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Gravitational lensing

Deflection of light in the vicinity of a massive object due to gravity  

Main observables are: image positions, magnifications and time delays



Image Positions

Credit: Wambsganss (1998)
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True in flat space, but is also how we define angular diameter distance in cosmology so 
holds more generally

From Fig. 5 we see that θDs = βDs − α̂Dds. Therefore, the positions of the source and the image
are related through the simple equation

β⃗ = θ⃗ − α⃗(θ⃗) . (14)

Equation (14) is called the lens equation, or ray-tracing equation. It is nonlinear in the general
case, and so it is possible to have multiple images θ⃗ corresponding to a single source position β⃗. As
Fig. 5 shows, the lens equation is trivial to derive and requires merely that the following Euclidean
relation should exist between the angle enclosed by two lines and their separation,

separation = angle× distance . (15)

It is not obvious that the same relation should also hold in curved spacetimes. However, if the
distances Dd,s,ds are defined such that eq. (15) holds, then the lens equation must obviously be
true. Distances so defined are called angular-diameter distances, and eqs. (13), (14) are valid only
when these distances are used. Note that in general Dds ̸= Ds − Dd.

As an instructive special case consider a lens with a constant surface-mass density. From eq.
(11), the (reduced) deflection angle is
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where we have set ξ = Ddθ. In this case, the lens equation is linear; that is, β ∝ θ. Let us define
a critical surface-mass density
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where the effective distance D is defined as the combination of distances

D =
DdDds

Ds
. (18)

For a lens with a constant surface mass density Σcr, the deflection angle is α(θ) = θ, and so β = 0
for all θ. Such a lens focuses perfectly, with a well-defined focal length. A typical gravitational lens,
however, behaves quite differently. Light rays which pass the lens at different impact parameters
cross the optic axis at different distances behind the lens. Considered as an optical device, a
gravitational lens therefore has almost all aberrations one can think of. However, it does not have
any chromatic aberration because the geometry of light paths is independent of wavelength.

A lens which has Σ > Σcr somewhere within it is referred to as being supercritical . Usually,
multiple imaging occurs only if the lens is supercritical, but there are exceptions to this rule (e.g.,
Subramanian & Cowling 1986).

2.1.4 Einstein Radius

Consider now a circularly symmetric lens with an arbitrary mass profile. According to eqs. (11)
and (13), the lens equation reads

β(θ) = θ −
Dds

DdDs

4GM(θ)

c2 θ
. (19)

Due to the rotational symmetry of the lens system, a source which lies exactly on the optic axis
(β = 0) is imaged as a ring if the lens is supercritical. Setting β = 0 in eq. (19) we obtain the
radius of the ring to be
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mag ⇥ 0.32 (23)

⇤(LMC) ⇤ 10�7 (24)
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Galaxy lensing
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H0�⇤ = const (27)
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From Fig. 5 we see that θDs = βDs − α̂Dds. Therefore, the positions of the source and the image
are related through the simple equation

β⃗ = θ⃗ − α⃗(θ⃗) . (14)

Equation (14) is called the lens equation, or ray-tracing equation. It is nonlinear in the general
case, and so it is possible to have multiple images θ⃗ corresponding to a single source position β⃗. As
Fig. 5 shows, the lens equation is trivial to derive and requires merely that the following Euclidean
relation should exist between the angle enclosed by two lines and their separation,

separation = angle× distance . (15)

It is not obvious that the same relation should also hold in curved spacetimes. However, if the
distances Dd,s,ds are defined such that eq. (15) holds, then the lens equation must obviously be
true. Distances so defined are called angular-diameter distances, and eqs. (13), (14) are valid only
when these distances are used. Note that in general Dds ̸= Ds − Dd.
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For a lens with a constant surface mass density Σcr, the deflection angle is α(θ) = θ, and so β = 0
for all θ. Such a lens focuses perfectly, with a well-defined focal length. A typical gravitational lens,
however, behaves quite differently. Light rays which pass the lens at different impact parameters
cross the optic axis at different distances behind the lens. Considered as an optical device, a
gravitational lens therefore has almost all aberrations one can think of. However, it does not have
any chromatic aberration because the geometry of light paths is independent of wavelength.

A lens which has Σ > Σcr somewhere within it is referred to as being supercritical . Usually,
multiple imaging occurs only if the lens is supercritical, but there are exceptions to this rule (e.g.,
Subramanian & Cowling 1986).
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Due to the rotational symmetry of the lens system, a source which lies exactly on the optic axis
(β = 0) is imaged as a ring if the lens is supercritical. Setting β = 0 in eq. (19) we obtain the
radius of the ring to be

θE =

[

4GM(θE)

c2

Dds

DdDs

]1/2

. (20)

9

If space is not flat then                          and in principle lensing allows one of the few model 
independent tests of curvature in cosmology 
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For a lens with a constant surface mass density Σcr, the deflection angle is α(θ) = θ, and so β = 0
for all θ. Such a lens focuses perfectly, with a well-defined focal length. A typical gravitational lens,
however, behaves quite differently. Light rays which pass the lens at different impact parameters
cross the optic axis at different distances behind the lens. Considered as an optical device, a
gravitational lens therefore has almost all aberrations one can think of. However, it does not have
any chromatic aberration because the geometry of light paths is independent of wavelength.
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From Fig. 5 we see that θDs = βDs − α̂Dds. Therefore, the positions of the source and the image
are related through the simple equation

β⃗ = θ⃗ − α⃗(θ⃗) . (14)

Equation (14) is called the lens equation, or ray-tracing equation. It is nonlinear in the general
case, and so it is possible to have multiple images θ⃗ corresponding to a single source position β⃗. As
Fig. 5 shows, the lens equation is trivial to derive and requires merely that the following Euclidean
relation should exist between the angle enclosed by two lines and their separation,

separation = angle× distance . (15)

It is not obvious that the same relation should also hold in curved spacetimes. However, if the
distances Dd,s,ds are defined such that eq. (15) holds, then the lens equation must obviously be
true. Distances so defined are called angular-diameter distances, and eqs. (13), (14) are valid only
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For a lens with a constant surface mass density Σcr, the deflection angle is α(θ) = θ, and so β = 0
for all θ. Such a lens focuses perfectly, with a well-defined focal length. A typical gravitational lens,
however, behaves quite differently. Light rays which pass the lens at different impact parameters
cross the optic axis at different distances behind the lens. Considered as an optical device, a
gravitational lens therefore has almost all aberrations one can think of. However, it does not have
any chromatic aberration because the geometry of light paths is independent of wavelength.

A lens which has Σ > Σcr somewhere within it is referred to as being supercritical . Usually,
multiple imaging occurs only if the lens is supercritical, but there are exceptions to this rule (e.g.,
Subramanian & Cowling 1986).
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As an instructive special case consider a lens with a constant surface-mass density. From eq.
(11), the (reduced) deflection angle is

α(θ) =
Dds

Ds

4G

c2ξ
(Σπξ2) =

4πGΣ

c2

DdDds

Ds
θ , (16)

where we have set ξ = Ddθ. In this case, the lens equation is linear; that is, β ∝ θ. Let us define
a critical surface-mass density

Σcr =
c2

4πG

Ds

DdDds
= 0.35 g cm−2

(

D

1 Gpc

)−1

, (17)

where the effective distance D is defined as the combination of distances

D =
DdDds

Ds
. (18)

For a lens with a constant surface mass density Σcr, the deflection angle is α(θ) = θ, and so β = 0
for all θ. Such a lens focuses perfectly, with a well-defined focal length. A typical gravitational lens,
however, behaves quite differently. Light rays which pass the lens at different impact parameters
cross the optic axis at different distances behind the lens. Considered as an optical device, a
gravitational lens therefore has almost all aberrations one can think of. However, it does not have
any chromatic aberration because the geometry of light paths is independent of wavelength.

A lens which has Σ > Σcr somewhere within it is referred to as being supercritical . Usually,
multiple imaging occurs only if the lens is supercritical, but there are exceptions to this rule (e.g.,
Subramanian & Cowling 1986).

2.1.4 Einstein Radius

Consider now a circularly symmetric lens with an arbitrary mass profile. According to eqs. (11)
and (13), the lens equation reads

β(θ) = θ −
Dds

DdDs

4GM(θ)

c2 θ
. (19)

Due to the rotational symmetry of the lens system, a source which lies exactly on the optic axis
(β = 0) is imaged as a ring if the lens is supercritical. Setting β = 0 in eq. (19) we obtain the
radius of the ring to be

θE =

[

4GM(θE)

c2

Dds

DdDs

]1/2

. (20)
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Lens Equation:



Image Positions

•  Angles are 2D vectors.


•  Distances are angular diameter distances


•  True source position is unknown. Positions of the images relative 
to an origin (usually, the lens center) comprise the observables.

Credit: Wambsganss (1998)
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Lens equation:

⇥ = ⇤ ��(⇤) (14)

True in flat space, but is also how we define angular diameter distance in cosmology so 
holds more generally

From Fig. 5 we see that θDs = βDs − α̂Dds. Therefore, the positions of the source and the image
are related through the simple equation

β⃗ = θ⃗ − α⃗(θ⃗) . (14)

Equation (14) is called the lens equation, or ray-tracing equation. It is nonlinear in the general
case, and so it is possible to have multiple images θ⃗ corresponding to a single source position β⃗. As
Fig. 5 shows, the lens equation is trivial to derive and requires merely that the following Euclidean
relation should exist between the angle enclosed by two lines and their separation,

separation = angle× distance . (15)

It is not obvious that the same relation should also hold in curved spacetimes. However, if the
distances Dd,s,ds are defined such that eq. (15) holds, then the lens equation must obviously be
true. Distances so defined are called angular-diameter distances, and eqs. (13), (14) are valid only
when these distances are used. Note that in general Dds ̸= Ds − Dd.

As an instructive special case consider a lens with a constant surface-mass density. From eq.
(11), the (reduced) deflection angle is

α(θ) =
Dds

Ds

4G

c2ξ
(Σπξ2) =

4πGΣ

c2

DdDds

Ds
θ , (16)

where we have set ξ = Ddθ. In this case, the lens equation is linear; that is, β ∝ θ. Let us define
a critical surface-mass density

Σcr =
c2

4πG

Ds

DdDds
= 0.35 g cm−2

(

D

1 Gpc

)−1

, (17)

where the effective distance D is defined as the combination of distances

D =
DdDds

Ds
. (18)

For a lens with a constant surface mass density Σcr, the deflection angle is α(θ) = θ, and so β = 0
for all θ. Such a lens focuses perfectly, with a well-defined focal length. A typical gravitational lens,
however, behaves quite differently. Light rays which pass the lens at different impact parameters
cross the optic axis at different distances behind the lens. Considered as an optical device, a
gravitational lens therefore has almost all aberrations one can think of. However, it does not have
any chromatic aberration because the geometry of light paths is independent of wavelength.

A lens which has Σ > Σcr somewhere within it is referred to as being supercritical . Usually,
multiple imaging occurs only if the lens is supercritical, but there are exceptions to this rule (e.g.,
Subramanian & Cowling 1986).

2.1.4 Einstein Radius

Consider now a circularly symmetric lens with an arbitrary mass profile. According to eqs. (11)
and (13), the lens equation reads

β(θ) = θ −
Dds

DdDs

4GM(θ)

c2 θ
. (19)

Due to the rotational symmetry of the lens system, a source which lies exactly on the optic axis
(β = 0) is imaged as a ring if the lens is supercritical. Setting β = 0 in eq. (19) we obtain the
radius of the ring to be

θE =

[

4GM(θE)

c2

Dds

DdDs

]1/2

. (20)
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From Fig. 5 we see that θDs = βDs − α̂Dds. Therefore, the positions of the source and the image
are related through the simple equation

β⃗ = θ⃗ − α⃗(θ⃗) . (14)

Equation (14) is called the lens equation, or ray-tracing equation. It is nonlinear in the general
case, and so it is possible to have multiple images θ⃗ corresponding to a single source position β⃗. As
Fig. 5 shows, the lens equation is trivial to derive and requires merely that the following Euclidean
relation should exist between the angle enclosed by two lines and their separation,

separation = angle× distance . (15)

It is not obvious that the same relation should also hold in curved spacetimes. However, if the
distances Dd,s,ds are defined such that eq. (15) holds, then the lens equation must obviously be
true. Distances so defined are called angular-diameter distances, and eqs. (13), (14) are valid only
when these distances are used. Note that in general Dds ̸= Ds − Dd.

As an instructive special case consider a lens with a constant surface-mass density. From eq.
(11), the (reduced) deflection angle is

α(θ) =
Dds

Ds

4G

c2ξ
(Σπξ2) =

4πGΣ

c2

DdDds

Ds
θ , (16)

where we have set ξ = Ddθ. In this case, the lens equation is linear; that is, β ∝ θ. Let us define
a critical surface-mass density

Σcr =
c2

4πG

Ds

DdDds
= 0.35 g cm−2

(

D

1 Gpc

)−1

, (17)

where the effective distance D is defined as the combination of distances

D =
DdDds

Ds
. (18)

For a lens with a constant surface mass density Σcr, the deflection angle is α(θ) = θ, and so β = 0
for all θ. Such a lens focuses perfectly, with a well-defined focal length. A typical gravitational lens,
however, behaves quite differently. Light rays which pass the lens at different impact parameters
cross the optic axis at different distances behind the lens. Considered as an optical device, a
gravitational lens therefore has almost all aberrations one can think of. However, it does not have
any chromatic aberration because the geometry of light paths is independent of wavelength.

A lens which has Σ > Σcr somewhere within it is referred to as being supercritical . Usually,
multiple imaging occurs only if the lens is supercritical, but there are exceptions to this rule (e.g.,
Subramanian & Cowling 1986).

2.1.4 Einstein Radius

Consider now a circularly symmetric lens with an arbitrary mass profile. According to eqs. (11)
and (13), the lens equation reads

β(θ) = θ −
Dds

DdDs

4GM(θ)

c2 θ
. (19)

Due to the rotational symmetry of the lens system, a source which lies exactly on the optic axis
(β = 0) is imaged as a ring if the lens is supercritical. Setting β = 0 in eq. (19) we obtain the
radius of the ring to be

θE =

[

4GM(θE)

c2

Dds

DdDs

]1/2

. (20)
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True in flat space, but is also how we define angular diameter distance in cosmology so 
holds more generally

From Fig. 5 we see that θDs = βDs − α̂Dds. Therefore, the positions of the source and the image
are related through the simple equation

β⃗ = θ⃗ − α⃗(θ⃗) . (14)

Equation (14) is called the lens equation, or ray-tracing equation. It is nonlinear in the general
case, and so it is possible to have multiple images θ⃗ corresponding to a single source position β⃗. As
Fig. 5 shows, the lens equation is trivial to derive and requires merely that the following Euclidean
relation should exist between the angle enclosed by two lines and their separation,

separation = angle× distance . (15)

It is not obvious that the same relation should also hold in curved spacetimes. However, if the
distances Dd,s,ds are defined such that eq. (15) holds, then the lens equation must obviously be
true. Distances so defined are called angular-diameter distances, and eqs. (13), (14) are valid only
when these distances are used. Note that in general Dds ̸= Ds − Dd.

As an instructive special case consider a lens with a constant surface-mass density. From eq.
(11), the (reduced) deflection angle is

α(θ) =
Dds

Ds

4G

c2ξ
(Σπξ2) =

4πGΣ

c2

DdDds

Ds
θ , (16)

where we have set ξ = Ddθ. In this case, the lens equation is linear; that is, β ∝ θ. Let us define
a critical surface-mass density

Σcr =
c2

4πG

Ds

DdDds
= 0.35 g cm−2

(

D

1 Gpc

)−1

, (17)

where the effective distance D is defined as the combination of distances

D =
DdDds

Ds
. (18)

For a lens with a constant surface mass density Σcr, the deflection angle is α(θ) = θ, and so β = 0
for all θ. Such a lens focuses perfectly, with a well-defined focal length. A typical gravitational lens,
however, behaves quite differently. Light rays which pass the lens at different impact parameters
cross the optic axis at different distances behind the lens. Considered as an optical device, a
gravitational lens therefore has almost all aberrations one can think of. However, it does not have
any chromatic aberration because the geometry of light paths is independent of wavelength.

A lens which has Σ > Σcr somewhere within it is referred to as being supercritical . Usually,
multiple imaging occurs only if the lens is supercritical, but there are exceptions to this rule (e.g.,
Subramanian & Cowling 1986).

2.1.4 Einstein Radius

Consider now a circularly symmetric lens with an arbitrary mass profile. According to eqs. (11)
and (13), the lens equation reads

β(θ) = θ −
Dds

DdDs

4GM(θ)

c2 θ
. (19)

Due to the rotational symmetry of the lens system, a source which lies exactly on the optic axis
(β = 0) is imaged as a ring if the lens is supercritical. Setting β = 0 in eq. (19) we obtain the
radius of the ring to be

θE =

[

4GM(θE)

c2

Dds

DdDs

]1/2

. (20)
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From Fig. 5 we see that θDs = βDs − α̂Dds. Therefore, the positions of the source and the image
are related through the simple equation

β⃗ = θ⃗ − α⃗(θ⃗) . (14)

Equation (14) is called the lens equation, or ray-tracing equation. It is nonlinear in the general
case, and so it is possible to have multiple images θ⃗ corresponding to a single source position β⃗. As
Fig. 5 shows, the lens equation is trivial to derive and requires merely that the following Euclidean
relation should exist between the angle enclosed by two lines and their separation,

separation = angle× distance . (15)

It is not obvious that the same relation should also hold in curved spacetimes. However, if the
distances Dd,s,ds are defined such that eq. (15) holds, then the lens equation must obviously be
true. Distances so defined are called angular-diameter distances, and eqs. (13), (14) are valid only
when these distances are used. Note that in general Dds ̸= Ds − Dd.

As an instructive special case consider a lens with a constant surface-mass density. From eq.
(11), the (reduced) deflection angle is

α(θ) =
Dds

Ds

4G

c2ξ
(Σπξ2) =

4πGΣ

c2

DdDds

Ds
θ , (16)

where we have set ξ = Ddθ. In this case, the lens equation is linear; that is, β ∝ θ. Let us define
a critical surface-mass density

Σcr =
c2

4πG
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= 0.35 g cm−2

(

D

1 Gpc

)−1

, (17)

where the effective distance D is defined as the combination of distances

D =
DdDds

Ds
. (18)

For a lens with a constant surface mass density Σcr, the deflection angle is α(θ) = θ, and so β = 0
for all θ. Such a lens focuses perfectly, with a well-defined focal length. A typical gravitational lens,
however, behaves quite differently. Light rays which pass the lens at different impact parameters
cross the optic axis at different distances behind the lens. Considered as an optical device, a
gravitational lens therefore has almost all aberrations one can think of. However, it does not have
any chromatic aberration because the geometry of light paths is independent of wavelength.

A lens which has Σ > Σcr somewhere within it is referred to as being supercritical . Usually,
multiple imaging occurs only if the lens is supercritical, but there are exceptions to this rule (e.g.,
Subramanian & Cowling 1986).

2.1.4 Einstein Radius

Consider now a circularly symmetric lens with an arbitrary mass profile. According to eqs. (11)
and (13), the lens equation reads

β(θ) = θ −
Dds

DdDs

4GM(θ)

c2 θ
. (19)

Due to the rotational symmetry of the lens system, a source which lies exactly on the optic axis
(β = 0) is imaged as a ring if the lens is supercritical. Setting β = 0 in eq. (19) we obtain the
radius of the ring to be

θE =

[

4GM(θE)

c2

Dds

DdDs

]1/2

. (20)
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True in flat space, but is also how we define angular diameter distance in cosmology so 
holds more generally

From Fig. 5 we see that θDs = βDs − α̂Dds. Therefore, the positions of the source and the image
are related through the simple equation

β⃗ = θ⃗ − α⃗(θ⃗) . (14)

Equation (14) is called the lens equation, or ray-tracing equation. It is nonlinear in the general
case, and so it is possible to have multiple images θ⃗ corresponding to a single source position β⃗. As
Fig. 5 shows, the lens equation is trivial to derive and requires merely that the following Euclidean
relation should exist between the angle enclosed by two lines and their separation,

separation = angle× distance . (15)

It is not obvious that the same relation should also hold in curved spacetimes. However, if the
distances Dd,s,ds are defined such that eq. (15) holds, then the lens equation must obviously be
true. Distances so defined are called angular-diameter distances, and eqs. (13), (14) are valid only
when these distances are used. Note that in general Dds ̸= Ds − Dd.

As an instructive special case consider a lens with a constant surface-mass density. From eq.
(11), the (reduced) deflection angle is

α(θ) =
Dds

Ds

4G

c2ξ
(Σπξ2) =
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where we have set ξ = Ddθ. In this case, the lens equation is linear; that is, β ∝ θ. Let us define
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where the effective distance D is defined as the combination of distances

D =
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Ds
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For a lens with a constant surface mass density Σcr, the deflection angle is α(θ) = θ, and so β = 0
for all θ. Such a lens focuses perfectly, with a well-defined focal length. A typical gravitational lens,
however, behaves quite differently. Light rays which pass the lens at different impact parameters
cross the optic axis at different distances behind the lens. Considered as an optical device, a
gravitational lens therefore has almost all aberrations one can think of. However, it does not have
any chromatic aberration because the geometry of light paths is independent of wavelength.

A lens which has Σ > Σcr somewhere within it is referred to as being supercritical . Usually,
multiple imaging occurs only if the lens is supercritical, but there are exceptions to this rule (e.g.,
Subramanian & Cowling 1986).
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. (19)

Due to the rotational symmetry of the lens system, a source which lies exactly on the optic axis
(β = 0) is imaged as a ring if the lens is supercritical. Setting β = 0 in eq. (19) we obtain the
radius of the ring to be
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. (20)
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From Fig. 5 we see that θDs = βDs − α̂Dds. Therefore, the positions of the source and the image
are related through the simple equation

β⃗ = θ⃗ − α⃗(θ⃗) . (14)

Equation (14) is called the lens equation, or ray-tracing equation. It is nonlinear in the general
case, and so it is possible to have multiple images θ⃗ corresponding to a single source position β⃗. As
Fig. 5 shows, the lens equation is trivial to derive and requires merely that the following Euclidean
relation should exist between the angle enclosed by two lines and their separation,

separation = angle× distance . (15)

It is not obvious that the same relation should also hold in curved spacetimes. However, if the
distances Dd,s,ds are defined such that eq. (15) holds, then the lens equation must obviously be
true. Distances so defined are called angular-diameter distances, and eqs. (13), (14) are valid only
when these distances are used. Note that in general Dds ̸= Ds − Dd.

As an instructive special case consider a lens with a constant surface-mass density. From eq.
(11), the (reduced) deflection angle is

α(θ) =
Dds

Ds

4G

c2ξ
(Σπξ2) =

4πGΣ

c2

DdDds

Ds
θ , (16)

where we have set ξ = Ddθ. In this case, the lens equation is linear; that is, β ∝ θ. Let us define
a critical surface-mass density

Σcr =
c2

4πG

Ds

DdDds
= 0.35 g cm−2

(

D

1 Gpc

)−1

, (17)

where the effective distance D is defined as the combination of distances

D =
DdDds

Ds
. (18)

For a lens with a constant surface mass density Σcr, the deflection angle is α(θ) = θ, and so β = 0
for all θ. Such a lens focuses perfectly, with a well-defined focal length. A typical gravitational lens,
however, behaves quite differently. Light rays which pass the lens at different impact parameters
cross the optic axis at different distances behind the lens. Considered as an optical device, a
gravitational lens therefore has almost all aberrations one can think of. However, it does not have
any chromatic aberration because the geometry of light paths is independent of wavelength.

A lens which has Σ > Σcr somewhere within it is referred to as being supercritical . Usually,
multiple imaging occurs only if the lens is supercritical, but there are exceptions to this rule (e.g.,
Subramanian & Cowling 1986).

2.1.4 Einstein Radius

Consider now a circularly symmetric lens with an arbitrary mass profile. According to eqs. (11)
and (13), the lens equation reads

β(θ) = θ −
Dds

DdDs

4GM(θ)

c2 θ
. (19)

Due to the rotational symmetry of the lens system, a source which lies exactly on the optic axis
(β = 0) is imaged as a ring if the lens is supercritical. Setting β = 0 in eq. (19) we obtain the
radius of the ring to be

θE =

[

4GM(θE)

c2

Dds

DdDs

]1/2

. (20)
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•  Distances are angular diameter distances
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to an origin (usually, the lens center) comprise the observables.
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From Fig. 5 we see that θDs = βDs − α̂Dds. Therefore, the positions of the source and the image
are related through the simple equation

β⃗ = θ⃗ − α⃗(θ⃗) . (14)

Equation (14) is called the lens equation, or ray-tracing equation. It is nonlinear in the general
case, and so it is possible to have multiple images θ⃗ corresponding to a single source position β⃗. As
Fig. 5 shows, the lens equation is trivial to derive and requires merely that the following Euclidean
relation should exist between the angle enclosed by two lines and their separation,

separation = angle× distance . (15)

It is not obvious that the same relation should also hold in curved spacetimes. However, if the
distances Dd,s,ds are defined such that eq. (15) holds, then the lens equation must obviously be
true. Distances so defined are called angular-diameter distances, and eqs. (13), (14) are valid only
when these distances are used. Note that in general Dds ̸= Ds − Dd.

