present N-body simulations to
validate our model for dynamical friction; in Sec. IV, we
present our prescription for evolving the phase space
distribution of DM; in Sec. V, we use this prescription
to follow the evolution of the binary and the DM spike self-
consistently; finally, in Sec. VI, we discuss some caveats of
this work and possible implications for the detection of
such a DM spike in intermediate mass-ratio inspirals in the
future. We conclude in Sec. VII, and we have several
supplementary results in four Appendices.

II. ENERGY BALANCE CONSIDERATIONS
FOR STATIC DARK MATTER HALOS

In this section, we describe the evolution of a system
composed of a central IMBH with a surrounding DM spike
and a lighter compact object (e.g., a neutron star) orbiting
around the IMBH and through its DM cloud. This is
illustrated in Fig. 1. We model the evolution of this system
using Newtonian gravity, and we include dissipative effects
arising from dynamical friction and gravitational radiation.
Following Eda et al. [27,28], we neglect any feedback on the
DMhalo in this section, andwe consider only circular orbits.

A. Notation for IMBH system and DM distribution

We first define several notions of masses for the binary
and the DM distribution. We will denote the mass of the
IMBH by m1 and the mass of the small compact object by
m2. Other definitions of masses we will need are M ¼
m1 þm2, the total mass; q ¼ m2=m1 ≤ 1, the mass ratio;
μ ¼ m1m2=M, the reduced mass; andMc ¼ μ3=5M2=5, the
chirp mass.
We assume that the IMBH is surrounded by a DM spike,

formed as the adiabatic growth of the black hole enhances
the central density of the host halo [18,20,43–45]. The
dark-matter distribution will be given by

ρDMðrÞ ¼
!
ρspð

rsp
r Þ

γsp rin ≤ r ≤ rsp
0. r < rin

; ð2:1Þ

where r is the distance from the center of the IMBH. We
define the inner radius of the spike to be rin ¼ 4Gm1=c2

following the results in [43]. We will not treat the DM
distribution at distances r > rsp. We also will not treat rsp as
a free parameter, but as determined by m1, ρsp and γsp via

rsp ≈
"ð3 − γspÞ0.23−γspm1

2πρsp

#1=3
: ð2:2Þ

This assumes that rsp ≈ 0.2rh, where rh is defined from

Z
rh

rin
ρDMðrÞ4πr2dr ¼ 2m1; ð2:3Þ

as in [28]. We can now compute the DM mass within a
distance r. The result is

mencðrÞ ¼
!
mDMðrÞ −mDMðrinÞ rin ≤ r ≤ rsp
0. r < rin

; ð2:4Þ

where

Compact 
Object

 Intermediate Mass
Black Hole

Dark Matter 'spike'

FIG. 1. Intermediate mass-ratio inspiral (IMRI) system with a
dark matter “spike.” A central intermediate-mass black hole
(IMBH) of mass m1 is orbited by a lighter compact object
m2 < m1 at an orbital radius r2. The IMBH is also surrounded by
a “spike” of dark matter with density profile ρDMðrÞ.

KAVANAGH, NICHOLS, BERTONE, and GAGGERO PHYS. REV. D 102, 083006 (2020)

083006-2

[Kavanagh et al., 2020]

Dark matter around BH causes change in waveform

Cloud may spontaneously form around 
spinning black hole, extracting rotation energy

if Compton wavelength comparable to size of 

black hole.


[Arvanitaki et al., 2010-2011]
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GW170817: Merger of Binary Neutron Stars
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EM Counterparts

Figure 2. Timeline of the discovery of GW170817, GRB 170817A, SSS17a/AT 2017gfo, and the follow-up observations are shown by messenger and wavelength
relative to the time tc of the gravitational-wave event. Two types of information are shown for each band/messenger. First, the shaded dashes represent the times when
information was reported in a GCN Circular. The names of the relevant instruments, facilities, or observing teams are collected at the beginning of the row. Second,
representative observations (see Table 1) in each band are shown as solid circles with their areas approximately scaled by brightness; the solid lines indicate when the
source was detectable by at least one telescope. Magnification insets give a picture of the first detections in the gravitational-wave, gamma-ray, optical, X-ray, and
radio bands. They are respectively illustrated by the combined spectrogram of the signals received by LIGO-Hanford and LIGO-Livingston (see Section 2.1), the
Fermi-GBM and INTEGRAL/SPI-ACS lightcurves matched in time resolution and phase (see Section 2.2), 1 5×1 5 postage stamps extracted from the initial six
observations of SSS17a/AT 2017gfo and four early spectra taken with the SALT (at tc+1.2 days; Buckley et al. 2017; McCully et al. 2017b), ESO-NTT (at
tc+1.4 days; Smartt et al. 2017), the SOAR 4 m telescope (at tc+1.4 days; Nicholl et al. 2017d), and ESO-VLT-XShooter (at tc+2.4 days; Smartt et al. 2017) as
described in Section 2.3, and the first X-ray and radio detections of the same source by Chandra (see Section 3.3) and JVLA (see Section 3.4). In order to show
representative spectral energy distributions, each spectrum is normalized to its maximum and shifted arbitrarily along the linear y-axis (no absolute scale). The high
background in the SALT spectrum below 4500Å prevents the identification of spectral features in this band (for details McCully et al. 2017b).