As an instructive special case consider a lens with a constant surface-mass density. From eq.
(11), the (reduced) deflection angle is

α(θ) =
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where we have set ξ = Ddθ. In this case, the lens equation is linear; that is, β ∝ θ. Let us define
a critical surface-mass density
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)−1
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where the effective distance D is defined as the combination of distances

D =
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Ds
. (18)

For a lens with a constant surface mass density Σcr, the deflection angle is α(θ) = θ, and so β = 0
for all θ. Such a lens focuses perfectly, with a well-defined focal length. A typical gravitational lens,
however, behaves quite differently. Light rays which pass the lens at different impact parameters
cross the optic axis at different distances behind the lens. Considered as an optical device, a
gravitational lens therefore has almost all aberrations one can think of. However, it does not have
any chromatic aberration because the geometry of light paths is independent of wavelength.

A lens which has Σ > Σcr somewhere within it is referred to as being supercritical . Usually,
multiple imaging occurs only if the lens is supercritical, but there are exceptions to this rule (e.g.,
Subramanian & Cowling 1986).

2.1.4 Einstein Radius

Consider now a circularly symmetric lens with an arbitrary mass profile. According to eqs. (11)
and (13), the lens equation reads

β(θ) = θ −
Dds

DdDs

4GM(θ)

c2 θ
. (19)

Due to the rotational symmetry of the lens system, a source which lies exactly on the optic axis
(β = 0) is imaged as a ring if the lens is supercritical. Setting β = 0 in eq. (19) we obtain the
radius of the ring to be

θE =

[

4GM(θE)

c2

Dds
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]1/2

. (20)

9

3
�(⇤) =

Dds

Ds
�̂(Dd⇤) (18)

Point mass lens equation:

�(⇤) =
4GM

c2

DLS

DsDL

⇤

|⇤|2 (19)

�E =
�

4GM

c2

DLS

DsDL
(20)

⇥ = ⇤ � �2
E

⇤

|⇤|2
(21)

Microlensing

µ ⇥ 1.34 (22)

mag ⇥ 0.32 (23)

⇤(LMC) ⇤ 10�7 (24)

⇤(Gal.Bulge.) ⇤ 10�6 (25)

}

Galaxy lensing

M(�E) = ⇥(DL�E)2⇥cr (26)

H0�⇤ = const (27)

2

�̂ = 2
�
⇥⇤⇥ ds (7)

Point mass:

⇥(r) = �GM

r
= � GM

(b2 + z2)1/2
(8)

⇥⇤⇥(r) =
⇥⇥
⇥b

=
GMb

(b2 + z2)3/2
(9)

�̂ = 2
�
⇥⇤⇥(r) (10)

= 2
� ⇥

�⇥
dz

GMb

(b2 + z2)3/2
(11)

=
2GM

b

� ⇥

�⇥

dx

(1 + x2)3/2
(12)

=
4GM

b
(13)

�̂ =
4GM

b
(14)

�t = �
�

⇥ ds (15)

Lens equation:

⌅ = Dd⇤ (16)

⇥ = ⇤ ��(⇤) (17)

2

�̂ = 2
�
⇥⇤⇥ ds (7)

Point mass:

⇥(r) = �GM

r
= � GM

(b2 + z2)1/2
(8)

⇥⇤⇥(r) =
⇥⇥
⇥b

=
GMb

(b2 + z2)3/2
(9)

�̂ = 2
�
⇥⇤⇥(r) (10)

= 2
� ⇥

�⇥
dz

GMb

(b2 + z2)3/2
(11)

=
2GM

b

� ⇥

�⇥

dx

(1 + x2)3/2
(12)

=
4GM

b
(13)

�̂ =
4GM

b
(14)

�t = �
�

⇥ ds (15)

Lens equation:

⇤ = Dd⇥ (16)

Dds�̂ = Ds� (17)

Small angles so:

lens
plane

Source
plane

From Fig. 5 we see that θDs = βDs − α̂Dds. Therefore, the positions of the source and the image
are related through the simple equation

β⃗ = θ⃗ − α⃗(θ⃗) . (14)

Equation (14) is called the lens equation, or ray-tracing equation. It is nonlinear in the general
case, and so it is possible to have multiple images θ⃗ corresponding to a single source position β⃗. As
Fig. 5 shows, the lens equation is trivial to derive and requires merely that the following Euclidean
relation should exist between the angle enclosed by two lines and their separation,

separation = angle× distance . (15)

It is not obvious that the same relation should also hold in curved spacetimes. However, if the
distances Dd,s,ds are defined such that eq. (15) holds, then the lens equation must obviously be
true. Distances so defined are called angular-diameter distances, and eqs. (13), (14) are valid only
when these distances are used. Note that in general Dds ̸= Ds − Dd.

As an instructive special case consider a lens with a constant surface-mass density. From eq.
(11), the (reduced) deflection angle is

α(θ) =
Dds

Ds

4G

c2ξ
(Σπξ2) =

4πGΣ

c2

DdDds

Ds
θ , (16)

where we have set ξ = Ddθ. In this case, the lens equation is linear; that is, β ∝ θ. Let us define
a critical surface-mass density

Σcr =
c2

4πG

Ds

DdDds
= 0.35 g cm−2

(

D

1 Gpc

)−1

, (17)

where the effective distance D is defined as the combination of distances

D =
DdDds

Ds
. (18)

For a lens with a constant surface mass density Σcr, the deflection angle is α(θ) = θ, and so β = 0
for all θ. Such a lens focuses perfectly, with a well-defined focal length. A typical gravitational lens,
however, behaves quite differently. Light rays which pass the lens at different impact parameters
cross the optic axis at different distances behind the lens. Considered as an optical device, a
gravitational lens therefore has almost all aberrations one can think of. However, it does not have
any chromatic aberration because the geometry of light paths is independent of wavelength.

A lens which has Σ > Σcr somewhere within it is referred to as being supercritical . Usually,
multiple imaging occurs only if the lens is supercritical, but there are exceptions to this rule (e.g.,
Subramanian & Cowling 1986).

2.1.4 Einstein Radius

Consider now a circularly symmetric lens with an arbitrary mass profile. According to eqs. (11)
and (13), the lens equation reads

β(θ) = θ −
Dds

DdDs

4GM(θ)

c2 θ
. (19)

Due to the rotational symmetry of the lens system, a source which lies exactly on the optic axis
(β = 0) is imaged as a ring if the lens is supercritical. Setting β = 0 in eq. (19) we obtain the
radius of the ring to be

θE =

[

4GM(θE)

c2

Dds

DdDs

]1/2

. (20)
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From Fig. 5 we see that θDs = βDs − α̂Dds. Therefore, the positions of the source and the image
are related through the simple equation

β⃗ = θ⃗ − α⃗(θ⃗) . (14)

Equation (14) is called the lens equation, or ray-tracing equation. It is nonlinear in the general
case, and so it is possible to have multiple images θ⃗ corresponding to a single source position β⃗. As
Fig. 5 shows, the lens equation is trivial to derive and requires merely that the following Euclidean
relation should exist between the angle enclosed by two lines and their separation,

separation = angle× distance . (15)

It is not obvious that the same relation should also hold in curved spacetimes. However, if the
distances Dd,s,ds are defined such that eq. (15) holds, then the lens equation must obviously be
true. Distances so defined are called angular-diameter distances, and eqs. (13), (14) are valid only
when these distances are used. Note that in general Dds ̸= Ds − Dd.

As an instructive special case consider a lens with a constant surface-mass density. From eq.
(11), the (reduced) deflection angle is

α(θ) =
Dds

Ds

4G

c2ξ
(Σπξ2) =

4πGΣ
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where we have set ξ = Ddθ. In this case, the lens equation is linear; that is, β ∝ θ. Let us define
a critical surface-mass density

Σcr =
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4πG

Ds
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= 0.35 g cm−2

(
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1 Gpc

)−1

, (17)

where the effective distance D is defined as the combination of distances

D =
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Ds
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For a lens with a constant surface mass density Σcr, the deflection angle is α(θ) = θ, and so β = 0
for all θ. Such a lens focuses perfectly, with a well-defined focal length. A typical gravitational lens,
however, behaves quite differently. Light rays which pass the lens at different impact parameters
cross the optic axis at different distances behind the lens. Considered as an optical device, a
gravitational lens therefore has almost all aberrations one can think of. However, it does not have
any chromatic aberration because the geometry of light paths is independent of wavelength.

A lens which has Σ > Σcr somewhere within it is referred to as being supercritical . Usually,
multiple imaging occurs only if the lens is supercritical, but there are exceptions to this rule (e.g.,
Subramanian & Cowling 1986).

2.1.4 Einstein Radius

Consider now a circularly symmetric lens with an arbitrary mass profile. According to eqs. (11)
and (13), the lens equation reads

β(θ) = θ −
Dds

DdDs

4GM(θ)

c2 θ
. (19)

Due to the rotational symmetry of the lens system, a source which lies exactly on the optic axis
(β = 0) is imaged as a ring if the lens is supercritical. Setting β = 0 in eq. (19) we obtain the
radius of the ring to be

θE =
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From Fig. 5 we see that θDs = βDs − α̂Dds. Therefore, the positions of the source and the image
are related through the simple equation

β⃗ = θ⃗ − α⃗(θ⃗) . (14)

Equation (14) is called the lens equation, or ray-tracing equation. It is nonlinear in the general
case, and so it is possible to have multiple images θ⃗ corresponding to a single source position β⃗. As
Fig. 5 shows, the lens equation is trivial to derive and requires merely that the following Euclidean
relation should exist between the angle enclosed by two lines and their separation,

separation = angle× distance . (15)

It is not obvious that the same relation should also hold in curved spacetimes. However, if the
distances Dd,s,ds are defined such that eq. (15) holds, then the lens equation must obviously be
true. Distances so defined are called angular-diameter distances, and eqs. (13), (14) are valid only
when these distances are used. Note that in general Dds ̸= Ds − Dd.

As an instructive special case consider a lens with a constant surface-mass density. From eq.
(11), the (reduced) deflection angle is

α(θ) =
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(Σπξ2) =
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where we have set ξ = Ddθ. In this case, the lens equation is linear; that is, β ∝ θ. Let us define
a critical surface-mass density
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= 0.35 g cm−2

(
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)−1

, (17)

where the effective distance D is defined as the combination of distances

D =
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Ds
. (18)

For a lens with a constant surface mass density Σcr, the deflection angle is α(θ) = θ, and so β = 0
for all θ. Such a lens focuses perfectly, with a well-defined focal length. A typical gravitational lens,
however, behaves quite differently. Light rays which pass the lens at different impact parameters
cross the optic axis at different distances behind the lens. Considered as an optical device, a
gravitational lens therefore has almost all aberrations one can think of. However, it does not have
any chromatic aberration because the geometry of light paths is independent of wavelength.

A lens which has Σ > Σcr somewhere within it is referred to as being supercritical . Usually,
multiple imaging occurs only if the lens is supercritical, but there are exceptions to this rule (e.g.,
Subramanian & Cowling 1986).

2.1.4 Einstein Radius

Consider now a circularly symmetric lens with an arbitrary mass profile. According to eqs. (11)
and (13), the lens equation reads

β(θ) = θ −
Dds

DdDs

4GM(θ)

c2 θ
. (19)

Due to the rotational symmetry of the lens system, a source which lies exactly on the optic axis
(β = 0) is imaged as a ring if the lens is supercritical. Setting β = 0 in eq. (19) we obtain the
radius of the ring to be

θE =

[

4GM(θE)

c2

Dds
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]1/2

. (20)
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True in flat space, but is also how we define angular diameter distance in cosmology so 
holds more generally

From Fig. 5 we see that θDs = βDs − α̂Dds. Therefore, the positions of the source and the image
are related through the simple equation

β⃗ = θ⃗ − α⃗(θ⃗) . (14)

Equation (14) is called the lens equation, or ray-tracing equation. It is nonlinear in the general
case, and so it is possible to have multiple images θ⃗ corresponding to a single source position β⃗. As
Fig. 5 shows, the lens equation is trivial to derive and requires merely that the following Euclidean
relation should exist between the angle enclosed by two lines and their separation,

separation = angle× distance . (15)

It is not obvious that the same relation should also hold in curved spacetimes. However, if the
distances Dd,s,ds are defined such that eq. (15) holds, then the lens equation must obviously be
true. Distances so defined are called angular-diameter distances, and eqs. (13), (14) are valid only
when these distances are used. Note that in general Dds ̸= Ds − Dd.

As an instructive special case consider a lens with a constant surface-mass density. From eq.
(11), the (reduced) deflection angle is

α(θ) =
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where we have set ξ = Ddθ. In this case, the lens equation is linear; that is, β ∝ θ. Let us define
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where the effective distance D is defined as the combination of distances
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For a lens with a constant surface mass density Σcr, the deflection angle is α(θ) = θ, and so β = 0
for all θ. Such a lens focuses perfectly, with a well-defined focal length. A typical gravitational lens,
however, behaves quite differently. Light rays which pass the lens at different impact parameters
cross the optic axis at different distances behind the lens. Considered as an optical device, a
gravitational lens therefore has almost all aberrations one can think of. However, it does not have
any chromatic aberration because the geometry of light paths is independent of wavelength.

A lens which has Σ > Σcr somewhere within it is referred to as being supercritical . Usually,
multiple imaging occurs only if the lens is supercritical, but there are exceptions to this rule (e.g.,
Subramanian & Cowling 1986).

2.1.4 Einstein Radius

Consider now a circularly symmetric lens with an arbitrary mass profile. According to eqs. (11)
and (13), the lens equation reads

β(θ) = θ −
Dds

DdDs

4GM(θ)

c2 θ
. (19)

Due to the rotational symmetry of the lens system, a source which lies exactly on the optic axis
(β = 0) is imaged as a ring if the lens is supercritical. Setting β = 0 in eq. (19) we obtain the
radius of the ring to be

θE =

[

4GM(θE)

c2

Dds

DdDs

]1/2

. (20)
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From Fig. 5 we see that θDs = βDs − α̂Dds. Therefore, the positions of the source and the image
are related through the simple equation

β⃗ = θ⃗ − α⃗(θ⃗) . (14)
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If space is not flat then                          and in principle lensing allows one of the few model 
independent tests of curvature in cosmology 

Lens Equation:
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Magnification
Lensing conserves surface brightness 
Flux F =  surface brightness  x  solid angle
Magnification = Fobserved / Fintrinsic = dΩobserved  / dΩintrinsic

Define Jacobian matrix: 

with

Magnification factor is

source plane

lens plane

• µ>0  : positive parity
• µ<0  : negative parity (mirror image of source)
• det A = 0 : critical points/curves

Magnification :

Magnification
1.2 Theory of Gravitational Lensing

deflection of light rays, the solid angle of the source in the sky is modified to the solid
angle ω (which is seen as the image). This changes the flux of the image (S = I × ω) too,
since the intensity I remains constant. The magnification is the ratio of the solid angle of
the image to that of the source,

µ =
S
S o
=
δω

δωo
. (1.20)

Here, the shape of the image is determined by the Jacobian matrix M(θ) =
∂β
∂θ
. The

elements of the inverse magnification matrix M are given by using using Eq. 1.14 and
1.16,

Mij = φi j = (δi j − ψi j) =
(
1 − κ − γs1 −γs2
−γs2 1 − κ + γs1

)
(1.21)

where the subscripts of φ and ψ imply partial derivatives of the quantities with respect
to θi and θ j. The convergence κ contributes to isotropic magnification whereas the shear
γs =

√
γ2s1 + γ

2
s2 causes anisotropic magnification of the images. Thus, the magnification

is written as
µ =

1
| det M|

=
1

(1 − κ)2 − γ2s
. (1.22)

The trace tr(M) = 2(1 − κ) and the eigen values of the magnification matrix are λ1,2 =
1−κ∓γs which give the factor of stretching of the images along the direction of the eigen
vectors.

ImagesSource

− −+ + + − − +

Figure 1.6: The source and the images with different parities. The ‘+’ and ‘−’ refer to the
signs of the eigen values of the transformation matrix that maps the source to the images.
The sign of the product of the eigen values determines the parities of the images.

The parity of an image is the handedness of a feature in the image with respect to
that in the background source (e.g., jet components). This can be understood from the
magnification matrix which is a mapping between the source and the images. If both the
eigen values of the magnification matrix have the same sign (i.e. either both ‘+’ or ‘-’),
then the parity of the image is positive (see Fig. 1.6). If the eigen values have different
signs, the parity of the image is the opposite of that of the source.

1.2.3 Time Delay of Images
The light rays emitted by the source before arriving at the position of the observer suffer
two effects. The light rays take geometrically longer paths than the undeflected light rays
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Image distortion III

The lensed image of a small circular source with radius R is an ellipse
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   Angle of major axis from θ1 the same as the shear angle ϕ
[Exercise: show these properties.  Hint: try                       ]

reduced shear

Credit: M. Bradac
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2 Zitrin & Broadhurst

(Ωm0 = 0.3, ΩΛ0 = 0.7, h = 0.7). Accordingly, one arc-
second corresponds to 6.4 kpc/h70 at the redshift of this
cluster. The reference center of our analysis is fixed at
the center of the cD galaxy: RA = 11:49:35.70, Dec =
+22:23:54.8 (J2000.0).

2. observations

The central region of the luminous X-ray cluster MACS
J1149.5+2223 (z = 0.544) has been imaged in April 2004
and in May 2006, with the Wide Field Channel (WFC) of
the ACS installed on HST. Integration times of ∼ 4500s
were obtained through the F555W and the F814W filters.
We retrieved these images (PI: Ebeling, proposal ID: 9722)
found in the Hubble Legacy Archive. Several large blue
spiral galaxy images are clearly visible near the central
brightest cluster galaxy (Figures 1-3). On closer inspec-
tion, individual HII regions and spiral arms are repeated
very clearly in images 1.1 and 1.2, demonstrating beyond
question that these are images of the same source, even
though they do not appear as thin distorted arcs. The
other central spiral galaxy images seen in Figure 1-3 are
also images of the same source but with differing mirror
symmetry (parity), as we show below. Image 1.2 is the
largest, covering an area of ≃ 55 ✷′′, and in total ! 150 ✷′′

is subtended by all the images of this source, several times
greater than the largest giant arc known (Soucail et al.,
1987).
Many other faint lensed galaxies are also visible, gener-

ally at larger distances from the centre (marked in Figure
2) indicating that they lie at higher redshift and most of
which we have been able to securely identify as sets of
multiply-lensed background galaxies as detailed below.

Fig. 1.— The central region of the cluster MACS J1149.5+2223
(z = 0.544) imaged with Hubble/ACS in V and I-bands, showing
the several large, well resolved, blue spiral galaxy images centered
on the brightest red cluster member galaxy (cD). The small de-
lensed source, zoomed-in ×4 to show internal details, is inset near
its predicted location demonstrating the very large magnifications
generated by the central gravitational field of this cluster.

3. lensing analysis

We apply our well tested approach to lens modelling,
which we have applied successfully to A1689 and Cl0024,
uncovering unprecedentedly large numbers of multiply-
lensed images (Broadhurst et al., 2005, Zitrin et al.,
2009a). The full details of this approach can be found
in these papers. Briefly, the basic assumption adopted is
that mass approximately traces light, so that the photome-
try of the red cluster member galaxies is the starting point
for our model.
Cluster member galaxies are identified as lying close to

the cluster sequence by the photometry provided in the
Hubble Legacy Archive. We approximate the large scale
distribution of matter by assigning a power-law mass pro-
file to each galaxy, the sum of which is then smoothed.
The degree of smoothing and the index of the power-law
are the most important free parameters. A worthwhile
improvement in fitting the location of the lensed images
is generally found by expanding to first order the gravi-
tational potential of the smooth component, equivalent to
a coherent shear, where the direction of the shear and its
amplitude are free, allowing for some flexibility in the rela-
tion between the distribution of DM and the distribution
of galaxies which cannot be expected to trace each other
in detail. The total deflection field α⃗T (θ⃗), consists of the

galaxy component, α⃗gal(θ⃗), scaled by a factor Kgal, the

cluster DM component α⃗DM (θ⃗), scaled by (1-Kgal), and

the external shear component α⃗ex(θ⃗):

α⃗T (θ⃗) = Kgalα⃗gal(θ⃗) + (1−Kgal)α⃗DM (θ⃗) + α⃗ex(θ⃗), (1)

where the deflection field at position θ⃗m due to the exter-
nal shear, α⃗ex(θ⃗m) = (αex,x,αex,y), is given by:

αex,x(θ⃗m) = |γ| cos(2φγ)∆xm + |γ| sin(2φγ)∆ym, (2)

αex,y(θ⃗m) = |γ| sin(2φγ)∆xm − |γ| cos(2φγ)∆ym, (3)

where (∆xm,∆ym) is the displacement vector of the

position θ⃗m with respect to a fiducial reference position,
which we take as the lower-left pixel position (1, 1), and
φγ is the position angle of the spin-2 external gravitational
shear measured anti-clockwise from the x-axis. The nor-
malisation of the model and the relative scaling of the
smooth DM component versus the galaxy contribution
brings the total number of free parameters in the model
to 6.
We lens all well detected candidate lensed galaxies back

to the source plane using the derived deflection field, and
then relens this source plane to predict the detailed ap-
pearance and location of additional counter images, which
may then be identified in the data by morphology, inter-
nal structure and colour. The fit is assessed by the RMS
uncertainty in the image plane:

RMS2
images =

∑

i

((x
′

i −xi)
2 +(y

′

i − yi)
2) / Nimages, (4)

where x
′

i and y
′

i are the locations given by the model, and
xi and yi are the real images location, and the sum is
over all Nimages images. The best-fit solution is unique in
this context, and the uncertainties are determined by the
location of predicted images in the image plane.
Importantly, this image-plane minimisation does not

suffer from the well known bias involved with source plane

Zitrin et al. 2009
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Complementary information to image locations 
c.f. deflection angle only probes gradient of potential

Two additional linear combinations of ψij are important, and these are the components of the
shear tensor,

γ1(θ⃗) =
1

2
(ψ11 − ψ22) ≡ γ(θ⃗) cos

[

2φ(θ⃗)
]

,

γ2(θ⃗) = ψ12 = ψ21 ≡ γ(θ⃗) sin
[

2φ(θ⃗)
]

.

(57)

With these definitions, the Jacobian matrix can be written

A =

(

1 − κ − γ1 −γ2

−γ2 1 − κ + γ1

)

= (1 − κ)

(

1 0
0 1

)

− γ

(

cos 2φ sin 2φ
sin 2φ − cos 2φ

)

.

(58)

The meaning of the terms convergence and shear now becomes intuitively clear. Convergence
acting alone causes an isotropic focusing of light rays, leading to an isotropic magnification of a
source. The source is mapped onto an image with the same shape but larger size. Shear introduces
anisotropy (or astigmatism) into the lens mapping; the quantity γ = (γ2

1 + γ2
2)1/2 describes the

magnitude of the shear and φ describes its orientation. As shown in Fig. 13, a circular source of
unit radius becomes, in the presence of both κ and γ, an elliptical image with major and minor
axes

(1 − κ − γ)−1 , (1 − κ + γ)−1 . (59)

The magnification is

µ = detM =
1

detA
=

1

[(1 − κ)2 − γ2]
. (60)

Note that the Jacobian A is in general a function of position θ⃗.

Figure 13: Illustration of the effects of convergence and shear on a circular source. Convergence
magnifies the image isotropically, and shear deforms it to an ellipse.

3.3 Gravitational Lensing via Fermat’s Principle

3.3.1 The Time-Delay Function

The lensing properties of model gravitational lenses are especially easy to visualize by application of
Fermat’s principle of geometrical optics (Nityananda 1984, unpublished; Schneider 1985; Blandford
& Narayan 1986; Nityananda & Samuel 1992). From the lens equation (14) and the fact that the
deflection angle is the gradient of the effective lensing potential ψ, we obtain

(θ⃗ − β⃗) − ∇⃗θψ = 0 . (61)

This equation can be written as a gradient,

∇⃗θ

[

1

2
(θ⃗ − β⃗)2 − ψ

]

= 0 . (62)

The physical meaning of the term in square brackets becomes more obvious by considering the
time-delay function,

t(θ⃗) =
(1 + zd)

c

DdDs

Dds

[

1

2
(θ⃗ − β⃗)2 − ψ(θ⃗)

]

= tgeom + tgrav .

(63)
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Passage through potential also leads to time delay 

Total time delay is the sum of the extra path length from the deflection
and the gravitational time delay

Shapiro 1964

Shapiro time delay
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would take in the absence of a lens. Additionally, the light rays are delayed when traveling
through the gravitational potential of the lens which is also known as the Shapiro delay.
Therefore, the total time delay is a combination of these two effects and is given by

τ(θ) =
(1 + zd)

c
DdDs

Dds

[
1
2
(θ − β)2 − ψ(θ)

]
, (1.23)

The time delay of an image however, cannot be known since the travel-time of the rays
in the absence of the lens cannot be measured to use as a reference. The only observable
is the relative time delay of any two images of a source which can be measured in the
event of variability in the source. For images at θi and θ j, the time delay between the two
images is,

∆τi j =
(1 + zd)

c
DdDs

Dds

[
φ (θi, β) − φ (θ j, β)

]
. (1.24)

Since the factor of the angular diameter distances is,

DdDs

Dds
∝
1
H0
,

the time delay ∆τ ∝ H−10 (See Appendix A). Thus, provided the redshifts of the lens and
the background source, and the mass distribution are known, the time delay measurements
can constrain the value of the Hubble constant. Such an estimate of the Hubble constant is
independent of other methods which involve several uncertainties in the numerous steps,
for example, distance ladder methods which use standard-candle stars from low-redshift
to calibrate the distances to those in high-redshift galaxies. Although due to the uncer-
tainties in the mass models and relative time delay measurements, the desired accuracy in
the measurement of the Hubble constant using individual lens systems is not achieved yet
(with the exception of a few lens systems, Koopmans et al. 2003; York et al. 2005). Nev-
ertheless, a significant improvement in the statistical uncertainties is made by combining
measurements from several lens systems (e.g., Saha et al. 2006; Oguri 2007). A recent
estimate of the Hubble constant suggest a value of 71+6−8 km s

−1 Mpc−1 (Coles 2008).

1.2.4 Ordinary (non-critical) Image Properties
Given a source position (β), a two-dimensional arrival-time surface is defined by the Fer-
mat potential. The images that form at the extrema and the saddle points of the arrival-
time surface (i.e. stationary points) are called ordinary images. Consider a single and
thin lens plane consisting of a lens with a smooth density distribution. Let the density
distribution (ρ) drop faster than r−3 for r → ∞ to ensure finite enclosed mass. Based on
these assumptions and for a source position other than that on a caustic (see section 1.2.5),
the odd number theorem states that the total number of ordinary images is finite and odd.
However, in case of any discontinuities or singularities in the mass distribution, this the-
orem does not hold. The magnification theorem states that provided κ ≥ 0 there is always
at least one image with positive parity and with a magnification µ ≥ 1. Three types of
images can be formed.

1. For det M > 0, tr(M) > 0, the image is formed at the minimum (L) of the arrival-
time surface (see Fig. 1.7 and 1.8). This is called the Type I image. At least one
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Complementary information to image locations 
c.f. deflection angle only probes gradient of potential

Two additional linear combinations of ψij are important, and these are the components of the
shear tensor,

γ1(θ⃗) =
1

2
(ψ11 − ψ22) ≡ γ(θ⃗) cos

[

2φ(θ⃗)
]

,

γ2(θ⃗) = ψ12 = ψ21 ≡ γ(θ⃗) sin
[

2φ(θ⃗)
]

.

(57)

With these definitions, the Jacobian matrix can be written

A =

(

1 − κ − γ1 −γ2

−γ2 1 − κ + γ1

)

= (1 − κ)

(

1 0
0 1

)

− γ

(

cos 2φ sin 2φ
sin 2φ − cos 2φ

)

.

(58)

The meaning of the terms convergence and shear now becomes intuitively clear. Convergence
acting alone causes an isotropic focusing of light rays, leading to an isotropic magnification of a
source. The source is mapped onto an image with the same shape but larger size. Shear introduces
anisotropy (or astigmatism) into the lens mapping; the quantity γ = (γ2

1 + γ2
2)1/2 describes the

magnitude of the shear and φ describes its orientation. As shown in Fig. 13, a circular source of
unit radius becomes, in the presence of both κ and γ, an elliptical image with major and minor
axes

(1 − κ − γ)−1 , (1 − κ + γ)−1 . (59)

The magnification is

µ = detM =
1

detA
=

1

[(1 − κ)2 − γ2]
. (60)

Note that the Jacobian A is in general a function of position θ⃗.

Figure 13: Illustration of the effects of convergence and shear on a circular source. Convergence
magnifies the image isotropically, and shear deforms it to an ellipse.

3.3 Gravitational Lensing via Fermat’s Principle

3.3.1 The Time-Delay Function

The lensing properties of model gravitational lenses are especially easy to visualize by application of
Fermat’s principle of geometrical optics (Nityananda 1984, unpublished; Schneider 1985; Blandford
& Narayan 1986; Nityananda & Samuel 1992). From the lens equation (14) and the fact that the
deflection angle is the gradient of the effective lensing potential ψ, we obtain

(θ⃗ − β⃗) − ∇⃗θψ = 0 . (61)

This equation can be written as a gradient,

∇⃗θ

[

1

2
(θ⃗ − β⃗)2 − ψ

]

= 0 . (62)

The physical meaning of the term in square brackets becomes more obvious by considering the
time-delay function,

t(θ⃗) =
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would take in the absence of a lens. Additionally, the light rays are delayed when traveling
through the gravitational potential of the lens which is also known as the Shapiro delay.
Therefore, the total time delay is a combination of these two effects and is given by

τ(θ) =
(1 + zd)

c
DdDs

Dds

[
1
2
(θ − β)2 − ψ(θ)

]
, (1.23)

The time delay of an image however, cannot be known since the travel-time of the rays
in the absence of the lens cannot be measured to use as a reference. The only observable
is the relative time delay of any two images of a source which can be measured in the
event of variability in the source. For images at θi and θ j, the time delay between the two
images is,

∆τi j =
(1 + zd)

c
DdDs

Dds

[
φ (θi, β) − φ (θ j, β)

]
. (1.24)

Since the factor of the angular diameter distances is,

DdDs

Dds
∝
1
H0
,

the time delay ∆τ ∝ H−10 (See Appendix A). Thus, provided the redshifts of the lens and
the background source, and the mass distribution are known, the time delay measurements
can constrain the value of the Hubble constant. Such an estimate of the Hubble constant is
independent of other methods which involve several uncertainties in the numerous steps,
for example, distance ladder methods which use standard-candle stars from low-redshift
to calibrate the distances to those in high-redshift galaxies. Although due to the uncer-
tainties in the mass models and relative time delay measurements, the desired accuracy in
the measurement of the Hubble constant using individual lens systems is not achieved yet
(with the exception of a few lens systems, Koopmans et al. 2003; York et al. 2005). Nev-
ertheless, a significant improvement in the statistical uncertainties is made by combining
measurements from several lens systems (e.g., Saha et al. 2006; Oguri 2007). A recent
estimate of the Hubble constant suggest a value of 71+6−8 km s

−1 Mpc−1 (Coles 2008).

1.2.4 Ordinary (non-critical) Image Properties
Given a source position (β), a two-dimensional arrival-time surface is defined by the Fer-
mat potential. The images that form at the extrema and the saddle points of the arrival-
time surface (i.e. stationary points) are called ordinary images. Consider a single and
thin lens plane consisting of a lens with a smooth density distribution. Let the density
distribution (ρ) drop faster than r−3 for r → ∞ to ensure finite enclosed mass. Based on
these assumptions and for a source position other than that on a caustic (see section 1.2.5),
the odd number theorem states that the total number of ordinary images is finite and odd.
However, in case of any discontinuities or singularities in the mass distribution, this the-
orem does not hold. The magnification theorem states that provided κ ≥ 0 there is always
at least one image with positive parity and with a magnification µ ≥ 1. Three types of
images can be formed.

1. For det M > 0, tr(M) > 0, the image is formed at the minimum (L) of the arrival-
time surface (see Fig. 1.7 and 1.8). This is called the Type I image. At least one
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time surface (i.e. stationary points) are called ordinary images. Consider a single and
thin lens plane consisting of a lens with a smooth density distribution. Let the density
distribution (ρ) drop faster than r−3 for r → ∞ to ensure finite enclosed mass. Based on
these assumptions and for a source position other than that on a caustic (see section 1.2.5),
the odd number theorem states that the total number of ordinary images is finite and odd.
However, in case of any discontinuities or singularities in the mass distribution, this the-
orem does not hold. The magnification theorem states that provided κ ≥ 0 there is always
at least one image with positive parity and with a magnification µ ≥ 1. Three types of
images can be formed.

1. For det M > 0, tr(M) > 0, the image is formed at the minimum (L) of the arrival-
time surface (see Fig. 1.7 and 1.8). This is called the Type I image. At least one
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Recap: image classifications
Ordinary (det A ≠ 0) images occur at
i.e., images are local extrema or saddles of Fermat surface
(Fermat’s Principle) for fixed β.  Note τij = Aij.

Image types:
Type I: minimum of τ

 det A > 0;   tr A > 0
Type II: saddle point of τ

 det A < 0
Type III: maximum of τ

 det A > 0;   tr A < 0

For mass distributions of finite total mass and that are
smooth, there will be at least one Type I image.

[Blandford & Narayan 1986]
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Figure 6: A source S on the optic axis of a circularly symmetric lens is imaged as a ring with an
angular radius given by the Einstein radius θE.

This is referred to as the Einstein radius . Figure 6 illustrates the situation. Note that the Einstein
radius is not just a property of the lens, but depends also on the various distances in the problem.

The Einstein radius provides a natural angular scale to describe the lensing geometry for several
reasons. In the case of multiple imaging, the typical angular separation of images is of order 2θE.
Further, sources which are closer than about θE to the optic axis experience strong lensing in the
sense that they are significantly magnified, whereas sources which are located well outside the
Einstein ring are magnified very little. In many lens models, the Einstein ring also represents
roughly the boundary between source positions that are multiply-imaged and those that are only
singly-imaged. Finally, by comparing eqs. (17) and (20) we see that the mean surface mass density
inside the Einstein radius is just the critical density Σcr.

For a point mass M , the Einstein radius is given by

θE =

(

4GM

c2

Dds

DdDs

)1/2

. (21)

To give two illustrative examples, we consider lensing by a star in the Galaxy, for which M ∼ M⊙

and D ∼ 10 kpc, and lensing by a galaxy at a cosmological distance with M ∼ 1011 M⊙ and
D ∼ 1 Gpc. The corresponding Einstein radii are
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)−1/2

,
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2.1.5 Imaging by a Point Mass Lens

For a point mass lens, we can use the Einstein radius (20) to rewrite the lens equation in the form

β = θ −
θ2
E

θ
. (23)

This equation has two solutions,

θ± =
1

2

(

β ±
√

β2 + 4θ2
E

)

. (24)

Any source is imaged twice by a point mass lens. The two images are on either side of the source,
with one image inside the Einstein ring and the other outside. As the source moves away from
the lens (i.e. as β increases), one of the images approaches the lens and becomes very faint, while
the other image approaches closer and closer to the true position of the source and tends toward
a magnification of unity.

Figure 7: Relative locations of the source S and images I+, I− lensed by a point mass M. The
dashed circle is the Einstein ring with radius θE. One image is inside the Einstein ring and the
other outside.

Gravitational light deflection preserves surface brightness (because of Liouville’s theorem), but
gravitational lensing changes the apparent solid angle of a source. The total flux received from a
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Figure 6: A source S on the optic axis of a circularly symmetric lens is imaged as a ring with an
angular radius given by the Einstein radius θE.

This is referred to as the Einstein radius . Figure 6 illustrates the situation. Note that the Einstein
radius is not just a property of the lens, but depends also on the various distances in the problem.

The Einstein radius provides a natural angular scale to describe the lensing geometry for several
reasons. In the case of multiple imaging, the typical angular separation of images is of order 2θE.
Further, sources which are closer than about θE to the optic axis experience strong lensing in the
sense that they are significantly magnified, whereas sources which are located well outside the
Einstein ring are magnified very little. In many lens models, the Einstein ring also represents
roughly the boundary between source positions that are multiply-imaged and those that are only
singly-imaged. Finally, by comparing eqs. (17) and (20) we see that the mean surface mass density
inside the Einstein radius is just the critical density Σcr.

For a point mass M , the Einstein radius is given by

θE =

(

4GM

c2

Dds

DdDs

)1/2

. (21)

To give two illustrative examples, we consider lensing by a star in the Galaxy, for which M ∼ M⊙

and D ∼ 10 kpc, and lensing by a galaxy at a cosmological distance with M ∼ 1011 M⊙ and
D ∼ 1 Gpc. The corresponding Einstein radii are
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2.1.5 Imaging by a Point Mass Lens

For a point mass lens, we can use the Einstein radius (20) to rewrite the lens equation in the form

β = θ −
θ2
E

θ
. (23)

This equation has two solutions,

θ± =
1

2

(

β ±
√

β2 + 4θ2
E

)

. (24)

Any source is imaged twice by a point mass lens. The two images are on either side of the source,
with one image inside the Einstein ring and the other outside. As the source moves away from
the lens (i.e. as β increases), one of the images approaches the lens and becomes very faint, while
the other image approaches closer and closer to the true position of the source and tends toward
a magnification of unity.

Figure 7: Relative locations of the source S and images I+, I− lensed by a point mass M. The
dashed circle is the Einstein ring with radius θE. One image is inside the Einstein ring and the
other outside.

Gravitational light deflection preserves surface brightness (because of Liouville’s theorem), but
gravitational lensing changes the apparent solid angle of a source. The total flux received from a
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Figure 6: A source S on the optic axis of a circularly symmetric lens is imaged as a ring with an
angular radius given by the Einstein radius θE.

This is referred to as the Einstein radius . Figure 6 illustrates the situation. Note that the Einstein
radius is not just a property of the lens, but depends also on the various distances in the problem.

The Einstein radius provides a natural angular scale to describe the lensing geometry for several
reasons. In the case of multiple imaging, the typical angular separation of images is of order 2θE.
Further, sources which are closer than about θE to the optic axis experience strong lensing in the
sense that they are significantly magnified, whereas sources which are located well outside the
Einstein ring are magnified very little. In many lens models, the Einstein ring also represents
roughly the boundary between source positions that are multiply-imaged and those that are only
singly-imaged. Finally, by comparing eqs. (17) and (20) we see that the mean surface mass density
inside the Einstein radius is just the critical density Σcr.

For a point mass M , the Einstein radius is given by

θE =

(

4GM
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DdDs

)1/2

. (21)

To give two illustrative examples, we consider lensing by a star in the Galaxy, for which M ∼ M⊙

and D ∼ 10 kpc, and lensing by a galaxy at a cosmological distance with M ∼ 1011 M⊙ and
D ∼ 1 Gpc. The corresponding Einstein radii are
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2.1.5 Imaging by a Point Mass Lens

For a point mass lens, we can use the Einstein radius (20) to rewrite the lens equation in the form

β = θ −
θ2
E

θ
. (23)

This equation has two solutions,

θ± =
1

2

(

β ±
√

β2 + 4θ2
E

)

. (24)

Any source is imaged twice by a point mass lens. The two images are on either side of the source,
with one image inside the Einstein ring and the other outside. As the source moves away from
the lens (i.e. as β increases), one of the images approaches the lens and becomes very faint, while
the other image approaches closer and closer to the true position of the source and tends toward
a magnification of unity.

Figure 7: Relative locations of the source S and images I+, I− lensed by a point mass M. The
dashed circle is the Einstein ring with radius θE. One image is inside the Einstein ring and the
other outside.

Gravitational light deflection preserves surface brightness (because of Liouville’s theorem), but
gravitational lensing changes the apparent solid angle of a source. The total flux received from a
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The Lens Equation
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True in flat space, but is also how we define angular diameter distance in cosmology so 
holds more generally

From Fig. 5 we see that θDs = βDs − α̂Dds. Therefore, the positions of the source and the image
are related through the simple equation

β⃗ = θ⃗ − α⃗(θ⃗) . (14)

Equation (14) is called the lens equation, or ray-tracing equation. It is nonlinear in the general
case, and so it is possible to have multiple images θ⃗ corresponding to a single source position β⃗. As
Fig. 5 shows, the lens equation is trivial to derive and requires merely that the following Euclidean
relation should exist between the angle enclosed by two lines and their separation,

separation = angle× distance . (15)

It is not obvious that the same relation should also hold in curved spacetimes. However, if the
distances Dd,s,ds are defined such that eq. (15) holds, then the lens equation must obviously be
true. Distances so defined are called angular-diameter distances, and eqs. (13), (14) are valid only
when these distances are used. Note that in general Dds ̸= Ds − Dd.

As an instructive special case consider a lens with a constant surface-mass density. From eq.
(11), the (reduced) deflection angle is

α(θ) =
Dds
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4G

c2ξ
(Σπξ2) =

4πGΣ

c2

DdDds

Ds
θ , (16)

where we have set ξ = Ddθ. In this case, the lens equation is linear; that is, β ∝ θ. Let us define
a critical surface-mass density

Σcr =
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4πG
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= 0.35 g cm−2

(

D

1 Gpc

)−1

, (17)

where the effective distance D is defined as the combination of distances

D =
DdDds

Ds
. (18)

For a lens with a constant surface mass density Σcr, the deflection angle is α(θ) = θ, and so β = 0
for all θ. Such a lens focuses perfectly, with a well-defined focal length. A typical gravitational lens,
however, behaves quite differently. Light rays which pass the lens at different impact parameters
cross the optic axis at different distances behind the lens. Considered as an optical device, a
gravitational lens therefore has almost all aberrations one can think of. However, it does not have
any chromatic aberration because the geometry of light paths is independent of wavelength.

A lens which has Σ > Σcr somewhere within it is referred to as being supercritical . Usually,
multiple imaging occurs only if the lens is supercritical, but there are exceptions to this rule (e.g.,
Subramanian & Cowling 1986).

2.1.4 Einstein Radius

Consider now a circularly symmetric lens with an arbitrary mass profile. According to eqs. (11)
and (13), the lens equation reads

β(θ) = θ −
Dds

DdDs

4GM(θ)

c2 θ
. (19)

Due to the rotational symmetry of the lens system, a source which lies exactly on the optic axis
(β = 0) is imaged as a ring if the lens is supercritical. Setting β = 0 in eq. (19) we obtain the
radius of the ring to be

θE =
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4GM(θE)

c2
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]1/2

. (20)
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From Fig. 5 we see that θDs = βDs − α̂Dds. Therefore, the positions of the source and the image
are related through the simple equation

β⃗ = θ⃗ − α⃗(θ⃗) . (14)

Equation (14) is called the lens equation, or ray-tracing equation. It is nonlinear in the general
case, and so it is possible to have multiple images θ⃗ corresponding to a single source position β⃗. As
Fig. 5 shows, the lens equation is trivial to derive and requires merely that the following Euclidean
relation should exist between the angle enclosed by two lines and their separation,

separation = angle× distance . (15)

It is not obvious that the same relation should also hold in curved spacetimes. However, if the
distances Dd,s,ds are defined such that eq. (15) holds, then the lens equation must obviously be
true. Distances so defined are called angular-diameter distances, and eqs. (13), (14) are valid only
when these distances are used. Note that in general Dds ̸= Ds − Dd.

As an instructive special case consider a lens with a constant surface-mass density. From eq.
(11), the (reduced) deflection angle is

α(θ) =
Dds
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4G

c2ξ
(Σπξ2) =

4πGΣ
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where we have set ξ = Ddθ. In this case, the lens equation is linear; that is, β ∝ θ. Let us define
a critical surface-mass density

Σcr =
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4πG
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= 0.35 g cm−2

(
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1 Gpc

)−1

, (17)

where the effective distance D is defined as the combination of distances

D =
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Ds
. (18)

For a lens with a constant surface mass density Σcr, the deflection angle is α(θ) = θ, and so β = 0
for all θ. Such a lens focuses perfectly, with a well-defined focal length. A typical gravitational lens,
however, behaves quite differently. Light rays which pass the lens at different impact parameters
cross the optic axis at different distances behind the lens. Considered as an optical device, a
gravitational lens therefore has almost all aberrations one can think of. However, it does not have
any chromatic aberration because the geometry of light paths is independent of wavelength.

A lens which has Σ > Σcr somewhere within it is referred to as being supercritical . Usually,
multiple imaging occurs only if the lens is supercritical, but there are exceptions to this rule (e.g.,
Subramanian & Cowling 1986).

2.1.4 Einstein Radius

Consider now a circularly symmetric lens with an arbitrary mass profile. According to eqs. (11)
and (13), the lens equation reads

β(θ) = θ −
Dds

DdDs

4GM(θ)

c2 θ
. (19)

Due to the rotational symmetry of the lens system, a source which lies exactly on the optic axis
(β = 0) is imaged as a ring if the lens is supercritical. Setting β = 0 in eq. (19) we obtain the
radius of the ring to be

θE =

[

4GM(θE)

c2

Dds

DdDs

]1/2

. (20)
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If space is not flat then                          and in principle lensing allows one of the few model 
independent tests of curvature in cosmology 

Narayan and Bartelmann 1996
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Figure 6: A source S on the optic axis of a circularly symmetric lens is imaged as a ring with an
angular radius given by the Einstein radius θE.

This is referred to as the Einstein radius . Figure 6 illustrates the situation. Note that the Einstein
radius is not just a property of the lens, but depends also on the various distances in the problem.

The Einstein radius provides a natural angular scale to describe the lensing geometry for several
reasons. In the case of multiple imaging, the typical angular separation of images is of order 2θE.
Further, sources which are closer than about θE to the optic axis experience strong lensing in the
sense that they are significantly magnified, whereas sources which are located well outside the
Einstein ring are magnified very little. In many lens models, the Einstein ring also represents
roughly the boundary between source positions that are multiply-imaged and those that are only
singly-imaged. Finally, by comparing eqs. (17) and (20) we see that the mean surface mass density
inside the Einstein radius is just the critical density Σcr.

For a point mass M , the Einstein radius is given by

θE =

(
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)1/2

. (21)

To give two illustrative examples, we consider lensing by a star in the Galaxy, for which M ∼ M⊙

and D ∼ 10 kpc, and lensing by a galaxy at a cosmological distance with M ∼ 1011 M⊙ and
D ∼ 1 Gpc. The corresponding Einstein radii are
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2.1.5 Imaging by a Point Mass Lens

For a point mass lens, we can use the Einstein radius (20) to rewrite the lens equation in the form

β = θ −
θ2
E

θ
. (23)

This equation has two solutions,

θ± =
1

2

(

β ±
√

β2 + 4θ2
E

)

. (24)

Any source is imaged twice by a point mass lens. The two images are on either side of the source,
with one image inside the Einstein ring and the other outside. As the source moves away from
the lens (i.e. as β increases), one of the images approaches the lens and becomes very faint, while
the other image approaches closer and closer to the true position of the source and tends toward
a magnification of unity.

Figure 7: Relative locations of the source S and images I+, I− lensed by a point mass M. The
dashed circle is the Einstein ring with radius θE. One image is inside the Einstein ring and the
other outside.

Gravitational light deflection preserves surface brightness (because of Liouville’s theorem), but
gravitational lensing changes the apparent solid angle of a source. The total flux received from a
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Figure 6: A source S on the optic axis of a circularly symmetric lens is imaged as a ring with an
angular radius given by the Einstein radius θE.

This is referred to as the Einstein radius . Figure 6 illustrates the situation. Note that the Einstein
radius is not just a property of the lens, but depends also on the various distances in the problem.

The Einstein radius provides a natural angular scale to describe the lensing geometry for several
reasons. In the case of multiple imaging, the typical angular separation of images is of order 2θE.
Further, sources which are closer than about θE to the optic axis experience strong lensing in the
sense that they are significantly magnified, whereas sources which are located well outside the
Einstein ring are magnified very little. In many lens models, the Einstein ring also represents
roughly the boundary between source positions that are multiply-imaged and those that are only
singly-imaged. Finally, by comparing eqs. (17) and (20) we see that the mean surface mass density
inside the Einstein radius is just the critical density Σcr.

For a point mass M , the Einstein radius is given by

θE =

(

4GM
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)1/2

. (21)

To give two illustrative examples, we consider lensing by a star in the Galaxy, for which M ∼ M⊙

and D ∼ 10 kpc, and lensing by a galaxy at a cosmological distance with M ∼ 1011 M⊙ and
D ∼ 1 Gpc. The corresponding Einstein radii are
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2.1.5 Imaging by a Point Mass Lens

For a point mass lens, we can use the Einstein radius (20) to rewrite the lens equation in the form

β = θ −
θ2
E
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. (23)

This equation has two solutions,

θ± =
1

2
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)

. (24)

Any source is imaged twice by a point mass lens. The two images are on either side of the source,
with one image inside the Einstein ring and the other outside. As the source moves away from
the lens (i.e. as β increases), one of the images approaches the lens and becomes very faint, while
the other image approaches closer and closer to the true position of the source and tends toward
a magnification of unity.

Figure 7: Relative locations of the source S and images I+, I− lensed by a point mass M. The
dashed circle is the Einstein ring with radius θE. One image is inside the Einstein ring and the
other outside.