4

The Astrophysical Journal Letters, 848:L12 (59pp), 2017 October 20 Abbott et al.
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GW from Neutron Star Binaries

10–24

102 103

h(
f)

 f1/
2  (H

z–1
/2

)

fGW (Hz)

10–23

10–22

Inspiral (slow motion) Merger (fast motion) Postmerger

Numerical relativity

Analytical relativity

Overlap region

Time

Figure 1
Schematic representation of the complete gravitational wave signal from binary neutron star mergers. The inspiral phase can be well
described using the tools of analytical relativity, while the postmerger phase can only be described with numerical relativity. Complete
waveform models are constructed by matching the two approaches in the region where both are valid.

A straightforward argument based on the Newtonian equations presented above indicates that
the merger dynamics is primarily determined by κT2 (45). This expectation has been directly ver-
i!ed to the percent level with more than hundreds of NR simulations (56, 61). For example, the
GW frequency at the time of merger can be !tted to the percent level with

f merger
GW ! 2.405

(
1 + 1.307 × 10−3ξ

1 + 5.001 × 10−3ξ

) (
M

2.8M$

)
kHz, 16.

where ξ = κT2 + 3,200(1 − 4ν). Similar relations exist for all the relevant dynamical quantities,
such as the binding energy, the angular momentum, and the GW luminosity at merger (45, 56,
61). These relations are often called quasi-universal or EoS insensitive because once the quantities
are appropriately rescaled by the binary mass and symmetric mass ratio, they are simple functions
of the mass ratio and of κT2 , the latter of which encodes all the EoS information. It should be
noted that even though the errors introduced by the EOB approach are maximum at merger (the
moment at which the description of the system as a binary breaks down), the EOB results still
agree to within !20% with the NR !tting formulae discussed above.

In the case of GW170817, most of the SNR was accumulated in the frequency range 30–
600 Hz, roughly corresponding to the last 1,300 orbits to merge for an equal-mass binary
with total mass M ! 2.7M!. GW170817 is compatible with a BNS system with chirp mass
M = 1.186(1)M$, mass ratio q " [1, 1.34], and $̃ ! 300 and smaller than ∼800 (1, 2, 62). The
constraint on $̃ translates to κT2 ! 150. Among the different waveform approximants used in the
analysis (62), EOB models favor slightly larger median values for $̃ (larger radii) than the others,
but all results are compatible at the 90% con!dence level. Also, if priors include a lower bound
on $̃ inferred from the interpretation of the EM counterpart, then larger values of $̃ are favored
(63, 64).

The mass ratio and the individual masses for GW170817 are less precisely determined, and
there are systematic uncertainties also related to the spin priors (2). Because the tidal parameters
are partially degenerate with the mass ratio, these uncertainties also affect the EoS constraints
derived from GW170817. When low spin priors (dimensionless NS spins assumed to be !0.05)
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Inspiral

M1, M2, EoS
Prompt collapse

Short-lived remnant

Black hole Stable NS
Long-lived remnant

Merger
~1 ms

GW phase
~10–20 ms

Viscous phase
~0.1–1 s

Spin down
>10 s

Figure 3
Overview of the different phases in an NS merger and the relative timescales. The inspiral ends with the
merger, when the two stars start to fuse together. The early postmerger evolution is entirely driven by
hydrodynamics and by GW emission. If the remnant does not collapse within ∼10−20ms, GW losses
subside and other physical processes become more important: Angular momentum redistribution (which is
due to turbulent viscosity) and neutrino losses operate over a timescale of a tenth of a second to a few
seconds. This is also the characteristic timescale for the evolution of the remnant disk. If the remnant does
not collapse over a timescale of a few seconds, then it will spin down because of magnetohydrodynamic
effects over a possibly much longer timescale of several seconds to a few hours. Abbreviations: EoS, equation
of state; GW, gravitational wave; NS, neutron star.

3. MERGER AND POSTMERGER
As the NSs come into contact and the inspiral terminates, the dynamics of the system becomes
increasingly complex.Matter is compressed and heated up to extreme densities and temperatures,
and new physical effects, such as magnetohydrodynamics (MHD) turbulence and neutrino–matter
interactions, become important (Section 3.1) and can affect the outcome of themerger in ways that
are not completely understood (Section 3.2).Figure 3 provides an overview of the BNS dynamics
after merger. BH formation might be the immediate outcome of the merger, or it could be delayed
by milliseconds to minutes. It is also not excluded that some BNSs might even form stable NS
remnants. After a !rst phase in which GW emission and hydrodynamics play the most important
role, GW emission decays, and angular momentum transport due to MHD stresses and neutrino
emission and reabsorption takes over. Over longer timescales, if the remnant has not yet collapsed
to a BH, the system spins down because of residual GW losses and EM torques.