Gravitational light deflection preserves surface brightness (because of Liouville’s theorem), but
gravitational lensing changes the apparent solid angle of a source. The total flux received from a

10

Einstein Radius

Lens equation

Symmetry forces source, lens and images to lie on same line

β>θE source weakly lensed one weakly distorted image

β<θE source strongly lensed and multiple images

3

⇥ = ⇤ ��(⇤) (18)

�(⇤) =
DLS

DS
�̂(⇤) (19)

�(⇤) =
Dds

Ds
�̂(Dd⇤) (20)

Point mass lens equation:

�̂ =
4GM

c2|⌅| (21)

�(⇤) =
4GM

c2

DLS

DsDL

⇤

|⇤|2 (22)

⇤E =
⌅

4GM

c2

DLS

DsDL
(23)

⇥ = ⇤ � ⇤2
E

⇤

|⇤|2
(24)

Magnification

µ =
����det

⇥
⇧⇥

⇧⇤

⇤����
�1

⇥
����det

⇥
⇧⇥i

⇧⇤j

⇤����
�1

(25)

Microlensing

µ ⇤ 1.34 (26)

3

⇥ = ⇤ ��(⇤) (18)

�(⇤) =
DLS

DS
�̂(⇤) (19)

�(⇤) =
Dds

Ds
�̂(Dd⇤) (20)

Point mass lens equation:

�̂ =
4GM

c2|⌅| (21)

�(⇤) =
4GM

c2

DLS

DsDL

⇤

|⇤|2 (22)

⇤E =
⌅

4GM

c2

DLS

DsDL
(23)

⇥ = ⇤ � ⇤2
E

⇤

|⇤|2
(24)

Magnification

µ =
����det

⇥
⇧⇥

⇧⇤

⇤����
�1

⇥
����det

⇥
⇧⇥i

⇧⇤j

⇤����
�1

(25)

Microlensing

µ ⇤ 1.34 (26)

3

� = ⇥ � �2
E

⇥

|⇥|2
(18)

⇥(LMC) ⇥ 10�7 (19)

⇥(Gal.Bulge.) ⇥ 10�6 (20)

}Scaled Deflection 
angle

Example: Point mass lens

2

⇥⇤⇥(r) =
⇥⇥
⇥b

=
GMb

(b2 + z2)3/2
(7)

�̂ = 2
�
⇥⇤⇥(r) (8)

= 2
� ⇥

�⇥
dz

GMb

(b2 + z2)3/2
(9)

=
2GM

b

� ⇥

�⇥

dx

(1 + x2)3/2
(10)

=
4GM

b
(11)

�̂ =
4GM

b
(12)

�t = �
�

⇥ ds (13)

Lens equation:

⇥ = ⇤ ��(⇤) (14)

�(⇤) =
DLS

DS
�̂(⇤) (15)

Point mass lens equation:

�(⇤) =
4GM

c2

DLS

DsDL

⇤

|⇤|2 (16)

2

⇥⇤⇥(r) =
⇤⇥
⇤b

=
GMb

(b2 + z2)3/2
(7)

�̂ = 2
�
⇥⇤⇥(r) (8)

= 2
� ⇥

�⇥
dz

GMb

(b2 + z2)3/2
(9)

=
2GM

b

� ⇥

�⇥

dx

(1 + x2)3/2
(10)

=
4GM

b
(11)

�̂ =
4GM

b
(12)

�t = �
�

⇥ ds (13)

Lens equation:

⇥ = ⇤ ��(⇤) (14)

�(⇤) =
DLS

DS
�̂(⇤) (15)

Point mass lens equation:

�(⇤) =
4GM

c2

DLS

DsDL

⇤

|⇤|2 (16)

⇥E =
⇥

4GM

c2

DLS

DsDL
(17)

2
⇥⇤⇥(r) =

⇤⇥
⇤b

=
GMb

(b2 + z2)3/2
(7)

�̂ = 2
�
⇥⇤⇥(r) (8)

= 2
� ⇥

�⇥
dz

GMb

(b2 + z2)3/2
(9)

=
2GM

b

� ⇥

�⇥

dx

(1 + x2)3/2
(10)

=
4GM

b
(11)

�̂ =
4GM

b
(12)

�t = �
�

⇥ ds (13)

Lens equation:

⇥ = ⇤ ��(⇤) (14)

�(⇤) =
DLS

DS
�̂(⇤) (15)

Point mass lens equation:

�(⇤) =
4GM

c2

DLS

DsDL

⇤

|⇤|2 (16)

⇥E =
⇥

4GM

c2

DLS

DsDL
(17)

⇥ = ⇤ � ⇥2
E

⇤

|⇤|2
(18)

Two solutions 

Figure 6: A source S on the optic axis of a circularly symmetric lens is imaged as a ring with an
angular radius given by the Einstein radius θE.

This is referred to as the Einstein radius . Figure 6 illustrates the situation. Note that the Einstein
radius is not just a property of the lens, but depends also on the various distances in the problem.

The Einstein radius provides a natural angular scale to describe the lensing geometry for several
reasons. In the case of multiple imaging, the typical angular separation of images is of order 2θE.
Further, sources which are closer than about θE to the optic axis experience strong lensing in the
sense that they are significantly magnified, whereas sources which are located well outside the
Einstein ring are magnified very little. In many lens models, the Einstein ring also represents
roughly the boundary between source positions that are multiply-imaged and those that are only
singly-imaged. Finally, by comparing eqs. (17) and (20) we see that the mean surface mass density
inside the Einstein radius is just the critical density Σcr.

For a point mass M , the Einstein radius is given by

θE =

(

4GM

c2

Dds

DdDs

)1/2

. (21)

To give two illustrative examples, we consider lensing by a star in the Galaxy, for which M ∼ M⊙

and D ∼ 10 kpc, and lensing by a galaxy at a cosmological distance with M ∼ 1011 M⊙ and
D ∼ 1 Gpc. The corresponding Einstein radii are
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,
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2.1.5 Imaging by a Point Mass Lens

For a point mass lens, we can use the Einstein radius (20) to rewrite the lens equation in the form

β = θ −
θ2
E

θ
. (23)

This equation has two solutions,

θ± =
1

2

(

β ±
√

β2 + 4θ2
E

)

. (24)

Any source is imaged twice by a point mass lens. The two images are on either side of the source,
with one image inside the Einstein ring and the other outside. As the source moves away from
the lens (i.e. as β increases), one of the images approaches the lens and becomes very faint, while
the other image approaches closer and closer to the true position of the source and tends toward
a magnification of unity.

Figure 7: Relative locations of the source S and images I+, I− lensed by a point mass M. The
dashed circle is the Einstein ring with radius θE. One image is inside the Einstein ring and the
other outside.

Gravitational light deflection preserves surface brightness (because of Liouville’s theorem), but
gravitational lensing changes the apparent solid angle of a source. The total flux received from a
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True in flat space, but is also how we define angular diameter distance in cosmology so 
holds more generally

From Fig. 5 we see that θDs = βDs − α̂Dds. Therefore, the positions of the source and the image
are related through the simple equation

β⃗ = θ⃗ − α⃗(θ⃗) . (14)

Equation (14) is called the lens equation, or ray-tracing equation. It is nonlinear in the general
case, and so it is possible to have multiple images θ⃗ corresponding to a single source position β⃗. As
Fig. 5 shows, the lens equation is trivial to derive and requires merely that the following Euclidean
relation should exist between the angle enclosed by two lines and their separation,

separation = angle× distance . (15)

It is not obvious that the same relation should also hold in curved spacetimes. However, if the
distances Dd,s,ds are defined such that eq. (15) holds, then the lens equation must obviously be
true. Distances so defined are called angular-diameter distances, and eqs. (13), (14) are valid only
when these distances are used. Note that in general Dds ̸= Ds − Dd.

As an instructive special case consider a lens with a constant surface-mass density. From eq.
(11), the (reduced) deflection angle is
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where we have set ξ = Ddθ. In this case, the lens equation is linear; that is, β ∝ θ. Let us define
a critical surface-mass density
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, (17)

where the effective distance D is defined as the combination of distances

D =
DdDds

Ds
. (18)

For a lens with a constant surface mass density Σcr, the deflection angle is α(θ) = θ, and so β = 0
for all θ. Such a lens focuses perfectly, with a well-defined focal length. A typical gravitational lens,
however, behaves quite differently. Light rays which pass the lens at different impact parameters
cross the optic axis at different distances behind the lens. Considered as an optical device, a
gravitational lens therefore has almost all aberrations one can think of. However, it does not have
any chromatic aberration because the geometry of light paths is independent of wavelength.

A lens which has Σ > Σcr somewhere within it is referred to as being supercritical . Usually,
multiple imaging occurs only if the lens is supercritical, but there are exceptions to this rule (e.g.,
Subramanian & Cowling 1986).

2.1.4 Einstein Radius

Consider now a circularly symmetric lens with an arbitrary mass profile. According to eqs. (11)
and (13), the lens equation reads

β(θ) = θ −
Dds

DdDs

4GM(θ)

c2 θ
. (19)

Due to the rotational symmetry of the lens system, a source which lies exactly on the optic axis
(β = 0) is imaged as a ring if the lens is supercritical. Setting β = 0 in eq. (19) we obtain the
radius of the ring to be

θE =

[

4GM(θE)

c2

Dds

DdDs

]1/2

. (20)
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From Fig. 5 we see that θDs = βDs − α̂Dds. Therefore, the positions of the source and the image
are related through the simple equation

β⃗ = θ⃗ − α⃗(θ⃗) . (14)

Equation (14) is called the lens equation, or ray-tracing equation. It is nonlinear in the general
case, and so it is possible to have multiple images θ⃗ corresponding to a single source position β⃗. As
Fig. 5 shows, the lens equation is trivial to derive and requires merely that the following Euclidean
relation should exist between the angle enclosed by two lines and their separation,

separation = angle× distance . (15)

It is not obvious that the same relation should also hold in curved spacetimes. However, if the
distances Dd,s,ds are defined such that eq. (15) holds, then the lens equation must obviously be
true. Distances so defined are called angular-diameter distances, and eqs. (13), (14) are valid only
when these distances are used. Note that in general Dds ̸= Ds − Dd.

As an instructive special case consider a lens with a constant surface-mass density. From eq.
(11), the (reduced) deflection angle is

α(θ) =
Dds
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4G
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(Σπξ2) =

4πGΣ
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where we have set ξ = Ddθ. In this case, the lens equation is linear; that is, β ∝ θ. Let us define
a critical surface-mass density

Σcr =
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= 0.35 g cm−2

(
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1 Gpc

)−1

, (17)

where the effective distance D is defined as the combination of distances

D =
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Ds
. (18)

For a lens with a constant surface mass density Σcr, the deflection angle is α(θ) = θ, and so β = 0
for all θ. Such a lens focuses perfectly, with a well-defined focal length. A typical gravitational lens,
however, behaves quite differently. Light rays which pass the lens at different impact parameters
cross the optic axis at different distances behind the lens. Considered as an optical device, a
gravitational lens therefore has almost all aberrations one can think of. However, it does not have
any chromatic aberration because the geometry of light paths is independent of wavelength.

A lens which has Σ > Σcr somewhere within it is referred to as being supercritical . Usually,
multiple imaging occurs only if the lens is supercritical, but there are exceptions to this rule (e.g.,
Subramanian & Cowling 1986).

2.1.4 Einstein Radius

Consider now a circularly symmetric lens with an arbitrary mass profile. According to eqs. (11)
and (13), the lens equation reads

β(θ) = θ −
Dds

DdDs

4GM(θ)

c2 θ
. (19)

Due to the rotational symmetry of the lens system, a source which lies exactly on the optic axis
(β = 0) is imaged as a ring if the lens is supercritical. Setting β = 0 in eq. (19) we obtain the
radius of the ring to be

θE =

[

4GM(θE)

c2
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]1/2

. (20)
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If space is not flat then                          and in principle lensing allows one of the few model 
independent tests of curvature in cosmology 
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Figure 6: A source S on the optic axis of a circularly symmetric lens is imaged as a ring with an
angular radius given by the Einstein radius θE.

This is referred to as the Einstein radius . Figure 6 illustrates the situation. Note that the Einstein
radius is not just a property of the lens, but depends also on the various distances in the problem.

The Einstein radius provides a natural angular scale to describe the lensing geometry for several
reasons. In the case of multiple imaging, the typical angular separation of images is of order 2θE.
Further, sources which are closer than about θE to the optic axis experience strong lensing in the
sense that they are significantly magnified, whereas sources which are located well outside the
Einstein ring are magnified very little. In many lens models, the Einstein ring also represents
roughly the boundary between source positions that are multiply-imaged and those that are only
singly-imaged. Finally, by comparing eqs. (17) and (20) we see that the mean surface mass density
inside the Einstein radius is just the critical density Σcr.

For a point mass M , the Einstein radius is given by

θE =

(

4GM
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Dds

DdDs

)1/2

. (21)

To give two illustrative examples, we consider lensing by a star in the Galaxy, for which M ∼ M⊙

and D ∼ 10 kpc, and lensing by a galaxy at a cosmological distance with M ∼ 1011 M⊙ and
D ∼ 1 Gpc. The corresponding Einstein radii are
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)−1/2

,
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2.1.5 Imaging by a Point Mass Lens

For a point mass lens, we can use the Einstein radius (20) to rewrite the lens equation in the form

β = θ −
θ2
E

θ
. (23)

This equation has two solutions,

θ± =
1

2

(

β ±
√

β2 + 4θ2
E

)

. (24)

Any source is imaged twice by a point mass lens. The two images are on either side of the source,
with one image inside the Einstein ring and the other outside. As the source moves away from
the lens (i.e. as β increases), one of the images approaches the lens and becomes very faint, while
the other image approaches closer and closer to the true position of the source and tends toward
a magnification of unity.

Figure 7: Relative locations of the source S and images I+, I− lensed by a point mass M. The
dashed circle is the Einstein ring with radius θE. One image is inside the Einstein ring and the
other outside.

Gravitational light deflection preserves surface brightness (because of Liouville’s theorem), but
gravitational lensing changes the apparent solid angle of a source. The total flux received from a
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Figure 6: A source S on the optic axis of a circularly symmetric lens is imaged as a ring with an
angular radius given by the Einstein radius θE.

This is referred to as the Einstein radius . Figure 6 illustrates the situation. Note that the Einstein
radius is not just a property of the lens, but depends also on the various distances in the problem.

The Einstein radius provides a natural angular scale to describe the lensing geometry for several
reasons. In the case of multiple imaging, the typical angular separation of images is of order 2θE.
Further, sources which are closer than about θE to the optic axis experience strong lensing in the
sense that they are significantly magnified, whereas sources which are located well outside the
Einstein ring are magnified very little. In many lens models, the Einstein ring also represents
roughly the boundary between source positions that are multiply-imaged and those that are only
singly-imaged. Finally, by comparing eqs. (17) and (20) we see that the mean surface mass density
inside the Einstein radius is just the critical density Σcr.

For a point mass M , the Einstein radius is given by

θE =

(

4GM

c2

Dds

DdDs

)1/2

. (21)

To give two illustrative examples, we consider lensing by a star in the Galaxy, for which M ∼ M⊙

and D ∼ 10 kpc, and lensing by a galaxy at a cosmological distance with M ∼ 1011 M⊙ and
D ∼ 1 Gpc. The corresponding Einstein radii are
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,
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2.1.5 Imaging by a Point Mass Lens

For a point mass lens, we can use the Einstein radius (20) to rewrite the lens equation in the form

β = θ −
θ2
E

θ
. (23)

This equation has two solutions,

θ± =
1

2

(

β ±
√

β2 + 4θ2
E

)

. (24)

Any source is imaged twice by a point mass lens. The two images are on either side of the source,
with one image inside the Einstein ring and the other outside. As the source moves away from
the lens (i.e. as β increases), one of the images approaches the lens and becomes very faint, while
the other image approaches closer and closer to the true position of the source and tends toward
a magnification of unity.

Figure 7: Relative locations of the source S and images I+, I− lensed by a point mass M. The
dashed circle is the Einstein ring with radius θE. One image is inside the Einstein ring and the
other outside.

Gravitational light deflection preserves surface brightness (because of Liouville’s theorem), but
gravitational lensing changes the apparent solid angle of a source. The total flux received from a
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Figure 6: A source S on the optic axis of a circularly symmetric lens is imaged as a ring with an
angular radius given by the Einstein radius θE.

This is referred to as the Einstein radius . Figure 6 illustrates the situation. Note that the Einstein
radius is not just a property of the lens, but depends also on the various distances in the problem.

The Einstein radius provides a natural angular scale to describe the lensing geometry for several
reasons. In the case of multiple imaging, the typical angular separation of images is of order 2θE.
Further, sources which are closer than about θE to the optic axis experience strong lensing in the
sense that they are significantly magnified, whereas sources which are located well outside the
Einstein ring are magnified very little. In many lens models, the Einstein ring also represents
roughly the boundary between source positions that are multiply-imaged and those that are only
singly-imaged. Finally, by comparing eqs. (17) and (20) we see that the mean surface mass density
inside the Einstein radius is just the critical density Σcr.

For a point mass M , the Einstein radius is given by

θE =

(

4GM
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DdDs

)1/2

. (21)

To give two illustrative examples, we consider lensing by a star in the Galaxy, for which M ∼ M⊙

and D ∼ 10 kpc, and lensing by a galaxy at a cosmological distance with M ∼ 1011 M⊙ and
D ∼ 1 Gpc. The corresponding Einstein radii are
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2.1.5 Imaging by a Point Mass Lens

For a point mass lens, we can use the Einstein radius (20) to rewrite the lens equation in the form

β = θ −
θ2
E

θ
. (23)

This equation has two solutions,

θ± =
1

2

(

β ±
√

β2 + 4θ2
E

)

. (24)

Any source is imaged twice by a point mass lens. The two images are on either side of the source,
with one image inside the Einstein ring and the other outside. As the source moves away from
the lens (i.e. as β increases), one of the images approaches the lens and becomes very faint, while
the other image approaches closer and closer to the true position of the source and tends toward
a magnification of unity.

Figure 7: Relative locations of the source S and images I+, I− lensed by a point mass M. The
dashed circle is the Einstein ring with radius θE. One image is inside the Einstein ring and the
other outside.

Gravitational light deflection preserves surface brightness (because of Liouville’s theorem), but
gravitational lensing changes the apparent solid angle of a source. The total flux received from a
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The Lens Equation
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True in flat space, but is also how we define angular diameter distance in cosmology so 
holds more generally

From Fig. 5 we see that θDs = βDs − α̂Dds. Therefore, the positions of the source and the image
are related through the simple equation

β⃗ = θ⃗ − α⃗(θ⃗) . (14)

Equation (14) is called the lens equation, or ray-tracing equation. It is nonlinear in the general
case, and so it is possible to have multiple images θ⃗ corresponding to a single source position β⃗. As
Fig. 5 shows, the lens equation is trivial to derive and requires merely that the following Euclidean
relation should exist between the angle enclosed by two lines and their separation,

separation = angle× distance . (15)

It is not obvious that the same relation should also hold in curved spacetimes. However, if the
distances Dd,s,ds are defined such that eq. (15) holds, then the lens equation must obviously be
true. Distances so defined are called angular-diameter distances, and eqs. (13), (14) are valid only
when these distances are used. Note that in general Dds ̸= Ds − Dd.

As an instructive special case consider a lens with a constant surface-mass density. From eq.
(11), the (reduced) deflection angle is

α(θ) =
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c2ξ
(Σπξ2) =

4πGΣ
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where we have set ξ = Ddθ. In this case, the lens equation is linear; that is, β ∝ θ. Let us define
a critical surface-mass density
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= 0.35 g cm−2
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)−1

, (17)

where the effective distance D is defined as the combination of distances

D =
DdDds

Ds
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For a lens with a constant surface mass density Σcr, the deflection angle is α(θ) = θ, and so β = 0
for all θ. Such a lens focuses perfectly, with a well-defined focal length. A typical gravitational lens,
however, behaves quite differently. Light rays which pass the lens at different impact parameters
cross the optic axis at different distances behind the lens. Considered as an optical device, a
gravitational lens therefore has almost all aberrations one can think of. However, it does not have
any chromatic aberration because the geometry of light paths is independent of wavelength.

A lens which has Σ > Σcr somewhere within it is referred to as being supercritical . Usually,
multiple imaging occurs only if the lens is supercritical, but there are exceptions to this rule (e.g.,
Subramanian & Cowling 1986).

2.1.4 Einstein Radius

Consider now a circularly symmetric lens with an arbitrary mass profile. According to eqs. (11)
and (13), the lens equation reads

β(θ) = θ −
Dds

DdDs

4GM(θ)

c2 θ
. (19)

Due to the rotational symmetry of the lens system, a source which lies exactly on the optic axis
(β = 0) is imaged as a ring if the lens is supercritical. Setting β = 0 in eq. (19) we obtain the
radius of the ring to be

θE =

[

4GM(θE)
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Dds
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]1/2

. (20)
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From Fig. 5 we see that θDs = βDs − α̂Dds. Therefore, the positions of the source and the image
are related through the simple equation

β⃗ = θ⃗ − α⃗(θ⃗) . (14)

Equation (14) is called the lens equation, or ray-tracing equation. It is nonlinear in the general
case, and so it is possible to have multiple images θ⃗ corresponding to a single source position β⃗. As
Fig. 5 shows, the lens equation is trivial to derive and requires merely that the following Euclidean
relation should exist between the angle enclosed by two lines and their separation,

separation = angle× distance . (15)

It is not obvious that the same relation should also hold in curved spacetimes. However, if the
distances Dd,s,ds are defined such that eq. (15) holds, then the lens equation must obviously be
true. Distances so defined are called angular-diameter distances, and eqs. (13), (14) are valid only
when these distances are used. Note that in general Dds ̸= Ds − Dd.

As an instructive special case consider a lens with a constant surface-mass density. From eq.
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α(θ) =
Dds

Ds

4G

c2ξ
(Σπξ2) =

4πGΣ

c2

DdDds

Ds
θ , (16)

where we have set ξ = Ddθ. In this case, the lens equation is linear; that is, β ∝ θ. Let us define
a critical surface-mass density

Σcr =
c2

4πG

Ds

DdDds
= 0.35 g cm−2

(

D

1 Gpc

)−1

, (17)

where the effective distance D is defined as the combination of distances

D =
DdDds

Ds
. (18)

For a lens with a constant surface mass density Σcr, the deflection angle is α(θ) = θ, and so β = 0
for all θ. Such a lens focuses perfectly, with a well-defined focal length. A typical gravitational lens,
however, behaves quite differently. Light rays which pass the lens at different impact parameters
cross the optic axis at different distances behind the lens. Considered as an optical device, a
gravitational lens therefore has almost all aberrations one can think of. However, it does not have
any chromatic aberration because the geometry of light paths is independent of wavelength.

A lens which has Σ > Σcr somewhere within it is referred to as being supercritical . Usually,
multiple imaging occurs only if the lens is supercritical, but there are exceptions to this rule (e.g.,
Subramanian & Cowling 1986).

2.1.4 Einstein Radius

Consider now a circularly symmetric lens with an arbitrary mass profile. According to eqs. (11)
and (13), the lens equation reads

β(θ) = θ −
Dds

DdDs

4GM(θ)

c2 θ
. (19)

Due to the rotational symmetry of the lens system, a source which lies exactly on the optic axis
(β = 0) is imaged as a ring if the lens is supercritical. Setting β = 0 in eq. (19) we obtain the
radius of the ring to be

θE =

[

4GM(θE)

c2

Dds

DdDs

]1/2

. (20)
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Figure 6: A source S on the optic axis of a circularly symmetric lens is imaged as a ring with an
angular radius given by the Einstein radius θE.

This is referred to as the Einstein radius . Figure 6 illustrates the situation. Note that the Einstein
radius is not just a property of the lens, but depends also on the various distances in the problem.

The Einstein radius provides a natural angular scale to describe the lensing geometry for several
reasons. In the case of multiple imaging, the typical angular separation of images is of order 2θE.
Further, sources which are closer than about θE to the optic axis experience strong lensing in the
sense that they are significantly magnified, whereas sources which are located well outside the
Einstein ring are magnified very little. In many lens models, the Einstein ring also represents
roughly the boundary between source positions that are multiply-imaged and those that are only
singly-imaged. Finally, by comparing eqs. (17) and (20) we see that the mean surface mass density
inside the Einstein radius is just the critical density Σcr.

For a point mass M , the Einstein radius is given by

θE =

(

4GM

c2

Dds

DdDs

)1/2

. (21)

To give two illustrative examples, we consider lensing by a star in the Galaxy, for which M ∼ M⊙

and D ∼ 10 kpc, and lensing by a galaxy at a cosmological distance with M ∼ 1011 M⊙ and
D ∼ 1 Gpc. The corresponding Einstein radii are
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,
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2.1.5 Imaging by a Point Mass Lens

For a point mass lens, we can use the Einstein radius (20) to rewrite the lens equation in the form

β = θ −
θ2
E

θ
. (23)

This equation has two solutions,

θ± =
1

2

(

β ±
√

β2 + 4θ2
E

)

. (24)

Any source is imaged twice by a point mass lens. The two images are on either side of the source,
with one image inside the Einstein ring and the other outside. As the source moves away from
the lens (i.e. as β increases), one of the images approaches the lens and becomes very faint, while
the other image approaches closer and closer to the true position of the source and tends toward
a magnification of unity.

Figure 7: Relative locations of the source S and images I+, I− lensed by a point mass M. The
dashed circle is the Einstein ring with radius θE. One image is inside the Einstein ring and the
other outside.

Gravitational light deflection preserves surface brightness (because of Liouville’s theorem), but
gravitational lensing changes the apparent solid angle of a source. The total flux received from a
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Figure 6: A source S on the optic axis of a circularly symmetric lens is imaged as a ring with an
angular radius given by the Einstein radius θE.

This is referred to as the Einstein radius . Figure 6 illustrates the situation. Note that the Einstein
radius is not just a property of the lens, but depends also on the various distances in the problem.

The Einstein radius provides a natural angular scale to describe the lensing geometry for several
reasons. In the case of multiple imaging, the typical angular separation of images is of order 2θE.
Further, sources which are closer than about θE to the optic axis experience strong lensing in the
sense that they are significantly magnified, whereas sources which are located well outside the
Einstein ring are magnified very little. In many lens models, the Einstein ring also represents
roughly the boundary between source positions that are multiply-imaged and those that are only
singly-imaged. Finally, by comparing eqs. (17) and (20) we see that the mean surface mass density
inside the Einstein radius is just the critical density Σcr.
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Any source is imaged twice by a point mass lens. The two images are on either side of the source,
with one image inside the Einstein ring and the other outside. As the source moves away from
the lens (i.e. as β increases), one of the images approaches the lens and becomes very faint, while
the other image approaches closer and closer to the true position of the source and tends toward
a magnification of unity.

Figure 7: Relative locations of the source S and images I+, I− lensed by a point mass M. The
dashed circle is the Einstein ring with radius θE. One image is inside the Einstein ring and the
other outside.
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Magnification

gravitationally lensed image of a source is therefore changed in proportion to the ratio between
the solid angles of the image and the source,

magnification =
image area

source area
. (25)

Figure 8 shows the magnified images of a source lensed by a point mass.

Figure 8: Magnified images of a source lensed by a point mass.

For a circularly symmetric lens, the magnification factor µ is given by

µ =
θ

β

dθ

dβ
. (26)

For a point mass lens, which is a special case of a circularly symmetric lens, we can substitute for
β using the lens equation (23) to obtain the magnifications of the two images,

µ± =

[

1 −
(

θE

θ±

)4
]−1

=
u2 + 2

2u
√

u2 + 4
±

1

2
, (27)

where u is the angular separation of the source from the point mass in units of the Einstein angle,
u = βθ−1

E . Since θ− < θE, µ− < 0, and hence the magnification of the image which is inside
the Einstein ring is negative. This means that this image has its parity flipped with respect to
the source. The net magnification of flux in the two images is obtained by adding the absolute
magnifications,

µ = |µ+| + |µ−| =
u2 + 2

u
√

u2 + 4
. (28)

When the source lies on the Einstein radius, we have β = θE, u = 1, and the total magnification
becomes

µ = 1.17 + 0.17 = 1.34 . (29)

How can lensing by a point mass be detected? Unless the lens is massive (M > 106 M⊙ for a
cosmologically distant source), the angular separation of the two images is too small to be resolved.
However, even when it is not possible to see the multiple images, the magnification can still be
detected if the lens and source move relative to each other, giving rise to lensing-induced time
variability of the source (Chang & Refsdal 1979; Gott 1981). When this kind of variability is
induced by stellar mass lenses it is referred to as microlensing. Microlensing was first observed
in the multiply-imaged QSO 2237+0305 (Irwin et al. 1989), and may also have been seen in QSO
0957+561 (Schild & Smith 1991; see also Sect. 3.7.4). Paczyński (1986b) had the brilliant idea of
using microlensing to search for so-called Massive Astrophysical Compact Halo Objects (MACHOs,
Griest 1991) in the Galaxy. We discuss this topic in some depth in Sect. 2.2.

2.2 Microlensing in the Galaxy

2.2.1 Basic Relations

If the closest approach between a point mass lens and a source is ≤ θE, the peak magnification in
the lensing-induced light curve is µmax ≥ 1.34. A magnification of 1.34 corresponds to a brightening
by 0.32 magnitudes, which is easily detectable. Paczyński (1986b) proposed monitoring millions
of stars in the LMC to look for such magnifications in a small fraction of the sources. If enough
events are detected, it should be possible to map the distribution of stellar-mass objects in our
Galaxy.
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Figure 6: A source S on the optic axis of a circularly symmetric lens is imaged as a ring with an
angular radius given by the Einstein radius θE.

This is referred to as the Einstein radius . Figure 6 illustrates the situation. Note that the Einstein
radius is not just a property of the lens, but depends also on the various distances in the problem.

The Einstein radius provides a natural angular scale to describe the lensing geometry for several
reasons. In the case of multiple imaging, the typical angular separation of images is of order 2θE.
Further, sources which are closer than about θE to the optic axis experience strong lensing in the
sense that they are significantly magnified, whereas sources which are located well outside the
Einstein ring are magnified very little. In many lens models, the Einstein ring also represents
roughly the boundary between source positions that are multiply-imaged and those that are only
singly-imaged. Finally, by comparing eqs. (17) and (20) we see that the mean surface mass density
inside the Einstein radius is just the critical density Σcr.

For a point mass M , the Einstein radius is given by
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To give two illustrative examples, we consider lensing by a star in the Galaxy, for which M ∼ M⊙

and D ∼ 10 kpc, and lensing by a galaxy at a cosmological distance with M ∼ 1011 M⊙ and
D ∼ 1 Gpc. The corresponding Einstein radii are
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2.1.5 Imaging by a Point Mass Lens

For a point mass lens, we can use the Einstein radius (20) to rewrite the lens equation in the form

β = θ −
θ2
E

θ
. (23)

This equation has two solutions,
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. (24)

Any source is imaged twice by a point mass lens. The two images are on either side of the source,
with one image inside the Einstein ring and the other outside. As the source moves away from
the lens (i.e. as β increases), one of the images approaches the lens and becomes very faint, while
the other image approaches closer and closer to the true position of the source and tends toward
a magnification of unity.

Figure 7: Relative locations of the source S and images I+, I− lensed by a point mass M. The
dashed circle is the Einstein ring with radius θE. One image is inside the Einstein ring and the
other outside.

Gravitational light deflection preserves surface brightness (because of Liouville’s theorem), but
gravitational lensing changes the apparent solid angle of a source. The total flux received from a
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where u is the angular separation of the source from the point mass in units of the Einstein angle,
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induced by stellar mass lenses it is referred to as microlensing. Microlensing was first observed
in the multiply-imaged QSO 2237+0305 (Irwin et al. 1989), and may also have been seen in QSO
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where u is the angular separation of the source from the point mass in units of the Einstein angle,
u = βθ−1

E . Since θ− < θE, µ− < 0, and hence the magnification of the image which is inside
the Einstein ring is negative. This means that this image has its parity flipped with respect to
the source. The net magnification of flux in the two images is obtained by adding the absolute
magnifications,

µ = |µ+| + |µ−| =
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√
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. (28)

When the source lies on the Einstein radius, we have β = θE, u = 1, and the total magnification
becomes

µ = 1.17 + 0.17 = 1.34 . (29)

How can lensing by a point mass be detected? Unless the lens is massive (M > 106 M⊙ for a
cosmologically distant source), the angular separation of the two images is too small to be resolved.
However, even when it is not possible to see the multiple images, the magnification can still be
detected if the lens and source move relative to each other, giving rise to lensing-induced time
variability of the source (Chang & Refsdal 1979; Gott 1981). When this kind of variability is
induced by stellar mass lenses it is referred to as microlensing. Microlensing was first observed
in the multiply-imaged QSO 2237+0305 (Irwin et al. 1989), and may also have been seen in QSO
0957+561 (Schild & Smith 1991; see also Sect. 3.7.4). Paczyński (1986b) had the brilliant idea of
using microlensing to search for so-called Massive Astrophysical Compact Halo Objects (MACHOs,
Griest 1991) in the Galaxy. We discuss this topic in some depth in Sect. 2.2.
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using microlensing to search for so-called Massive Astrophysical Compact Halo Objects (MACHOs,
Griest 1991) in the Galaxy. We discuss this topic in some depth in Sect. 2.2.

2.2 Microlensing in the Galaxy

2.2.1 Basic Relations

If the closest approach between a point mass lens and a source is ≤ θE, the peak magnification in
the lensing-induced light curve is µmax ≥ 1.34. A magnification of 1.34 corresponds to a brightening
by 0.32 magnitudes, which is easily detectable. Paczyński (1986b) proposed monitoring millions
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If circularly symmetric

Figure 6: A source S on the optic axis of a circularly symmetric lens is imaged as a ring with an
angular radius given by the Einstein radius θE.

This is referred to as the Einstein radius . Figure 6 illustrates the situation. Note that the Einstein
radius is not just a property of the lens, but depends also on the various distances in the problem.

The Einstein radius provides a natural angular scale to describe the lensing geometry for several
reasons. In the case of multiple imaging, the typical angular separation of images is of order 2θE.
Further, sources which are closer than about θE to the optic axis experience strong lensing in the
sense that they are significantly magnified, whereas sources which are located well outside the
Einstein ring are magnified very little. In many lens models, the Einstein ring also represents
roughly the boundary between source positions that are multiply-imaged and those that are only
singly-imaged. Finally, by comparing eqs. (17) and (20) we see that the mean surface mass density
inside the Einstein radius is just the critical density Σcr.

For a point mass M , the Einstein radius is given by

θE =

(

4GM

c2

Dds

DdDs

)1/2

. (21)

To give two illustrative examples, we consider lensing by a star in the Galaxy, for which M ∼ M⊙

and D ∼ 10 kpc, and lensing by a galaxy at a cosmological distance with M ∼ 1011 M⊙ and
D ∼ 1 Gpc. The corresponding Einstein radii are

θE = (0.9 mas)
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)−1/2

,
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2.1.5 Imaging by a Point Mass Lens

For a point mass lens, we can use the Einstein radius (20) to rewrite the lens equation in the form

β = θ −
θ2
E

θ
. (23)

This equation has two solutions,

θ± =
1

2

(

β ±
√

β2 + 4θ2
E

)

. (24)

Any source is imaged twice by a point mass lens. The two images are on either side of the source,
with one image inside the Einstein ring and the other outside. As the source moves away from
the lens (i.e. as β increases), one of the images approaches the lens and becomes very faint, while
the other image approaches closer and closer to the true position of the source and tends toward
a magnification of unity.

Figure 7: Relative locations of the source S and images I+, I− lensed by a point mass M. The
dashed circle is the Einstein ring with radius θE. One image is inside the Einstein ring and the
other outside.

Gravitational light deflection preserves surface brightness (because of Liouville’s theorem), but
gravitational lensing changes the apparent solid angle of a source. The total flux received from a
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This is referred to as the Einstein radius . Figure 6 illustrates the situation. Note that the Einstein
radius is not just a property of the lens, but depends also on the various distances in the problem.

The Einstein radius provides a natural angular scale to describe the lensing geometry for several
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Further, sources which are closer than about θE to the optic axis experience strong lensing in the
sense that they are significantly magnified, whereas sources which are located well outside the
Einstein ring are magnified very little. In many lens models, the Einstein ring also represents
roughly the boundary between source positions that are multiply-imaged and those that are only
singly-imaged. Finally, by comparing eqs. (17) and (20) we see that the mean surface mass density
inside the Einstein radius is just the critical density Σcr.

For a point mass M , the Einstein radius is given by

θE =

(

4GM

c2

Dds

DdDs

)1/2

. (21)

To give two illustrative examples, we consider lensing by a star in the Galaxy, for which M ∼ M⊙

and D ∼ 10 kpc, and lensing by a galaxy at a cosmological distance with M ∼ 1011 M⊙ and
D ∼ 1 Gpc. The corresponding Einstein radii are

θE = (0.9 mas)

(

M

M⊙

)1/2 (

D

10 kpc

)−1/2

,

θE = (0.′′9)

(

M

1011 M⊙

)1/2 (

D

Gpc

)−1/2

.

(22)

2.1.5 Imaging by a Point Mass Lens

For a point mass lens, we can use the Einstein radius (20) to rewrite the lens equation in the form

β = θ −
θ2
E

θ
. (23)

This equation has two solutions,

θ± =
1

2

(

β ±
√

β2 + 4θ2
E

)

. (24)

Any source is imaged twice by a point mass lens. The two images are on either side of the source,
with one image inside the Einstein ring and the other outside. As the source moves away from
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The Lens Equation
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True in flat space, but is also how we define angular diameter distance in cosmology so 
holds more generally

From Fig. 5 we see that θDs = βDs − α̂Dds. Therefore, the positions of the source and the image
are related through the simple equation

β⃗ = θ⃗ − α⃗(θ⃗) . (14)

Equation (14) is called the lens equation, or ray-tracing equation. It is nonlinear in the general
case, and so it is possible to have multiple images θ⃗ corresponding to a single source position β⃗. As
Fig. 5 shows, the lens equation is trivial to derive and requires merely that the following Euclidean
relation should exist between the angle enclosed by two lines and their separation,

separation = angle× distance . (15)

It is not obvious that the same relation should also hold in curved spacetimes. However, if the
distances Dd,s,ds are defined such that eq. (15) holds, then the lens equation must obviously be
true. Distances so defined are called angular-diameter distances, and eqs. (13), (14) are valid only
when these distances are used. Note that in general Dds ̸= Ds − Dd.

As an instructive special case consider a lens with a constant surface-mass density. From eq.
(11), the (reduced) deflection angle is
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where we have set ξ = Ddθ. In this case, the lens equation is linear; that is, β ∝ θ. Let us define
a critical surface-mass density
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where the effective distance D is defined as the combination of distances

D =
DdDds
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. (18)

For a lens with a constant surface mass density Σcr, the deflection angle is α(θ) = θ, and so β = 0
for all θ. Such a lens focuses perfectly, with a well-defined focal length. A typical gravitational lens,
however, behaves quite differently. Light rays which pass the lens at different impact parameters
cross the optic axis at different distances behind the lens. Considered as an optical device, a
gravitational lens therefore has almost all aberrations one can think of. However, it does not have
any chromatic aberration because the geometry of light paths is independent of wavelength.

A lens which has Σ > Σcr somewhere within it is referred to as being supercritical . Usually,
multiple imaging occurs only if the lens is supercritical, but there are exceptions to this rule (e.g.,
Subramanian & Cowling 1986).

2.1.4 Einstein Radius

Consider now a circularly symmetric lens with an arbitrary mass profile. According to eqs. (11)
and (13), the lens equation reads

β(θ) = θ −
Dds

DdDs

4GM(θ)

c2 θ
. (19)

Due to the rotational symmetry of the lens system, a source which lies exactly on the optic axis
(β = 0) is imaged as a ring if the lens is supercritical. Setting β = 0 in eq. (19) we obtain the
radius of the ring to be

θE =
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. (20)
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From Fig. 5 we see that θDs = βDs − α̂Dds. Therefore, the positions of the source and the image
are related through the simple equation

β⃗ = θ⃗ − α⃗(θ⃗) . (14)

Equation (14) is called the lens equation, or ray-tracing equation. It is nonlinear in the general
case, and so it is possible to have multiple images θ⃗ corresponding to a single source position β⃗. As
Fig. 5 shows, the lens equation is trivial to derive and requires merely that the following Euclidean
relation should exist between the angle enclosed by two lines and their separation,

separation = angle× distance . (15)

It is not obvious that the same relation should also hold in curved spacetimes. However, if the
distances Dd,s,ds are defined such that eq. (15) holds, then the lens equation must obviously be
true. Distances so defined are called angular-diameter distances, and eqs. (13), (14) are valid only
when these distances are used. Note that in general Dds ̸= Ds − Dd.

As an instructive special case consider a lens with a constant surface-mass density. From eq.
(11), the (reduced) deflection angle is

α(θ) =
Dds

Ds

4G

c2ξ
(Σπξ2) =

4πGΣ

c2

DdDds

Ds
θ , (16)

where we have set ξ = Ddθ. In this case, the lens equation is linear; that is, β ∝ θ. Let us define
a critical surface-mass density

Σcr =
c2

4πG

Ds

DdDds
= 0.35 g cm−2

(

D

1 Gpc

)−1

, (17)

where the effective distance D is defined as the combination of distances

D =
DdDds

Ds
. (18)

For a lens with a constant surface mass density Σcr, the deflection angle is α(θ) = θ, and so β = 0
for all θ. Such a lens focuses perfectly, with a well-defined focal length. A typical gravitational lens,
however, behaves quite differently. Light rays which pass the lens at different impact parameters
cross the optic axis at different distances behind the lens. Considered as an optical device, a
gravitational lens therefore has almost all aberrations one can think of. However, it does not have
any chromatic aberration because the geometry of light paths is independent of wavelength.

A lens which has Σ > Σcr somewhere within it is referred to as being supercritical . Usually,
multiple imaging occurs only if the lens is supercritical, but there are exceptions to this rule (e.g.,
Subramanian & Cowling 1986).

2.1.4 Einstein Radius

Consider now a circularly symmetric lens with an arbitrary mass profile. According to eqs. (11)
and (13), the lens equation reads

β(θ) = θ −
Dds

DdDs

4GM(θ)

c2 θ
. (19)

Due to the rotational symmetry of the lens system, a source which lies exactly on the optic axis
(β = 0) is imaged as a ring if the lens is supercritical. Setting β = 0 in eq. (19) we obtain the
radius of the ring to be

θE =

[

4GM(θE)

c2

Dds

DdDs

]1/2

. (20)
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If space is not flat then                          and in principle lensing allows one of the few model 
independent tests of curvature in cosmology 
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Extended mass lens

Singular Isothermal Sphere

Galaxy lenses require that we account for the distributed nature of the mass.

Simple model assumes that stars and other mass behaves like particles of ideal gas

3.1 Lensing by a Singular Isothermal Sphere

A simple model for the mass distribution in galaxies assumes that the stars and other mass com-
ponents behave like particles of an ideal gas, confined by their combined, spherically symmetric
gravitational potential. The equation of state of the “particles”, henceforth called stars for sim-
plicity, takes the form

p =
ρ kT

m
, (38)

where ρ and m are the mass density and the mass of the stars. In thermal equilibrium, the
temperature T is related to the one-dimensional velocity dispersion σv of the stars through

mσ2
v = kT . (39)

The temperature, or equivalently the velocity dispersion, could in general depend on radius r, but
it is usually assumed that the stellar gas is isothermal, so that σv is constant across the galaxy.
The equation of hydrostatic equilibrium then gives

p′

ρ
= −

GM(r)

r2
, M ′(r) = 4π r2 ρ , (40)

where M(r) is the mass interior to radius r, and primes denote derivatives with respect to r. A
particularly simple solution of eqs. (38) through (40) is

ρ(r) =
σ2

v

2πG

1

r2
. (41)

This mass distribution is called the singular isothermal sphere. Since ρ ∝ r−2, the mass M(r)
increases ∝ r, and therefore the rotational velocity of test particles in circular orbits in the gravi-
tational potential is

v2
rot(r) =

GM(r)

r
= 2 σ2

v = constant . (42)

The flat rotation curves of galaxies are naturally reproduced by this model.
Upon projecting along the line-of-sight, we obtain the surface mass density

Σ(ξ) =
σ2

v

2G

1

ξ
, (43)

where ξ is the distance from the center of the two-dimensional profile. Referring to eq. (11), we
immediately obtain the deflection angle

α̂ = 4π
σ2

v

c2
= (1.′′4)

( σv

220 kms−1

)2

, (44)

which is independent of ξ and points toward the center of the lens. The Einstein radius of the
singular isothermal sphere follows from eq. (20),

θE = 4π
σ2

v

c2

Dds

Ds
= α̂

Dds

Ds
= α . (45)

Due to circular symmetry, the lens equation is essentially one-dimensional. Multiple images are
obtained only if the source lies inside the Einstein ring, i.e. if β < θE. When this condition is
satisfied, the lens equation has the two solutions

θ± = β ± θE . (46)

The images at θ±, the source, and the lens all lie on a straight line. Technically, a third image
with zero flux is located at θ = 0. This third image acquires a finite flux if the singularity at the
center of the lens is replaced by a core region with a finite density.

The magnifications of the two images follow from eq. (26),

µ± =
θ±
β

= 1 ±
θE

β
=

(

1 ∓
θE

θ±

)−1

. (47)

If the source lies outside the Einstein ring, i.e. if β > θE, there is only one image at θ = θ+ = β+θE.
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Surface density

Constant deflection angle

(total mass divergent unless 
truncated at some radius)

About 70 known gravitational lens systems with a galaxy as the lens
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Due to circular symmetry, the lens equation is essentially one-dimensional. Multiple images are
obtained only if the source lies inside the Einstein ring, i.e. if β < θE. When this condition is
satisfied, the lens equation has the two solutions
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The images at θ±, the source, and the lens all lie on a straight line. Technically, a third image
with zero flux is located at θ = 0. This third image acquires a finite flux if the singularity at the
center of the lens is replaced by a core region with a finite density.
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(total mass divergent unless 
truncated at some radius)

About 70 known gravitational lens systems with a galaxy as the lens

Singular Isothermal Sphere

Galaxy lenses require that we account for the distributed nature of the mass.

Simple model assumes that stars and other mass behaves like particles of ideal gas

3.1 Lensing by a Singular Isothermal Sphere

A simple model for the mass distribution in galaxies assumes that the stars and other mass com-
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gravitational potential. The equation of state of the “particles”, henceforth called stars for sim-
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The images at θ±, the source, and the lens all lie on a straight line. Technically, a third image
with zero flux is located at θ = 0. This third image acquires a finite flux if the singularity at the
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which is independent of ξ and points toward the center of the lens. The Einstein radius of the
singular isothermal sphere follows from eq. (20),
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Due to circular symmetry, the lens equation is essentially one-dimensional. Multiple images are
obtained only if the source lies inside the Einstein ring, i.e. if β < θE. When this condition is
satisfied, the lens equation has the two solutions

θ± = β ± θE . (46)

The images at θ±, the source, and the lens all lie on a straight line. Technically, a third image
with zero flux is located at θ = 0. This third image acquires a finite flux if the singularity at the
center of the lens is replaced by a core region with a finite density.

The magnifications of the two images follow from eq. (26),
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If the source lies outside the Einstein ring, i.e. if β > θE, there is only one image at θ = θ+ = β+θE.
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Extended mass lens

Singular Isothermal Sphere

Galaxy lenses require that we account for the distributed nature of the mass.

Simple model assumes that stars and other mass behaves like particles of ideal gas

3.1 Lensing by a Singular Isothermal Sphere

A simple model for the mass distribution in galaxies assumes that the stars and other mass com-
ponents behave like particles of an ideal gas, confined by their combined, spherically symmetric
gravitational potential. The equation of state of the “particles”, henceforth called stars for sim-
plicity, takes the form

p =
ρ kT

m
, (38)

where ρ and m are the mass density and the mass of the stars. In thermal equilibrium, the
temperature T is related to the one-dimensional velocity dispersion σv of the stars through

mσ2
v = kT . (39)

The temperature, or equivalently the velocity dispersion, could in general depend on radius r, but
it is usually assumed that the stellar gas is isothermal, so that σv is constant across the galaxy.
The equation of hydrostatic equilibrium then gives

p′
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= −

GM(r)

r2
, M ′(r) = 4π r2 ρ , (40)

where M(r) is the mass interior to radius r, and primes denote derivatives with respect to r. A
particularly simple solution of eqs. (38) through (40) is

ρ(r) =
σ2
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2πG

1

r2
. (41)

This mass distribution is called the singular isothermal sphere. Since ρ ∝ r−2, the mass M(r)
increases ∝ r, and therefore the rotational velocity of test particles in circular orbits in the gravi-
tational potential is

v2
rot(r) =

GM(r)
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v = constant . (42)

The flat rotation curves of galaxies are naturally reproduced by this model.
Upon projecting along the line-of-sight, we obtain the surface mass density

Σ(ξ) =
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where ξ is the distance from the center of the two-dimensional profile. Referring to eq. (11), we
immediately obtain the deflection angle
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which is independent of ξ and points toward the center of the lens. The Einstein radius of the
singular isothermal sphere follows from eq. (20),
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Due to circular symmetry, the lens equation is essentially one-dimensional. Multiple images are
obtained only if the source lies inside the Einstein ring, i.e. if β < θE. When this condition is
satisfied, the lens equation has the two solutions

θ± = β ± θE . (46)

The images at θ±, the source, and the lens all lie on a straight line. Technically, a third image
with zero flux is located at θ = 0. This third image acquires a finite flux if the singularity at the
center of the lens is replaced by a core region with a finite density.

The magnifications of the two images follow from eq. (26),

µ± =
θ±
β

= 1 ±
θE

β
=

(
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)−1

. (47)

If the source lies outside the Einstein ring, i.e. if β > θE, there is only one image at θ = θ+ = β+θE.
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where ξ is the distance from the center of the two-dimensional profile. Referring to eq. (11), we
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which is independent of ξ and points toward the center of the lens. The Einstein radius of the
singular isothermal sphere follows from eq. (20),
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Due to circular symmetry, the lens equation is essentially one-dimensional. Multiple images are
obtained only if the source lies inside the Einstein ring, i.e. if β < θE. When this condition is
satisfied, the lens equation has the two solutions

θ± = β ± θE . (46)

The images at θ±, the source, and the lens all lie on a straight line. Technically, a third image
with zero flux is located at θ = 0. This third image acquires a finite flux if the singularity at the
center of the lens is replaced by a core region with a finite density.

The magnifications of the two images follow from eq. (26),
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If the source lies outside the Einstein ring, i.e. if β > θE, there is only one image at θ = θ+ = β+θE.
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Galaxy lenses require that we account for the distributed nature of the mass.

Simple model assumes that stars and other mass behaves like particles of ideal gas
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immediately obtain the deflection angle

α̂ = 4π
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which is independent of ξ and points toward the center of the lens. The Einstein radius of the
singular isothermal sphere follows from eq. (20),
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Due to circular symmetry, the lens equation is essentially one-dimensional. Multiple images are
obtained only if the source lies inside the Einstein ring, i.e. if β < θE. When this condition is
satisfied, the lens equation has the two solutions

θ± = β ± θE . (46)

The images at θ±, the source, and the lens all lie on a straight line. Technically, a third image
with zero flux is located at θ = 0. This third image acquires a finite flux if the singularity at the
center of the lens is replaced by a core region with a finite density.

The magnifications of the two images follow from eq. (26),

µ± =
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β

= 1 ±
θE

β
=
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)−1

. (47)

If the source lies outside the Einstein ring, i.e. if β > θE, there is only one image at θ = θ+ = β+θE.

18

Hydrostatic equilibrium

Ideal gas

Density profile

Flat rotation curve

Surface density

Constant deflection angle

(total mass divergent unless 
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About 70 known gravitational lens systems with a galaxy as the lens

Singular Isothermal Sphere

Galaxy lenses require that we account for the distributed nature of the mass.