3.1. Dynamics and Thermodynamics Conditions
During the binary inspiral, the NSmatter is assumed to be in cold, neutrinoless, weak equilibrium,
and degenerate baryons are the major source of pressure.

Tidal deformation dissipates energy, but the increase in temperature !T ! 0.1 MeV and the
neutrino losses are marginal up to the !nal phase of the inspiral (70). Thus, this equilibrium com-
position is maintained up to merger.

The binary orbital speed at merger can be estimated as vorb # " r #
√
GM/(RA + RB ), and for

an equal-mass merger it reads

vorb/c #
√
C # 0.39 (C/0.15)1/2. 17.

Because during the inspiral the GW frequency is approximately twice the orbital frequency, and at
leading order its evolution satis!es "̇3

GW ∼ (3,456/125) (GMc/c3)5"11
GW, the radial infall velocity
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Neutron-Star Tidal Deformability

low-spin case and (1.0, 0.7) in the high-spin case. Further
analysis is required to establish the uncertainties of these
tighter bounds, and a detailed studyof systematics is a subject
of ongoing work.
Preliminary comparisons with waveform models under

development [171,173–177] also suggest the post-
Newtonian model used will systematically overestimate
the value of the tidal deformabilities. Therefore, based on
our current understanding of the physics of neutron stars,
we consider the post-Newtonian results presented in this
Letter to be conservative upper limits on tidal deform-
ability. Refinements should be possible as our knowledge
and models improve.

V. IMPLICATIONS

A. Astrophysical rate

Our analyses identified GW170817 as the only BNS-
mass signal detected in O2 with a false alarm rate below
1=100 yr. Using a method derived from [27,178,179], and
assuming that the mass distribution of the components of
BNS systems is flat between 1 and 2 M⊙ and their
dimensionless spins are below 0.4, we are able to infer
the local coalescence rate density R of BNS systems.
Incorporating the upper limit of 12600 Gpc−3 yr−1 from O1
as a prior, R ¼ 1540þ3200

−1220 Gpc−3 yr−1. Our findings are

consistent with the rate inferred from observations of
galactic BNS systems [19,20,155,180].
From this inferred rate, the stochastic background of

gravitational wave s produced by unresolved BNS mergers
throughout the history of the Universe should be compa-
rable in magnitude to the stochastic background produced
by BBH mergers [181,182]. As the advanced detector
network improves in sensitivity in the coming years, the
total stochastic background from BNS and BBH mergers
should be detectable [183].

B. Remnant

Binary neutron star mergers may result in a short- or long-
lived neutron star remnant that could emit gravitational
waves following the merger [184–190]. The ringdown of
a black hole formed after the coalescence could also produce
gravitational waves, at frequencies around 6 kHz, but the
reduced interferometer response at high frequencies makes
their observation unfeasible. Consequently, searches have
been made for short (tens of ms) and intermediate duration
(≤ 500 s) gravitational-wave signals from a neutron star
remnant at frequencies up to 4 kHz [75,191,192]. For the
latter, the data examined start at the time of the coalescence
and extend to the end of the observing run on August 25,
2017. With the time scales and methods considered so far
[193], there is no evidence of a postmerger signal of

FIG. 5. Probability density for the tidal deformability parameters of the high and low mass components inferred from the detected
signals using the post-Newtonian model. Contours enclosing 90% and 50% of the probability density are overlaid (dashed lines). The
diagonal dashed line indicates the Λ1 ¼ Λ2 boundary. The Λ1 and Λ2 parameters characterize the size of the tidally induced mass
deformations of each star and are proportional to k2ðR=mÞ5. Constraints are shown for the high-spin scenario jχj ≤ 0.89 (left panel) and
for the low-spin jχj ≤ 0.05 (right panel). As a comparison, we plot predictions for tidal deformability given by a set of representative
equations of state [156–160] (shaded filled regions), with labels following [161], all of which support stars of 2.01M⊙. Under the
assumption that both components are neutron stars, we apply the function ΛðmÞ prescribed by that equation of state to the 90% most
probable region of the component mass posterior distributions shown in Fig. 4. EOS that produce less compact stars, such as MS1 and
MS1b, predict Λ values outside our 90% contour.

PRL 119, 161101 (2017) P HY S I CA L R EV I EW LE T T ER S week ending
20 OCTOBER 2017

161101-7

[Constraints from GW170817, LIGO-VIRGO Collaboration, 2017]
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Summary of Lecture 1
• General relativity describes gravity using space-time geometry


• Confirmed by waveforms from binary black holes

• Weak-field effects: spin/orbital precession.

• Strong-field effects: black-hole quasi-normal modes. 

• Precision tests require improved sensitivity. 


• Neutron star binary merger 

• probes state of matter at high densities 


52