Simple model assumes that stars and other mass behaves like particles of ideal gas

3.1 Lensing by a Singular Isothermal Sphere

A simple model for the mass distribution in galaxies assumes that the stars and other mass com-
ponents behave like particles of an ideal gas, confined by their combined, spherically symmetric
gravitational potential. The equation of state of the “particles”, henceforth called stars for sim-
plicity, takes the form

p =
ρ kT

m
, (38)

where ρ and m are the mass density and the mass of the stars. In thermal equilibrium, the
temperature T is related to the one-dimensional velocity dispersion σv of the stars through

mσ2
v = kT . (39)

The temperature, or equivalently the velocity dispersion, could in general depend on radius r, but
it is usually assumed that the stellar gas is isothermal, so that σv is constant across the galaxy.
The equation of hydrostatic equilibrium then gives

p′

ρ
= −

GM(r)

r2
, M ′(r) = 4π r2 ρ , (40)

where M(r) is the mass interior to radius r, and primes denote derivatives with respect to r. A
particularly simple solution of eqs. (38) through (40) is

ρ(r) =
σ2

v

2πG

1

r2
. (41)

This mass distribution is called the singular isothermal sphere. Since ρ ∝ r−2, the mass M(r)
increases ∝ r, and therefore the rotational velocity of test particles in circular orbits in the gravi-
tational potential is

v2
rot(r) =

GM(r)

r
= 2 σ2

v = constant . (42)

The flat rotation curves of galaxies are naturally reproduced by this model.
Upon projecting along the line-of-sight, we obtain the surface mass density

Σ(ξ) =
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where ξ is the distance from the center of the two-dimensional profile. Referring to eq. (11), we
immediately obtain the deflection angle
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which is independent of ξ and points toward the center of the lens. The Einstein radius of the
singular isothermal sphere follows from eq. (20),
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Due to circular symmetry, the lens equation is essentially one-dimensional. Multiple images are
obtained only if the source lies inside the Einstein ring, i.e. if β < θE. When this condition is
satisfied, the lens equation has the two solutions

θ± = β ± θE . (46)

The images at θ±, the source, and the lens all lie on a straight line. Technically, a third image
with zero flux is located at θ = 0. This third image acquires a finite flux if the singularity at the
center of the lens is replaced by a core region with a finite density.

The magnifications of the two images follow from eq. (26),

µ± =
θ±
β

= 1 ±
θE

β
=

(

1 ∓
θE

θ±

)−1

. (47)

If the source lies outside the Einstein ring, i.e. if β > θE, there is only one image at θ = θ+ = β+θE.
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Extended mass lens

Singular Isothermal Sphere

Galaxy lenses require that we account for the distributed nature of the mass.

Simple model assumes that stars and other mass behaves like particles of ideal gas

3.1 Lensing by a Singular Isothermal Sphere

A simple model for the mass distribution in galaxies assumes that the stars and other mass com-
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tational potential is
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rot(r) =
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The flat rotation curves of galaxies are naturally reproduced by this model.
Upon projecting along the line-of-sight, we obtain the surface mass density
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where ξ is the distance from the center of the two-dimensional profile. Referring to eq. (11), we
immediately obtain the deflection angle
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which is independent of ξ and points toward the center of the lens. The Einstein radius of the
singular isothermal sphere follows from eq. (20),
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Due to circular symmetry, the lens equation is essentially one-dimensional. Multiple images are
obtained only if the source lies inside the Einstein ring, i.e. if β < θE. When this condition is
satisfied, the lens equation has the two solutions

θ± = β ± θE . (46)

The images at θ±, the source, and the lens all lie on a straight line. Technically, a third image
with zero flux is located at θ = 0. This third image acquires a finite flux if the singularity at the
center of the lens is replaced by a core region with a finite density.

The magnifications of the two images follow from eq. (26),
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. (47)

If the source lies outside the Einstein ring, i.e. if β > θE, there is only one image at θ = θ+ = β+θE.
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About 70 known gravitational lens systems with a galaxy as the lens

Singular Isothermal Sphere

Galaxy lenses require that we account for the distributed nature of the mass.

Simple model assumes that stars and other mass behaves like particles of ideal gas

3.1 Lensing by a Singular Isothermal Sphere

A simple model for the mass distribution in galaxies assumes that the stars and other mass com-
ponents behave like particles of an ideal gas, confined by their combined, spherically symmetric
gravitational potential. The equation of state of the “particles”, henceforth called stars for sim-
plicity, takes the form

p =
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, (38)

where ρ and m are the mass density and the mass of the stars. In thermal equilibrium, the
temperature T is related to the one-dimensional velocity dispersion σv of the stars through

mσ2
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This mass distribution is called the singular isothermal sphere. Since ρ ∝ r−2, the mass M(r)
increases ∝ r, and therefore the rotational velocity of test particles in circular orbits in the gravi-
tational potential is
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which is independent of ξ and points toward the center of the lens. The Einstein radius of the
singular isothermal sphere follows from eq. (20),

θE = 4π
σ2

v

c2

Dds

Ds
= α̂

Dds

Ds
= α . (45)

Due to circular symmetry, the lens equation is essentially one-dimensional. Multiple images are
obtained only if the source lies inside the Einstein ring, i.e. if β < θE. When this condition is
satisfied, the lens equation has the two solutions

θ± = β ± θE . (46)

The images at θ±, the source, and the lens all lie on a straight line. Technically, a third image
with zero flux is located at θ = 0. This third image acquires a finite flux if the singularity at the
center of the lens is replaced by a core region with a finite density.

The magnifications of the two images follow from eq. (26),
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If the source lies outside the Einstein ring, i.e. if β > θE, there is only one image at θ = θ+ = β+θE.
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Due to circular symmetry, the lens equation is essentially one-dimensional. Multiple images are
obtained only if the source lies inside the Einstein ring, i.e. if β < θE. When this condition is
satisfied, the lens equation has the two solutions

θ± = β ± θE . (46)

The images at θ±, the source, and the lens all lie on a straight line. Technically, a third image
with zero flux is located at θ = 0. This third image acquires a finite flux if the singularity at the
center of the lens is replaced by a core region with a finite density.

The magnifications of the two images follow from eq. (26),
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If the source lies outside the Einstein ring, i.e. if β > θE, there is only one image at θ = θ+ = β+θE.
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About 70 known gravitational lens systems with a galaxy as the lens

Singular Isothermal Sphere

Galaxy lenses require that we account for the distributed nature of the mass.

Simple model assumes that stars and other mass behaves like particles of ideal gas

3.1 Lensing by a Singular Isothermal Sphere

A simple model for the mass distribution in galaxies assumes that the stars and other mass com-
ponents behave like particles of an ideal gas, confined by their combined, spherically symmetric
gravitational potential. The equation of state of the “particles”, henceforth called stars for sim-
plicity, takes the form

p =
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where ρ and m are the mass density and the mass of the stars. In thermal equilibrium, the
temperature T is related to the one-dimensional velocity dispersion σv of the stars through

mσ2
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The equation of hydrostatic equilibrium then gives
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where M(r) is the mass interior to radius r, and primes denote derivatives with respect to r. A
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This mass distribution is called the singular isothermal sphere. Since ρ ∝ r−2, the mass M(r)
increases ∝ r, and therefore the rotational velocity of test particles in circular orbits in the gravi-
tational potential is
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The flat rotation curves of galaxies are naturally reproduced by this model.
Upon projecting along the line-of-sight, we obtain the surface mass density
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immediately obtain the deflection angle
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which is independent of ξ and points toward the center of the lens. The Einstein radius of the
singular isothermal sphere follows from eq. (20),
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Due to circular symmetry, the lens equation is essentially one-dimensional. Multiple images are
obtained only if the source lies inside the Einstein ring, i.e. if β < θE. When this condition is
satisfied, the lens equation has the two solutions

θ± = β ± θE . (46)

The images at θ±, the source, and the lens all lie on a straight line. Technically, a third image
with zero flux is located at θ = 0. This third image acquires a finite flux if the singularity at the
center of the lens is replaced by a core region with a finite density.

The magnifications of the two images follow from eq. (26),

µ± =
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= 1 ±
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β
=
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)−1

. (47)

If the source lies outside the Einstein ring, i.e. if β > θE, there is only one image at θ = θ+ = β+θE.
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where ξ is the distance from the center of the two-dimensional profile. Referring to eq. (11), we
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which is independent of ξ and points toward the center of the lens. The Einstein radius of the
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Due to circular symmetry, the lens equation is essentially one-dimensional. Multiple images are
obtained only if the source lies inside the Einstein ring, i.e. if β < θE. When this condition is
satisfied, the lens equation has the two solutions

θ± = β ± θE . (46)

The images at θ±, the source, and the lens all lie on a straight line. Technically, a third image
with zero flux is located at θ = 0. This third image acquires a finite flux if the singularity at the
center of the lens is replaced by a core region with a finite density.

The magnifications of the two images follow from eq. (26),
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If the source lies outside the Einstein ring, i.e. if β > θE, there is only one image at θ = θ+ = β+θE.
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Singular Isothermal Sphere

Galaxy lenses require that we account for the distributed nature of the mass.

Simple model assumes that stars and other mass behaves like particles of ideal gas
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The images at θ±, the source, and the lens all lie on a straight line. Technically, a third image
with zero flux is located at θ = 0. This third image acquires a finite flux if the singularity at the
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The magnifications of the two images follow from eq. (26),
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If the source lies outside the Einstein ring, i.e. if β > θE, there is only one image at θ = θ+ = β+θE.
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Singular Isothermal Sphere

Galaxy lenses require that we account for the distributed nature of the mass.

Simple model assumes that stars and other mass behaves like particles of ideal gas

3.1 Lensing by a Singular Isothermal Sphere

A simple model for the mass distribution in galaxies assumes that the stars and other mass com-
ponents behave like particles of an ideal gas, confined by their combined, spherically symmetric
gravitational potential. The equation of state of the “particles”, henceforth called stars for sim-
plicity, takes the form
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where ρ and m are the mass density and the mass of the stars. In thermal equilibrium, the
temperature T is related to the one-dimensional velocity dispersion σv of the stars through

mσ2
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This mass distribution is called the singular isothermal sphere. Since ρ ∝ r−2, the mass M(r)
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The flat rotation curves of galaxies are naturally reproduced by this model.
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Due to circular symmetry, the lens equation is essentially one-dimensional. Multiple images are
obtained only if the source lies inside the Einstein ring, i.e. if β < θE. When this condition is
satisfied, the lens equation has the two solutions

θ± = β ± θE . (46)

The images at θ±, the source, and the lens all lie on a straight line. Technically, a third image
with zero flux is located at θ = 0. This third image acquires a finite flux if the singularity at the
center of the lens is replaced by a core region with a finite density.

The magnifications of the two images follow from eq. (26),
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Extended mass lens

Singular Isothermal Sphere

Galaxy lenses require that we account for the distributed nature of the mass.

Simple model assumes that stars and other mass behaves like particles of ideal gas

3.1 Lensing by a Singular Isothermal Sphere

A simple model for the mass distribution in galaxies assumes that the stars and other mass com-
ponents behave like particles of an ideal gas, confined by their combined, spherically symmetric
gravitational potential. The equation of state of the “particles”, henceforth called stars for sim-
plicity, takes the form

p =
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, (38)

where ρ and m are the mass density and the mass of the stars. In thermal equilibrium, the
temperature T is related to the one-dimensional velocity dispersion σv of the stars through

mσ2
v = kT . (39)

The temperature, or equivalently the velocity dispersion, could in general depend on radius r, but
it is usually assumed that the stellar gas is isothermal, so that σv is constant across the galaxy.
The equation of hydrostatic equilibrium then gives
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where M(r) is the mass interior to radius r, and primes denote derivatives with respect to r. A
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This mass distribution is called the singular isothermal sphere. Since ρ ∝ r−2, the mass M(r)
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Due to circular symmetry, the lens equation is essentially one-dimensional. Multiple images are
obtained only if the source lies inside the Einstein ring, i.e. if β < θE. When this condition is
satisfied, the lens equation has the two solutions

θ± = β ± θE . (46)

The images at θ±, the source, and the lens all lie on a straight line. Technically, a third image
with zero flux is located at θ = 0. This third image acquires a finite flux if the singularity at the
center of the lens is replaced by a core region with a finite density.
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where M(r) is the mass interior to radius r, and primes denote derivatives with respect to r. A
particularly simple solution of eqs. (38) through (40) is

ρ(r) =
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This mass distribution is called the singular isothermal sphere. Since ρ ∝ r−2, the mass M(r)
increases ∝ r, and therefore the rotational velocity of test particles in circular orbits in the gravi-
tational potential is

v2
rot(r) =
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= 2 σ2

v = constant . (42)

The flat rotation curves of galaxies are naturally reproduced by this model.
Upon projecting along the line-of-sight, we obtain the surface mass density

Σ(ξ) =
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where ξ is the distance from the center of the two-dimensional profile. Referring to eq. (11), we
immediately obtain the deflection angle

α̂ = 4π
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which is independent of ξ and points toward the center of the lens. The Einstein radius of the
singular isothermal sphere follows from eq. (20),
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= α . (45)

Due to circular symmetry, the lens equation is essentially one-dimensional. Multiple images are
obtained only if the source lies inside the Einstein ring, i.e. if β < θE. When this condition is
satisfied, the lens equation has the two solutions

θ± = β ± θE . (46)

The images at θ±, the source, and the lens all lie on a straight line. Technically, a third image
with zero flux is located at θ = 0. This third image acquires a finite flux if the singularity at the
center of the lens is replaced by a core region with a finite density.

The magnifications of the two images follow from eq. (26),

µ± =
θ±
β

= 1 ±
θE

β
=

(

1 ∓
θE

θ±

)−1

. (47)

If the source lies outside the Einstein ring, i.e. if β > θE, there is only one image at θ = θ+ = β+θE.
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The quantity M(✓E) is the mass within the Einstein radius. The angular separation
between the two images therefore is �(✓) = 2✓E : the Einstein radius defines a typical
scale for separation between multiple images.
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3.1 Lensing by a Singular Isothermal Sphere

A simple model for the mass distribution in galaxies assumes that the stars and other mass com-
ponents behave like particles of an ideal gas, confined by their combined, spherically symmetric
gravitational potential. The equation of state of the “particles”, henceforth called stars for sim-
plicity, takes the form

p =
ρ kT

m
, (38)

where ρ and m are the mass density and the mass of the stars. In thermal equilibrium, the
temperature T is related to the one-dimensional velocity dispersion σv of the stars through

mσ2
v = kT . (39)

The temperature, or equivalently the velocity dispersion, could in general depend on radius r, but
it is usually assumed that the stellar gas is isothermal, so that σv is constant across the galaxy.
The equation of hydrostatic equilibrium then gives

p′

ρ
= −

GM(r)

r2
, M ′(r) = 4π r2 ρ , (40)

where M(r) is the mass interior to radius r, and primes denote derivatives with respect to r. A
particularly simple solution of eqs. (38) through (40) is

ρ(r) =
σ2

v

2πG

1

r2
. (41)

This mass distribution is called the singular isothermal sphere. Since ρ ∝ r−2, the mass M(r)
increases ∝ r, and therefore the rotational velocity of test particles in circular orbits in the gravi-
tational potential is

v2
rot(r) =

GM(r)
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= 2 σ2

v = constant . (42)

The flat rotation curves of galaxies are naturally reproduced by this model.
Upon projecting along the line-of-sight, we obtain the surface mass density

Σ(ξ) =
σ2

v

2G

1

ξ
, (43)

where ξ is the distance from the center of the two-dimensional profile. Referring to eq. (11), we
immediately obtain the deflection angle
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which is independent of ξ and points toward the center of the lens. The Einstein radius of the
singular isothermal sphere follows from eq. (20),

θE = 4π
σ2
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= α̂
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Due to circular symmetry, the lens equation is essentially one-dimensional. Multiple images are
obtained only if the source lies inside the Einstein ring, i.e. if β < θE. When this condition is
satisfied, the lens equation has the two solutions

θ± = β ± θE . (46)

The images at θ±, the source, and the lens all lie on a straight line. Technically, a third image
with zero flux is located at θ = 0. This third image acquires a finite flux if the singularity at the
center of the lens is replaced by a core region with a finite density.

The magnifications of the two images follow from eq. (26),

µ± =
θ±
β

= 1 ±
θE

β
=

(

1 ∓
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)−1

. (47)

If the source lies outside the Einstein ring, i.e. if β > θE, there is only one image at θ = θ+ = β+θE.
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Critical curves & Caustics
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Figure 1.8: Critical curves in the lens (or image) plane and caustics in the source plane
for an elliptical mass distribution. The colors represent different source positions and
respective image positions. In the left panel, the source approaches the centre through the
fold caustic and in the right panel, it approaches through the cusp (Narayan & Bartelmann
1996).

critical points when mapped to the source plane are called caustics. In reality, however,
due to the finite sizes of galaxies highly stretched images like arcs and rings are formed
with very high but finite magnification, since the total magnification is the flux-density
weighted mean magnification over the source, that is,

µt =

∫
d2β I(β) µp(β)
∫
d2β I(β)

(1.25)

where I(β) is the intensity and µp is the magnification of a point source at β.
In Fig. 1.8, given an elliptical mass distribution and a source position (source plane),

the corresponding image positions (image plane) are shown. The regions marked 1, 3 or 5
indicate a total of 1, 3 or 5 number of images formed in the image plane, respectively. In
the case of an elliptical mass distribution, there are two caustics formed. The outer smooth
caustic is called the radial caustic and the inner astroid is called the tangential caustic.
Furthermore, the tangential caustic has two distinct features. A line singularity is called
a fold caustic and the point at which a fold caustic changes direction such a singularity is
called cusp caustic (e.g., Schneider et al. 1992).

Critical curves and caustics provide a useful qualitative understanding of a lens sys-
tem (e.g., Blandford & Narayan 1986). The caustics demarcate regions with different
multiplicity and as the source moves across the caustic the number of images change by
two (see Fig. 1.8). Furthermore, critical curves divide the image plane into regions of
different parities, that is, images on either sides of a critical curve correspond to opposite
parity. Fig. 1.9 shows images of real gravitational lens systems. The first two panels show
both the ordinary images (a double or a quad) and the near-critical images (an Einstein
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Figure 1.8: Critical curves in the lens (or image) plane and caustics in the source plane
for an elliptical mass distribution. The colors represent different source positions and
respective image positions. In the left panel, the source approaches the centre through the
fold caustic and in the right panel, it approaches through the cusp (Narayan & Bartelmann
1996).

critical points when mapped to the source plane are called caustics. In reality, however,
due to the finite sizes of galaxies highly stretched images like arcs and rings are formed
with very high but finite magnification, since the total magnification is the flux-density
weighted mean magnification over the source, that is,

µt =

∫
d2β I(β) µp(β)
∫
d2β I(β)

(1.25)

where I(β) is the intensity and µp is the magnification of a point source at β.
In Fig. 1.8, given an elliptical mass distribution and a source position (source plane),

the corresponding image positions (image plane) are shown. The regions marked 1, 3 or 5
indicate a total of 1, 3 or 5 number of images formed in the image plane, respectively. In
the case of an elliptical mass distribution, there are two caustics formed. The outer smooth
caustic is called the radial caustic and the inner astroid is called the tangential caustic.
Furthermore, the tangential caustic has two distinct features. A line singularity is called
a fold caustic and the point at which a fold caustic changes direction such a singularity is
called cusp caustic (e.g., Schneider et al. 1992).

Critical curves and caustics provide a useful qualitative understanding of a lens sys-
tem (e.g., Blandford & Narayan 1986). The caustics demarcate regions with different
multiplicity and as the source moves across the caustic the number of images change by
two (see Fig. 1.8). Furthermore, critical curves divide the image plane into regions of
different parities, that is, images on either sides of a critical curve correspond to opposite
parity. Fig. 1.9 shows images of real gravitational lens systems. The first two panels show
both the ordinary images (a double or a quad) and the near-critical images (an Einstein
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Lensing Search Algorithms

Source properties 

• Galaxies 


• Extended, bluish ring/arc-like morphology e.g. SL2S (CFHTLS), SuGOHI 
(HSC)


• Spectroscopic selection e.g. SLACS (SDSS), BELLS (BOSS)


• Quasars/AGNs 


• radio multi-band compact sources e.g. CLASS (NVSS,GB6)


• color-color + point-like morphology e.g. STRIDES (DES)


• spectroscopic survey e.g. SLQS (SDSS), BLQS (BOSS)


• Supernovae  


• Transient surveys - Difference imaging, color-mag, photo-z


• Follow-up monitoring of known lenses (gals/clusters)

Lemon, C., Courbin, F., AM et a. (2024), Space Sci Review



Lens properties 

• Galaxies 


• Massive early type galaxies (photometric selection)


• Spiral galaxies (spectroscopic selection) e.g. SWELLS


• Clusters


• Serendipity/Visual inspection 


• Cluster-finding algorithm


• optical richness e.g. SuGOHI-c (HSC), SGAS (SDSS)


• X-ray e.g. MACS


• Sunyaev Zeldovich e.g. SPT


• Arc-finding algorithm e.g. SL2S (CFHTLS)

Lensing Search Algorithms

Lemon, C., Courbin, F., AM et a. (2024), Space Sci Review



• Space Warps (spacewarps.org) Citizen 
Science (Supervised learning) since 2013


• pure visual inspection - CFHTLS 


• targeted searches - CS82, HSC and DES


• Machine learning algorithms (since 2017)


• CNNs on Multi-band (color) images e.g. 
KiDS, CFHTLS, SuGOHI (HSC), DES


• 1D CNN on Light curves e.g. lensed 
Supernovae 


• others?

Lensing Search Algorithms

SpaceWarps 11

Figure 5. Typical SpaceWarps Stage 1 subject trajectories.

Top: 200 randomly-selected subjects drift downwards as they are

classified, while being nudged left and right in probability by the

agents as they interpret the volunteers input. The dotted vertical

lines show (left to right) the retirement threshold, prior proba-

bility, and the detection threshold. Di↵erent colours denote the

di↵erent kinds of subject. Bottom panel: histograms of all the

subject probabilities computed to date, sub-divided by subject

kind. The blue bar (of correctly-detected sims) hides a grey bar

of around 3000 new lens candidates, which are the subject of Pa-

per II.

Section 6.2 below.) As subjects were retired from the site,
more subjects were activated. In this way, the volunteers
who down-voted images for not containing any lensed fea-
tures enabled new images to be shown to other members of
the community.

When all the subjects had either been retired, or at least
classified around 10 times or more, the web app was paused
and reconfigured for Stage 2. The sample of subjects classi-
fied during Stage 2 was selected to be all those that passed
the detection threshold (Pr(LENS|C, T ) > 0.95) at Stage 1.
These were classified for one week, with no retirement but a
maximum classification number of 50 each. The number of
subjects at Stage 2 was small enough that we did not need
to retire any: instead, we simply collected classifications for
a fixed period of time (about 4 weeks). Without the time
pressure motivating an online-only calculation (as there had
been during Stage 1), we carried out an o✏ine analysis (Sec-
tion 4.4 above) of the Stage 2 classifications as well, both for

comparison and as we will see in the next section, to improve
the pipeline performance.

5 RESULTS

In this section we present our findings about the perfor-
mance of the SpaceWarps system, in terms of the classifi-
cation of the training set, the information contributed by the
crowd, and the speed at which the image set was classified.

5.1 Sample Properties

We first quantify the performance of the SpaceWarps sys-
tem in terms of the recovery of the training set images. At
Stage 1, this set contained around 5712 simulated lenses,
and 450 duds; at Stage 2, we used 152 images of simulated
lenses and 201 duds selected as Stage 1 false positives (Sec-
tion 2.3.2). Figure 6 shows receiver operating characteristic
(ROC) curves for CFHTLS Stage 1 and Stage 2. These plots
show the true positive rate (TPR, the number of sims cor-
rectly detected divided by the total number of sims in the
training set), and the false positive rate (FPR, the number
of duds incorrectly detected divided by the total number of
duds in the training set), both for a given sample of detec-
tions defined by a particular probability threshold, which
varies along the curves. In both stages, these curves show
that true positive rates of around 90% were achieved, at
very low false positive rates. The probability threshold that
was used for retirement during the Stage 1 online analysis
was 0.95; this point is marked with a symbol on each curve.
This turned out to be close to optimal (although a better
approach would be to keep track of the ROC curve as the
survey progressed!).

For comparison we show the results of an analysis where
the classifications of training images were ignored, and the
agents’ confusion matrix elements were instead all simply
assigned initial values of 0.75, which then remained con-
stant. This set-up emulates a very simple unweighted vot-
ing scheme, where all classifications are treated equally. In
this case, the TPR never reaches 80% in Stage 1 or 60% in
Stage 2, thus illustrating the benefit of including training
images and allowing the agents to learn via their Bayesian
updates. When the software agents are allowed to update
their confusion matrices, the choice of initial confusion ma-
trix is not very important: the same 0.75 initial values ap-
plied to normal, learning agents resulted in only a slightly
lower TPR than the default case.

The dot-dashed curves show the results from the o✏ine
analysis. At Stage 1 the results are very similar to the on-
line version that was actually run (solid line). However, at
Stage 2 there is marginal evidence of there being greater
benefit to doing the analysis o✏ine (Section 4.4). Over 85%
TPR is achieved at zero FPR in the o✏ine analysis , while if
one is willing to accept a false positive rate of 5%, the true
positive rate rises to over 95%, showing that some of the
sims that were missed in the online analysis may be being
recovered by doing the analysis o✏ine. (The same is true at
Stage 1, but to a lesser extent.) One interpretation for this
result (if it holds up) would be that the o✏ine analysis, by
using each agent’s entire history, is making less noisy proba-
bility estimates. This could be consistent with other citizen

c� 2014 RAS, MNRAS 000, 1–22

PI: Phil Marshall, Anupreeta More and Aprajita Verma

http://spacewarps.org
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Lens: Dark Matter

• Mass (or mass fraction)

14 Auger et al.

Fig. 7.— Relations between the projected dark matter fraction within half of the effective radius and LB , LV , σe/2, re, M∗, and Mre/2.
Red points are for a Salpeter IMF and black points are for a Chabrier IMF; the most significant trends are with re and Mre/2.

Auger et al. 2010

AM et al. 2008

Fraction of mass in DM in 
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Lens: Dark Matter

• Mass (or mass fraction)

The stellar and dark matter distributions 2499

Figure 6. Constraints in the A = Mtot(< Re)/MSal
∗ –γ plane for the power-

law model (see Section 3.1). Filled contours show 1σ and 2σ contours
from the full strong lens sample. Contours with solid lines show 1σ and
2σ contours from subsamples with stellar mass MSal

∗ larger or smaller than
3 × 1011 M⊙. Contours with dotted lines show 1σ and 2σ contours from
subsamples with redshift lower or higher than 0.4.

also indicated possible redshift evolution of the slope of the total
mass profile (Ruff et al. 2011; Bolton et al. 2012; Sonnenfeld et al.
2013b).

Here, we investigate whether the total mass profile measured
from the ensemble of strong lenses depends on the stellar mass or
the redshift. We divide our strong lens sample into subsamples of
different stellar mass or redshift bins to see how the fitting param-
eters change with these parameters. Specifically, we consider two
stellar mass bins divided at MSal

∗ = 3 × 1011 M⊙ and two redshift
bins divided at zl = 0.4. For each subsample, we repeat the power-
law fit to the total mass profile as presented in Section 3.1, and
derive constraints on the mass normalization A and the radial slope
γ in equation (1).

Fig. 6 shows constraints in the A = Mtot(< Re)/MSal
∗ –γ plane.

We find trends of the best-fitting values, such that the higher stellar
mass sample prefers steeper radial slope and the higher redshift
sample prefers larger normalization of the total mass profile. One
possible interpretation of the dependence on the stellar mass is
that the lower stellar mass sample has a larger satellite fraction and
therefore effectively shallower radial density slope. The larger mass
normalization for the higher redshift sample can be due to either a
larger dark matter fraction or a larger stellar mass (i.e., larger αSal

SPS).
The larger dark matter fraction at higher redshift may be explained
by star formation in these galaxies or infall of satellite galaxies
via dynamical friction. We note however that these trends with the
stellar mass and redshift are not very significant, at !2σ level.
Improved statistical analysis with a significantly larger sample of
strong gravitational lenses is necessary for more detailed studies.

4 IM P L I C AT I O N S FO R T H E A D I A BATI C
C O N T R AC T I O N

Our measurements of the average dark matter distribution at the
core of elliptical galaxies enable a direct test of models of the

Figure 7. The dark matter fraction within the projected radius R. The solid
line with shading shows the dark matter fraction from the best-fitting two-
component model. Filled squares with errors indicate the expected dark
matter fraction for the adiabatic contraction model of Gnedin et al. (2004).
Open circles with errors show the expected dark matter fraction for the NFW
profile without adiabatic contraction.

modification of the dark matter density profile due to baryonic
physics. The most popular model of such a baryonic effect has
been the adiabatic contraction (Blumenthal et al. 1986; Gnedin
et al. 2004; Abadi et al. 2010) which predicts that the dissipative
collapse of baryons leads to a more centrally concentrated dark
matter distribution as compared with what we would expect for the
case of no baryons.

Here, we compute the expected dark matter distribution for our
sample of strong lenses as follows. We employ the stellar mass–
dark halo relation derived in Leauthaud et al. (2012) in which the
relation has been constrained up to z ∼ 1 from lensing and clus-
tering observations. We note that Leauthaud et al. (2012) assumed
the Chabrier IMF for computing the stellar mass, and thus MSal

∗ for
our lens sample is first converted to stellar mass with the Chabrier
IMF by multiplying by 0.56 before applying the stellar mass–dark
halo relation in Leauthaud et al. (2012) to compute the halo mass
for each lens system. We adopt the mass–concentration relation of
Duffy et al. (2008) to compute the concentration parameter. We add
a log-normal scatter of 0.2 dex for the concentration parameter, the
baryon mass fraction, and the scale radius. Again, we assume the
Hernquist model for the baryon mass distribution. We assume that
the dark matter distribution is modified from the NFW profile by the
adiabatic contraction model of Gnedin et al. (2004) who derived a
fitting formula of the adiabatic contraction based on high-resolution
hydrodynamical simulations. For comparison, we consider a dark
matter model of the pure NFW profile without the adiabatic con-
traction.

Fig. 7 compares the dark matter fractions at several different radii
for the best-fitting two-component model with the model predictions
described above. We find that the adiabatic contraction model of
Gnedin et al. (2004) overpredicts the dark matter fraction at R !
2Re. The observed dark matter fraction is more consistent with the
NFW model without the adiabatic contraction.

Our result is in line with recent studies with lensing and stellar
kinematics which prefer moderate or no adiabatic contraction (e.g.,
Auger et al. 2010a; Dutton et al. 2013; Newman et al. 2013b) and
suggests that other physical processes may also play an important

MNRAS 439, 2494–2504 (2014)
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 Statistical estimates of fraction of mass in 
DM combining systems with lensed 
galaxies and quasars ( Oguri et al. 2014 )
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Fig. 7.— Relations between the projected dark matter fraction within half of the effective radius and LB , LV , σe/2, re, M∗, and Mre/2.
Red points are for a Salpeter IMF and black points are for a Chabrier IMF; the most significant trends are with re and Mre/2.
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orbital anisotropy in these systems. In Section 2, we present
the logarithmic density slopes of the SLACS early-type lens
galaxies, based on two different methods, one based on lensing
and dynamics and one based on scaling relations, that explicitly
include their average density profile as a free parameter. Com-
paring these two values allows us to set limits on their average
orbital anisotropy. In Section 3, we summarize our results and
conclusions. Throughout this Letter, we make use of the sample
of 58 SLACS single-lens systems from Bolton et al. (2008a)
and take all quantities from that paper. If not mentioned other-
wise, all masses are in units of 1010 M⊙. We assume Ωm = 0.3,
ΩΛ = 0.7, and H0 = 100 h km s−1 Mpc−1.

2. THE DENSITY PROFILE OF MASSIVE ETGs

To determine the logarithmic slope of the total density
profile, we use two alternative methods: (1) through combining
SDSS-based stellar velocity dispersions and lensing-based total
masses, and (2) through scaling relations between luminosity,
mass, and rescaled radius, which does not require a measured
stellar velocity dispersion. Whereas a single power law mass
model is an approximation, Koopmans & Treu (2003), Treu &
Koopmans (2004), and Barnabè et al. (2009) show that two-
component models can robustly be approximated by a single
power-law component given current data quality.

2.1. Derivation from Lensing and Stellar Dynamics

To derive the logarithmic density slopes, we follow Treu &
Koopmans (2002), Koopmans & Treu (2003), Treu & Koopmans
(2004), and Koopmans et al. (2006). First the lensing mass inside
the critical curves is determined from the lens models in Bolton
et al. (2008a), which is nearly invariant under changes in the
density profile (Kochanek 1991), hence the assumed density
profile during this step is not relevant in further steps (see
Koopmans et al. 2006). Subsequently we solve the spherical
Jeans equations—assuming this mass as external constraint and
an Einstein radius equal to the deflection angle of an equivalent
spherical mass distribution—for a luminosity-density profile
that follows either a Hernquist (1990) or Jaffe (1983) profile,
embedded as trace-component inside the total density profile
ρtot ∝ r−γ ′

LD (i.e., a power-law profile). The half-light radius
of the projected luminosity-density profile is set equal to the
observed effective radius (Bolton et al. 2008a). We take seeing
(FWHM = 1.5 arcsec) into account. We vary the slope γ ′

LD
over a range of 1.1–2.9 and compare the predicted velocity
dispersion inside the 3 arcsec diameter SDSS fiber with the
observed value. The error in the measured velocity dispersion
is by far the most dominant source of uncertainty. Hence,
the likelihood dP/dγ ′

LD ∝ e−χ2/2 is determined from the χ2

mismatch between the model and observed velocity-dispersion
values.

The results in Figure 1 show that most values lie around a
slope of 2, which is that of an isothermal mass profile (ρ ∝ r−2).
A joint analysis of the sample yields

⟨γ ′
LD⟩ ≡ −d log(ρtot)/d log(r) = 2.085+0.025

−0.018(68%CL), (1)

in the range of radii 0.2–1.3 Reff and for βr = 0. The dependence
on orbital anisotropy is small with the slopes varying mildly over
βr = ±0.50 (see Figure 1). Based on changing the luminosity
density profile, seeing, etc., we estimate an ∼0.1 systematic
error. We note two points: (1) a more detailed two-dimensional
kinematic analyses of six SLACS galaxies (see Czoske et al.

Figure 1. Logarithmic density slopes of 58 SLACS ETGs (thin solid curves).
The filled red curve is the joint likelihood of the ensemble-average density
slope. The histogram indicates the distribution of median values and the dotted
Gaussian curve indicates the intrinsic scatter in γ ′

LD (see text for details). We
assume a Hernquist luminosity-density profile. The small dashes indicate the
shift in the ensemble-average density slope for βr = +0.50, +0.25, −0.50,
−0.25 (left to right), respectively. Note the reversal of the βr = −0.50 and
−0.25 dashes. The vertical solid line and gray region indicate the best-fit value
and 68% CL interval, respectively, of the average density derived from scaling
relations.

2008; Barnabè et al. 2009) agree with these results, and (2)
comparing the density slopes of the 14 systems that overlap
with Koopmans et al. (2006), we find an average increase of
γ ′

LD by 6%. This difference can be attributed to minor model
improvements, the use of better HST images, leading to an
average decrease of Reff by 13%, and an improved derivation
of the stellar velocity dispersion, leading to an increase by
+3%. In particular, the latter leads to an average increase in
γ ′

LD, explaining most of the difference. Hence currently we are
limited by systematics.

An intrinsic spread of σγ ′ = 0.20+0.04
−0.02 (i.e., σγ ′/⟨γ ′

LD⟩ =
0.10+0.02

−0.01; 68% CL) is derived, assuming Gaussian intrinsic and
error distributions (see Koopmans et al. 2006; Barnabè et al.
2009) consistent with the scatter found in Koopmans et al.
(2006), Jiang & Kochanek (2007), and Barnabè et al. (2009).
Despite the uniformity of the sample, differences between
galaxies are present, which could partly be physical (see, e.g.,
Gerhard et al. 2001), partly due to systematics, or due to small
uncorrelated contributions from the environment and large-scale
structure (Auger 2008; Treu et al. 2009; Guimarães & Sodré
2009). Conservatively it should therefore be regarded as an
upper limit on physical variations.

2.2. Derivation from Scaling Relations

A second method to derive the ensemble-average density
profile is to assume a scaling relation between the observables,
luminosity, effective radius, and Einstein radius and Einstein
mass:

α log(Leff) = log

[

Meinst

(
Reff

Reinst

)(3−γ ′
SR)

]

+ δ. (2)
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orbital anisotropy in these systems. In Section 2, we present
the logarithmic density slopes of the SLACS early-type lens
galaxies, based on two different methods, one based on lensing
and dynamics and one based on scaling relations, that explicitly
include their average density profile as a free parameter. Com-
paring these two values allows us to set limits on their average
orbital anisotropy. In Section 3, we summarize our results and
conclusions. Throughout this Letter, we make use of the sample
of 58 SLACS single-lens systems from Bolton et al. (2008a)
and take all quantities from that paper. If not mentioned other-
wise, all masses are in units of 1010 M⊙. We assume Ωm = 0.3,
ΩΛ = 0.7, and H0 = 100 h km s−1 Mpc−1.

2. THE DENSITY PROFILE OF MASSIVE ETGs

To determine the logarithmic slope of the total density
profile, we use two alternative methods: (1) through combining
SDSS-based stellar velocity dispersions and lensing-based total
masses, and (2) through scaling relations between luminosity,
mass, and rescaled radius, which does not require a measured
stellar velocity dispersion. Whereas a single power law mass
model is an approximation, Koopmans & Treu (2003), Treu &
Koopmans (2004), and Barnabè et al. (2009) show that two-
component models can robustly be approximated by a single
power-law component given current data quality.

2.1. Derivation from Lensing and Stellar Dynamics

To derive the logarithmic density slopes, we follow Treu &
Koopmans (2002), Koopmans & Treu (2003), Treu & Koopmans
(2004), and Koopmans et al. (2006). First the lensing mass inside
the critical curves is determined from the lens models in Bolton
et al. (2008a), which is nearly invariant under changes in the
density profile (Kochanek 1991), hence the assumed density
profile during this step is not relevant in further steps (see
Koopmans et al. 2006). Subsequently we solve the spherical
Jeans equations—assuming this mass as external constraint and
an Einstein radius equal to the deflection angle of an equivalent
spherical mass distribution—for a luminosity-density profile
that follows either a Hernquist (1990) or Jaffe (1983) profile,
embedded as trace-component inside the total density profile
ρtot ∝ r−γ ′

LD (i.e., a power-law profile). The half-light radius
of the projected luminosity-density profile is set equal to the
observed effective radius (Bolton et al. 2008a). We take seeing
(FWHM = 1.5 arcsec) into account. We vary the slope γ ′

LD
over a range of 1.1–2.9 and compare the predicted velocity
dispersion inside the 3 arcsec diameter SDSS fiber with the
observed value. The error in the measured velocity dispersion
is by far the most dominant source of uncertainty. Hence,
the likelihood dP/dγ ′

LD ∝ e−χ2/2 is determined from the χ2

mismatch between the model and observed velocity-dispersion
values.

The results in Figure 1 show that most values lie around a
slope of 2, which is that of an isothermal mass profile (ρ ∝ r−2).
A joint analysis of the sample yields

⟨γ ′
LD⟩ ≡ −d log(ρtot)/d log(r) = 2.085+0.025

−0.018(68%CL), (1)

in the range of radii 0.2–1.3 Reff and for βr = 0. The dependence
on orbital anisotropy is small with the slopes varying mildly over
βr = ±0.50 (see Figure 1). Based on changing the luminosity
density profile, seeing, etc., we estimate an ∼0.1 systematic
error. We note two points: (1) a more detailed two-dimensional
kinematic analyses of six SLACS galaxies (see Czoske et al.

Figure 1. Logarithmic density slopes of 58 SLACS ETGs (thin solid curves).
The filled red curve is the joint likelihood of the ensemble-average density
slope. The histogram indicates the distribution of median values and the dotted
Gaussian curve indicates the intrinsic scatter in γ ′

LD (see text for details). We
assume a Hernquist luminosity-density profile. The small dashes indicate the
shift in the ensemble-average density slope for βr = +0.50, +0.25, −0.50,
−0.25 (left to right), respectively. Note the reversal of the βr = −0.50 and
−0.25 dashes. The vertical solid line and gray region indicate the best-fit value
and 68% CL interval, respectively, of the average density derived from scaling
relations.

2008; Barnabè et al. 2009) agree with these results, and (2)
comparing the density slopes of the 14 systems that overlap
with Koopmans et al. (2006), we find an average increase of
γ ′

LD by 6%. This difference can be attributed to minor model
improvements, the use of better HST images, leading to an
average decrease of Reff by 13%, and an improved derivation
of the stellar velocity dispersion, leading to an increase by
+3%. In particular, the latter leads to an average increase in
γ ′

LD, explaining most of the difference. Hence currently we are
limited by systematics.

An intrinsic spread of σγ ′ = 0.20+0.04
−0.02 (i.e., σγ ′/⟨γ ′

LD⟩ =
0.10+0.02

−0.01; 68% CL) is derived, assuming Gaussian intrinsic and
error distributions (see Koopmans et al. 2006; Barnabè et al.
2009) consistent with the scatter found in Koopmans et al.
(2006), Jiang & Kochanek (2007), and Barnabè et al. (2009).
Despite the uniformity of the sample, differences between
galaxies are present, which could partly be physical (see, e.g.,
Gerhard et al. 2001), partly due to systematics, or due to small
uncorrelated contributions from the environment and large-scale
structure (Auger 2008; Treu et al. 2009; Guimarães & Sodré
2009). Conservatively it should therefore be regarded as an
upper limit on physical variations.

2.2. Derivation from Scaling Relations

A second method to derive the ensemble-average density
profile is to assume a scaling relation between the observables,
luminosity, effective radius, and Einstein radius and Einstein
mass:

α log(Leff) = log

[

Meinst

(
Reff

Reinst

)(3−γ ′
SR)

]

+ δ. (2)
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the dark matter, BCG, and X-ray implies that the lensing cluster
is a highly relaxed system (see also Liesenborgs et al. 2009).
The best-fit ellipticity of the halo component is e =0.26.

The best-fit parameters for the perturbations terms are (!, "!)
= (0.040, 51.8) for m = 2, (0.019, 114) for m = 3, (0.013, 47)
for m = 4, and (0.010, 16.5) for m = 5. Thus the perturba-
tions are rather small, but they are still important for an accu-
rate reproduction of lensed images, particularly for those of the
quasar (see also Oguri et al. 2004).

One of the most important quantities to characterize a strong
lensing system is the Einstein radius, rEin. We compute the
Einstein radii, rEin, for our best-fit mass model using the
following relation:

M.< rEin/ = #r2
EinΣcrit: (14)

We find that rEin = 8:0014 for the quasar redshift zs = 1.734, and
13:0038 for the redshift of the lensed galaxy A, zs = 3.33. If we
compute rEin only from the dark-halo component, excluding
any contributions from galaxies, we obtain rEin = 4:0084 for
zs = 1.734 and 10:0031 for zs = 3.33, which are quite different
from those computed from the total mass distribution. This
suggests that the effect of the BCG G1 on the lens system
is quite significant.

3.2. Comparison with X-Ray

Next, we compare the best-fit radial mass profile derived
from strong lensing with that inferred from the Chandra X-ray
observation (Ota et al. 2006). In brief, from the Chandra obser-
vation the extended X-ray emission from the lensing cluster
was detected out to !1:05 from the cluster center, with a temper-
ature of ! 6.4 keV. Assuming isothermal profiles, Ota et al.
(2006) constrained the projected mass profile and argued that
the mass within 100 kpc agrees well with the mass expected
from strong lensing. Here, we compare our result of new mass
modeling with the X-ray result.

Figure 3 compares the projected two-dimensional mass
profiles from gravitational lensing and X-ray measurements.
We confirmed that the profiles agree quite well with each other,
including the radial slopes of the profiles. This agreement
suggests that the effect of the halo triaxiality, which affects the
apparent two-dimensional lensing masses particularly near the
center of the cluster (see, e.g., Oguri et al. 2005; Gavazzi 2005),
is not significant.

However, it should be noted that the best-fit halo mass of
Mvir = 1.0 " 1015 h#1 Mˇ and the concentration of c#2 = 2.8
are quite different from those inferred from X-ray, Mvir ! 4.3
" 1014 h#1Mˇ and c#2 ! 6.1. One reason for this is the strong
degeneracy between Mvir and c#2 inherent to strong-lens mass
modeling. Basically, strong lenses constrain the central core
mass of the cluster, which is a strong function of both Mvir

and c#2. The determinations of Mvir and c#2 solely from
strong lensing relies on extrapolation of the subtle change of
the radial slope out to much larger radii. The robust deter-
mination of these parameters from lensing therefore requires
addition constraints from weak gravitational lensing.

3.3. Generalized NFW Profile

We now allow the inner slope of the dark-halo component, ˛,
to vary to see how well the current strong lens data, including

Fig. 3. Projected two-dimensional cumulative mass distributions from
lensing and X-ray. Thick and thin lines are the best-fit total and dark–
matter mass distributions from strong lens mass modeling, respectively.
The open circles are mass distributions inferred from X-ray surface
brightness and temperature measurements by Chandra, assuming an
isothermal gas, ˇ model for the gas profile, and hydrostatic equilib-
rium (Ota et al. 2006). Errors are from the temperature measurement
uncertainty.

the time delays, which are quite helpful to break any degen-
eracy in the mass models (e.g., Kawano & Oguri 2006), can
constrain the inner-density profile. Specifically, for each fixed
value of ˛ we optimize the other parameters. Figure 4 shows
the $2 difference as a function of ˛. We find that our mass
modeling is quite consistent with the NFW profile, i.e., ˛ = 1.
We constrain the range of the slope to 0.76 < ˛ < 1.41 at
the 95% confidence limit. A profile as steep as ˛ = 1.5 is
clearly rejected. There is a clear correlation between ˛ and the
velocity dispersion of galaxy G1, such that the best-fit velocity
dispersion decreases with increasing ˛, which approximately
conserves the central core mass of the total matter distribution.

As discussed in subsection 3.2, the Chandra X-ray obser-
vation suggests that the lensing cluster may have a larger
value of the concentration parameter than the best-fit NFW
model predicts. We include this effect by adding a prior of
c#2 = 6 ˙1.5 to the mass model to see how the constraint on
˛ is modified. The result shown in figure 4 indicates that the
constraint is basically shifted to a lower ˛, i.e., a shallower
inner-density slope. The resulting range is 0.62 < ˛ < 1.14 at
the 95% confidence limit.

In figure 4, we also show the total magnification factor for
the five quasar images, %tot, and the time delay between quasar
images A and D, ∆tAD, predicted by the best-fit model for
each fixed ˛. We find that %tot is decreasing and ∆tAD is
increasing with increasing ˛, which are consistent with the
well-known dependence of the magnification and time delay
on the radial density slope (e.g., Wambsganss & Paczyński
1994; Oguri & Kawano 2003). Thus, the reported lower limit
of ∆tAD > 1250 d (Fohlmeister et al. 2008) prefers a steeper
inner slope (larger ˛), which appears to be opposed to the
effect of the prior from X-ray discussed above. In either case,
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orbital anisotropy in these systems. In Section 2, we present
the logarithmic density slopes of the SLACS early-type lens
galaxies, based on two different methods, one based on lensing
and dynamics and one based on scaling relations, that explicitly
include their average density profile as a free parameter. Com-
paring these two values allows us to set limits on their average
orbital anisotropy. In Section 3, we summarize our results and
conclusions. Throughout this Letter, we make use of the sample
of 58 SLACS single-lens systems from Bolton et al. (2008a)
and take all quantities from that paper. If not mentioned other-
wise, all masses are in units of 1010 M⊙. We assume Ωm = 0.3,
ΩΛ = 0.7, and H0 = 100 h km s−1 Mpc−1.

2. THE DENSITY PROFILE OF MASSIVE ETGs

To determine the logarithmic slope of the total density
profile, we use two alternative methods: (1) through combining
SDSS-based stellar velocity dispersions and lensing-based total
masses, and (2) through scaling relations between luminosity,
mass, and rescaled radius, which does not require a measured
stellar velocity dispersion. Whereas a single power law mass
model is an approximation, Koopmans & Treu (2003), Treu &
Koopmans (2004), and Barnabè et al. (2009) show that two-
component models can robustly be approximated by a single
power-law component given current data quality.

2.1. Derivation from Lensing and Stellar Dynamics

To derive the logarithmic density slopes, we follow Treu &
Koopmans (2002), Koopmans & Treu (2003), Treu & Koopmans
(2004), and Koopmans et al. (2006). First the lensing mass inside
the critical curves is determined from the lens models in Bolton
et al. (2008a), which is nearly invariant under changes in the
density profile (Kochanek 1991), hence the assumed density
profile during this step is not relevant in further steps (see
Koopmans et al. 2006). Subsequently we solve the spherical
Jeans equations—assuming this mass as external constraint and
an Einstein radius equal to the deflection angle of an equivalent
spherical mass distribution—for a luminosity-density profile
that follows either a Hernquist (1990) or Jaffe (1983) profile,
embedded as trace-component inside the total density profile
ρtot ∝ r−γ ′

LD (i.e., a power-law profile). The half-light radius
of the projected luminosity-density profile is set equal to the
observed effective radius (Bolton et al. 2008a). We take seeing
(FWHM = 1.5 arcsec) into account. We vary the slope γ ′

LD
over a range of 1.1–2.9 and compare the predicted velocity
dispersion inside the 3 arcsec diameter SDSS fiber with the
observed value. The error in the measured velocity dispersion
is by far the most dominant source of uncertainty. Hence,
the likelihood dP/dγ ′

LD ∝ e−χ2/2 is determined from the χ2

mismatch between the model and observed velocity-dispersion
values.

The results in Figure 1 show that most values lie around a
slope of 2, which is that of an isothermal mass profile (ρ ∝ r−2).
A joint analysis of the sample yields

⟨γ ′
LD⟩ ≡ −d log(ρtot)/d log(r) = 2.085+0.025

−0.018(68%CL), (1)

in the range of radii 0.2–1.3 Reff and for βr = 0. The dependence
on orbital anisotropy is small with the slopes varying mildly over
βr = ±0.50 (see Figure 1). Based on changing the luminosity
density profile, seeing, etc., we estimate an ∼0.1 systematic
error. We note two points: (1) a more detailed two-dimensional
kinematic analyses of six SLACS galaxies (see Czoske et al.

Figure 1. Logarithmic density slopes of 58 SLACS ETGs (thin solid curves).
The filled red curve is the joint likelihood of the ensemble-average density
slope. The histogram indicates the distribution of median values and the dotted
Gaussian curve indicates the intrinsic scatter in γ ′

LD (see text for details). We
assume a Hernquist luminosity-density profile. The small dashes indicate the
shift in the ensemble-average density slope for βr = +0.50, +0.25, −0.50,
−0.25 (left to right), respectively. Note the reversal of the βr = −0.50 and
−0.25 dashes. The vertical solid line and gray region indicate the best-fit value
and 68% CL interval, respectively, of the average density derived from scaling
relations.

2008; Barnabè et al. 2009) agree with these results, and (2)
comparing the density slopes of the 14 systems that overlap
with Koopmans et al. (2006), we find an average increase of
γ ′

LD by 6%. This difference can be attributed to minor model
improvements, the use of better HST images, leading to an
average decrease of Reff by 13%, and an improved derivation
of the stellar velocity dispersion, leading to an increase by
+3%. In particular, the latter leads to an average increase in
γ ′

LD, explaining most of the difference. Hence currently we are
limited by systematics.

An intrinsic spread of σγ ′ = 0.20+0.04
−0.02 (i.e., σγ ′/⟨γ ′

LD⟩ =
0.10+0.02

−0.01; 68% CL) is derived, assuming Gaussian intrinsic and
error distributions (see Koopmans et al. 2006; Barnabè et al.
2009) consistent with the scatter found in Koopmans et al.
(2006), Jiang & Kochanek (2007), and Barnabè et al. (2009).
Despite the uniformity of the sample, differences between
galaxies are present, which could partly be physical (see, e.g.,
Gerhard et al. 2001), partly due to systematics, or due to small
uncorrelated contributions from the environment and large-scale
structure (Auger 2008; Treu et al. 2009; Guimarães & Sodré
2009). Conservatively it should therefore be regarded as an
upper limit on physical variations.

2.2. Derivation from Scaling Relations

A second method to derive the ensemble-average density
profile is to assume a scaling relation between the observables,
luminosity, effective radius, and Einstein radius and Einstein
mass:

α log(Leff) = log

[

Meinst

(
Reff

Reinst

)(3−γ ′
SR)

]

+ δ. (2)
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the dark matter, BCG, and X-ray implies that the lensing cluster
is a highly relaxed system (see also Liesenborgs et al. 2009).
The best-fit ellipticity of the halo component is e =0.26.

The best-fit parameters for the perturbations terms are (!, "!)
= (0.040, 51.8) for m = 2, (0.019, 114) for m = 3, (0.013, 47)
for m = 4, and (0.010, 16.5) for m = 5. Thus the perturba-
tions are rather small, but they are still important for an accu-
rate reproduction of lensed images, particularly for those of the
quasar (see also Oguri et al. 2004).

One of the most important quantities to characterize a strong
lensing system is the Einstein radius, rEin. We compute the
Einstein radii, rEin, for our best-fit mass model using the
following relation:

M.< rEin/ = #r2
EinΣcrit: (14)

We find that rEin = 8:0014 for the quasar redshift zs = 1.734, and
13:0038 for the redshift of the lensed galaxy A, zs = 3.33. If we
compute rEin only from the dark-halo component, excluding
any contributions from galaxies, we obtain rEin = 4:0084 for
zs = 1.734 and 10:0031 for zs = 3.33, which are quite different
from those computed from the total mass distribution. This
suggests that the effect of the BCG G1 on the lens system
is quite significant.

3.2. Comparison with X-Ray

Next, we compare the best-fit radial mass profile derived
from strong lensing with that inferred from the Chandra X-ray
observation (Ota et al. 2006). In brief, from the Chandra obser-
vation the extended X-ray emission from the lensing cluster
was detected out to !1:05 from the cluster center, with a temper-
ature of ! 6.4 keV. Assuming isothermal profiles, Ota et al.
(2006) constrained the projected mass profile and argued that
the mass within 100 kpc agrees well with the mass expected
from strong lensing. Here, we compare our result of new mass
modeling with the X-ray result.

Figure 3 compares the projected two-dimensional mass
profiles from gravitational lensing and X-ray measurements.
We confirmed that the profiles agree quite well with each other,
including the radial slopes of the profiles. This agreement
suggests that the effect of the halo triaxiality, which affects the
apparent two-dimensional lensing masses particularly near the
center of the cluster (see, e.g., Oguri et al. 2005; Gavazzi 2005),
is not significant.

However, it should be noted that the best-fit halo mass of
Mvir = 1.0 " 1015 h#1 Mˇ and the concentration of c#2 = 2.8
are quite different from those inferred from X-ray, Mvir ! 4.3
" 1014 h#1Mˇ and c#2 ! 6.1. One reason for this is the strong
degeneracy between Mvir and c#2 inherent to strong-lens mass
modeling. Basically, strong lenses constrain the central core
mass of the cluster, which is a strong function of both Mvir

and c#2. The determinations of Mvir and c#2 solely from
strong lensing relies on extrapolation of the subtle change of
the radial slope out to much larger radii. The robust deter-
mination of these parameters from lensing therefore requires
addition constraints from weak gravitational lensing.

3.3. Generalized NFW Profile

We now allow the inner slope of the dark-halo component, ˛,
to vary to see how well the current strong lens data, including

Fig. 3. Projected two-dimensional cumulative mass distributions from
lensing and X-ray. Thick and thin lines are the best-fit total and dark–
matter mass distributions from strong lens mass modeling, respectively.
The open circles are mass distributions inferred from X-ray surface
brightness and temperature measurements by Chandra, assuming an
isothermal gas, ˇ model for the gas profile, and hydrostatic equilib-
rium (Ota et al. 2006). Errors are from the temperature measurement
uncertainty.

the time delays, which are quite helpful to break any degen-
eracy in the mass models (e.g., Kawano & Oguri 2006), can
constrain the inner-density profile. Specifically, for each fixed
value of ˛ we optimize the other parameters. Figure 4 shows
the $2 difference as a function of ˛. We find that our mass
modeling is quite consistent with the NFW profile, i.e., ˛ = 1.
We constrain the range of the slope to 0.76 < ˛ < 1.41 at
the 95% confidence limit. A profile as steep as ˛ = 1.5 is
clearly rejected. There is a clear correlation between ˛ and the
velocity dispersion of galaxy G1, such that the best-fit velocity
dispersion decreases with increasing ˛, which approximately
conserves the central core mass of the total matter distribution.

As discussed in subsection 3.2, the Chandra X-ray obser-
vation suggests that the lensing cluster may have a larger
value of the concentration parameter than the best-fit NFW
model predicts. We include this effect by adding a prior of
c#2 = 6 ˙1.5 to the mass model to see how the constraint on
˛ is modified. The result shown in figure 4 indicates that the
constraint is basically shifted to a lower ˛, i.e., a shallower
inner-density slope. The resulting range is 0.62 < ˛ < 1.14 at
the 95% confidence limit.

In figure 4, we also show the total magnification factor for
the five quasar images, %tot, and the time delay between quasar
images A and D, ∆tAD, predicted by the best-fit model for
each fixed ˛. We find that %tot is decreasing and ∆tAD is
increasing with increasing ˛, which are consistent with the
well-known dependence of the magnification and time delay
on the radial density slope (e.g., Wambsganss & Paczyński
1994; Oguri & Kawano 2003). Thus, the reported lower limit
of ∆tAD > 1250 d (Fohlmeister et al. 2008) prefers a steeper
inner slope (larger ˛), which appears to be opposed to the
effect of the prior from X-ray discussed above. In either case,
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Fig. 1. Left: The HST/ACS image of SDSS J1004+4112. North is up and West is right. Stellar objects labeled by A–E are the 5 lensed quasar images.
A large galaxy superposed on image E is the brightest cluster galaxy G1. Right: Positions of the 5 lensed quasar images (filled circles) and lensed galaxies
images (other symbols). The size and orientation of the panel is the same as the left panel. Different symbols have different redshifts. See tables 2 and 3
for the relative coordinate values.

The mass-to-light ratio became constant with this scaling. We
included 14 member galaxies within . 2000 from the center,
which were selected from the gri-band Subaru Suprime-cam
images (Oguri et al. 2004). We adopted r-band luminosities
for the scaling.

To achieve a better fit, we also included several additional
perturbations. We considered general perturbations whose lens
potentials ! are described as (see, e.g., Evans & Witt 2003;
Kawano et al. 2004; Congdon & Keeton 2005; Yoo et al. 2006)

! = ! "

m
r2cosm.# ! #" ! $=2/: (13)

In this paper we included four perturbation terms with m = 2
(external shear: e.g., Keeton et al. 1997), 3, 4, and 5.

2.2. Observational Constraints

We adapted the positions of five quasar images measured
by Inada et al. (2005) using the Hubble Space Telescope
Advanced Camera for Surveys (HST/ACS) F814W image.
Considering possible effects of microlensing or small-scale
structure, we adopted conservative positional errors of 0:0004,
and also relative magnitudes of 0.3 (0.8) for image B–D (E).
In addition, we included the measured time delays between
images A and B (Fohlmeister et al. 2007) and between
images A and C (Fohlmeister et al. 2008). When fitting the
time delays, we allowed the Hubble constant to vary with
a Gaussian prior of h = 0.72˙0.04.

We also included multiply imaged galaxies, identified by
Sharon et al. (2005), as constraints. We revisited deep
multi-band HST/ACS images (F435W, F555W, and F814W;
GO-10509 and GO-10716), and identified several features
associated with each lensed image. We used the positions of
all these features for our mass modeling. We included central
images as well (Liesenborgs et al. 2009). We assumed larger

Table 2. Constraints from lensed quasar images.

Name ∆x [00] ∆y [00] ∆m ∆t [d]

A 0.000 0.000 "0 "0
B !1.317 3.532 0.35˙0.3 !40.6˙1.8
C 11.039 !4.492 0.87˙0.3 !821.6˙2.1
D 8.399 9.707 1.50˙0.3 # # #
E 7.197 4.603 6.30˙0.8 # # #

$ The quasar redshift is zs = 1.734. The positional error is assumed to 0:0004
for all the lensed quasar images.

positional errors of 0:004 than those of the quasar images, partly
because the determination of the centroids of the extended
galaxy images are much less accurate.

Figure 1 shows the HST/ACS image of SDSS J1004+4112,
together with the positions of multiple images summarized in
tables 2 and 3. A notable feature of this cluster strong lens
system, which can easily be seen in the figure, is that multiple
images are distributed in a very wide range of radius, ranging
from the central images very near to the cluster center to lensed
galaxy images at %3000 from the cluster center. This is appar-
ently good for constraining the density profile of the lensing
cluster.

We also added several Gaussian priors to the mass model.
Based on the measurement by Inada et al. (2008), we
assumed the velocity dispersion of the central galaxy, G1, to
be % = 352 ˙ 13 km s!1. 1 The position of G1 was fixed to

1 Strictly speaking, the velocity dispersion %obs computed from the density
profile can in principle differ from the input parameter % for the pseudo
Jaffe profile. However, from Elı́asdóttir et al. (2007) we find that % & %obs

for values similar to those in the best-fit model (s=a & 0.05), which suggests
that our assumption of % = %obs is reasonable.
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orbital anisotropy in these systems. In Section 2, we present
the logarithmic density slopes of the SLACS early-type lens
galaxies, based on two different methods, one based on lensing
and dynamics and one based on scaling relations, that explicitly
include their average density profile as a free parameter. Com-
paring these two values allows us to set limits on their average
orbital anisotropy. In Section 3, we summarize our results and
conclusions. Throughout this Letter, we make use of the sample
of 58 SLACS single-lens systems from Bolton et al. (2008a)
and take all quantities from that paper. If not mentioned other-
wise, all masses are in units of 1010 M⊙. We assume Ωm = 0.3,
ΩΛ = 0.7, and H0 = 100 h km s−1 Mpc−1.

2. THE DENSITY PROFILE OF MASSIVE ETGs

To determine the logarithmic slope of the total density
profile, we use two alternative methods: (1) through combining
SDSS-based stellar velocity dispersions and lensing-based total
masses, and (2) through scaling relations between luminosity,
mass, and rescaled radius, which does not require a measured
stellar velocity dispersion. Whereas a single power law mass
model is an approximation, Koopmans & Treu (2003), Treu &
Koopmans (2004), and Barnabè et al. (2009) show that two-
component models can robustly be approximated by a single
power-law component given current data quality.

2.1. Derivation from Lensing and Stellar Dynamics

To derive the logarithmic density slopes, we follow Treu &
Koopmans (2002), Koopmans & Treu (2003), Treu & Koopmans
(2004), and Koopmans et al. (2006). First the lensing mass inside
the critical curves is determined from the lens models in Bolton
et al. (2008a), which is nearly invariant under changes in the
density profile (Kochanek 1991), hence the assumed density
profile during this step is not relevant in further steps (see
Koopmans et al. 2006). Subsequently we solve the spherical
Jeans equations—assuming this mass as external constraint and
an Einstein radius equal to the deflection angle of an equivalent
spherical mass distribution—for a luminosity-density profile
that follows either a Hernquist (1990) or Jaffe (1983) profile,
embedded as trace-component inside the total density profile
ρtot ∝ r−γ ′

LD (i.e., a power-law profile). The half-light radius
of the projected luminosity-density profile is set equal to the
observed effective radius (Bolton et al. 2008a). We take seeing
(FWHM = 1.5 arcsec) into account. We vary the slope γ ′

LD
over a range of 1.1–2.9 and compare the predicted velocity
dispersion inside the 3 arcsec diameter SDSS fiber with the
observed value. The error in the measured velocity dispersion
is by far the most dominant source of uncertainty. Hence,
the likelihood dP/dγ ′

LD ∝ e−χ2/2 is determined from the χ2

mismatch between the model and observed velocity-dispersion
values.

The results in Figure 1 show that most values lie around a
slope of 2, which is that of an isothermal mass profile (ρ ∝ r−2).
A joint analysis of the sample yields

⟨γ ′
LD⟩ ≡ −d log(ρtot)/d log(r) = 2.085+0.025

−0.018(68%CL), (1)

in the range of radii 0.2–1.3 Reff and for βr = 0. The dependence
on orbital anisotropy is small with the slopes varying mildly over
βr = ±0.50 (see Figure 1). Based on changing the luminosity
density profile, seeing, etc., we estimate an ∼0.1 systematic
error. We note two points: (1) a more detailed two-dimensional
kinematic analyses of six SLACS galaxies (see Czoske et al.

Figure 1. Logarithmic density slopes of 58 SLACS ETGs (thin solid curves).
The filled red curve is the joint likelihood of the ensemble-average density
slope. The histogram indicates the distribution of median values and the dotted
Gaussian curve indicates the intrinsic scatter in γ ′

LD (see text for details). We
assume a Hernquist luminosity-density profile. The small dashes indicate the
shift in the ensemble-average density slope for βr = +0.50, +0.25, −0.50,
−0.25 (left to right), respectively. Note the reversal of the βr = −0.50 and
−0.25 dashes. The vertical solid line and gray region indicate the best-fit value
and 68% CL interval, respectively, of the average density derived from scaling
relations.

2008; Barnabè et al. 2009) agree with these results, and (2)
comparing the density slopes of the 14 systems that overlap
with Koopmans et al. (2006), we find an average increase of
γ ′

LD by 6%. This difference can be attributed to minor model
improvements, the use of better HST images, leading to an
average decrease of Reff by 13%, and an improved derivation
of the stellar velocity dispersion, leading to an increase by
+3%. In particular, the latter leads to an average increase in
γ ′

LD, explaining most of the difference. Hence currently we are
limited by systematics.

An intrinsic spread of σγ ′ = 0.20+0.04
−0.02 (i.e., σγ ′/⟨γ ′

LD⟩ =
0.10+0.02

−0.01; 68% CL) is derived, assuming Gaussian intrinsic and
error distributions (see Koopmans et al. 2006; Barnabè et al.
2009) consistent with the scatter found in Koopmans et al.
(2006), Jiang & Kochanek (2007), and Barnabè et al. (2009).
Despite the uniformity of the sample, differences between
galaxies are present, which could partly be physical (see, e.g.,
Gerhard et al. 2001), partly due to systematics, or due to small
uncorrelated contributions from the environment and large-scale
structure (Auger 2008; Treu et al. 2009; Guimarães & Sodré
2009). Conservatively it should therefore be regarded as an
upper limit on physical variations.

2.2. Derivation from Scaling Relations

A second method to derive the ensemble-average density
profile is to assume a scaling relation between the observables,
luminosity, effective radius, and Einstein radius and Einstein
mass:

α log(Leff) = log

[

Meinst

(
Reff

Reinst

)(3−γ ′
SR)

]

+ δ. (2)

Constraining density profiles of a 
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the dark matter, BCG, and X-ray implies that the lensing cluster
is a highly relaxed system (see also Liesenborgs et al. 2009).
The best-fit ellipticity of the halo component is e =0.26.

The best-fit parameters for the perturbations terms are (!, "!)
= (0.040, 51.8) for m = 2, (0.019, 114) for m = 3, (0.013, 47)
for m = 4, and (0.010, 16.5) for m = 5. Thus the perturba-
tions are rather small, but they are still important for an accu-
rate reproduction of lensed images, particularly for those of the
quasar (see also Oguri et al. 2004).

One of the most important quantities to characterize a strong
lensing system is the Einstein radius, rEin. We compute the
Einstein radii, rEin, for our best-fit mass model using the
following relation:

M.< rEin/ = #r2
EinΣcrit: (14)

We find that rEin = 8:0014 for the quasar redshift zs = 1.734, and
13:0038 for the redshift of the lensed galaxy A, zs = 3.33. If we
compute rEin only from the dark-halo component, excluding
any contributions from galaxies, we obtain rEin = 4:0084 for
zs = 1.734 and 10:0031 for zs = 3.33, which are quite different
from those computed from the total mass distribution. This
suggests that the effect of the BCG G1 on the lens system
is quite significant.

3.2. Comparison with X-Ray

Next, we compare the best-fit radial mass profile derived
from strong lensing with that inferred from the Chandra X-ray
observation (Ota et al. 2006). In brief, from the Chandra obser-
vation the extended X-ray emission from the lensing cluster
was detected out to !1:05 from the cluster center, with a temper-
ature of ! 6.4 keV. Assuming isothermal profiles, Ota et al.
(2006) constrained the projected mass profile and argued that
the mass within 100 kpc agrees well with the mass expected
from strong lensing. Here, we compare our result of new mass
modeling with the X-ray result.

Figure 3 compares the projected two-dimensional mass
profiles from gravitational lensing and X-ray measurements.
We confirmed that the profiles agree quite well with each other,
including the radial slopes of the profiles. This agreement
suggests that the effect of the halo triaxiality, which affects the
apparent two-dimensional lensing masses particularly near the
center of the cluster (see, e.g., Oguri et al. 2005; Gavazzi 2005),
is not significant.

However, it should be noted that the best-fit halo mass of
Mvir = 1.0 " 1015 h#1 Mˇ and the concentration of c#2 = 2.8
are quite different from those inferred from X-ray, Mvir ! 4.3
" 1014 h#1Mˇ and c#2 ! 6.1. One reason for this is the strong
degeneracy between Mvir and c#2 inherent to strong-lens mass
modeling. Basically, strong lenses constrain the central core
mass of the cluster, which is a strong function of both Mvir

and c#2. The determinations of Mvir and c#2 solely from
strong lensing relies on extrapolation of the subtle change of
the radial slope out to much larger radii. The robust deter-
mination of these parameters from lensing therefore requires
addition constraints from weak gravitational lensing.

3.3. Generalized NFW Profile

We now allow the inner slope of the dark-halo component, ˛,
to vary to see how well the current strong lens data, including

Fig. 3. Projected two-dimensional cumulative mass distributions from
lensing and X-ray. Thick and thin lines are the best-fit total and dark–
matter mass distributions from strong lens mass modeling, respectively.
The open circles are mass distributions inferred from X-ray surface
brightness and temperature measurements by Chandra, assuming an
isothermal gas, ˇ model for the gas profile, and hydrostatic equilib-
rium (Ota et al. 2006). Errors are from the temperature measurement
uncertainty.

the time delays, which are quite helpful to break any degen-
eracy in the mass models (e.g., Kawano & Oguri 2006), can
constrain the inner-density profile. Specifically, for each fixed
value of ˛ we optimize the other parameters. Figure 4 shows
the $2 difference as a function of ˛. We find that our mass
modeling is quite consistent with the NFW profile, i.e., ˛ = 1.
We constrain the range of the slope to 0.76 < ˛ < 1.41 at
the 95% confidence limit. A profile as steep as ˛ = 1.5 is
clearly rejected. There is a clear correlation between ˛ and the
velocity dispersion of galaxy G1, such that the best-fit velocity
dispersion decreases with increasing ˛, which approximately
conserves the central core mass of the total matter distribution.

As discussed in subsection 3.2, the Chandra X-ray obser-
vation suggests that the lensing cluster may have a larger
value of the concentration parameter than the best-fit NFW
model predicts. We include this effect by adding a prior of
c#2 = 6 ˙1.5 to the mass model to see how the constraint on
˛ is modified. The result shown in figure 4 indicates that the
constraint is basically shifted to a lower ˛, i.e., a shallower
inner-density slope. The resulting range is 0.62 < ˛ < 1.14 at
the 95% confidence limit.

In figure 4, we also show the total magnification factor for
the five quasar images, %tot, and the time delay between quasar
images A and D, ∆tAD, predicted by the best-fit model for
each fixed ˛. We find that %tot is decreasing and ∆tAD is
increasing with increasing ˛, which are consistent with the
well-known dependence of the magnification and time delay
on the radial density slope (e.g., Wambsganss & Paczyński
1994; Oguri & Kawano 2003). Thus, the reported lower limit
of ∆tAD > 1250 d (Fohlmeister et al. 2008) prefers a steeper
inner slope (larger ˛), which appears to be opposed to the
effect of the prior from X-ray discussed above. In either case,
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Fig. 1. Left: The HST/ACS image of SDSS J1004+4112. North is up and West is right. Stellar objects labeled by A–E are the 5 lensed quasar images.
A large galaxy superposed on image E is the brightest cluster galaxy G1. Right: Positions of the 5 lensed quasar images (filled circles) and lensed galaxies
images (other symbols). The size and orientation of the panel is the same as the left panel. Different symbols have different redshifts. See tables 2 and 3
for the relative coordinate values.

The mass-to-light ratio became constant with this scaling. We
included 14 member galaxies within . 2000 from the center,
which were selected from the gri-band Subaru Suprime-cam
images (Oguri et al. 2004). We adopted r-band luminosities
for the scaling.

To achieve a better fit, we also included several additional
perturbations. We considered general perturbations whose lens
potentials ! are described as (see, e.g., Evans & Witt 2003;
Kawano et al. 2004; Congdon & Keeton 2005; Yoo et al. 2006)

! = ! "

m
r2cosm.# ! #" ! $=2/: (13)

In this paper we included four perturbation terms with m = 2
(external shear: e.g., Keeton et al. 1997), 3, 4, and 5.

2.2. Observational Constraints

We adapted the positions of five quasar images measured
by Inada et al. (2005) using the Hubble Space Telescope
Advanced Camera for Surveys (HST/ACS) F814W image.
Considering possible effects of microlensing or small-scale
structure, we adopted conservative positional errors of 0:0004,
and also relative magnitudes of 0.3 (0.8) for image B–D (E).
In addition, we included the measured time delays between
images A and B (Fohlmeister et al. 2007) and between
images A and C (Fohlmeister et al. 2008). When fitting the
time delays, we allowed the Hubble constant to vary with
a Gaussian prior of h = 0.72˙0.04.

We also included multiply imaged galaxies, identified by
Sharon et al. (2005), as constraints. We revisited deep
multi-band HST/ACS images (F435W, F555W, and F814W;
GO-10509 and GO-10716), and identified several features
associated with each lensed image. We used the positions of
all these features for our mass modeling. We included central
images as well (Liesenborgs et al. 2009). We assumed larger

Table 2. Constraints from lensed quasar images.

Name ∆x [00] ∆y [00] ∆m ∆t [d]

A 0.000 0.000 "0 "0
B !1.317 3.532 0.35˙0.3 !40.6˙1.8
C 11.039 !4.492 0.87˙0.3 !821.6˙2.1
D 8.399 9.707 1.50˙0.3 # # #
E 7.197 4.603 6.30˙0.8 # # #

$ The quasar redshift is zs = 1.734. The positional error is assumed to 0:0004
for all the lensed quasar images.

positional errors of 0:004 than those of the quasar images, partly
because the determination of the centroids of the extended
galaxy images are much less accurate.

Figure 1 shows the HST/ACS image of SDSS J1004+4112,
together with the positions of multiple images summarized in
tables 2 and 3. A notable feature of this cluster strong lens
system, which can easily be seen in the figure, is that multiple
images are distributed in a very wide range of radius, ranging
from the central images very near to the cluster center to lensed
galaxy images at %3000 from the cluster center. This is appar-
ently good for constraining the density profile of the lensing
cluster.

We also added several Gaussian priors to the mass model.
Based on the measurement by Inada et al. (2008), we
assumed the velocity dispersion of the central galaxy, G1, to
be % = 352 ˙ 13 km s!1. 1 The position of G1 was fixed to

1 Strictly speaking, the velocity dispersion %obs computed from the density
profile can in principle differ from the input parameter % for the pseudo
Jaffe profile. However, from Elı́asdóttir et al. (2007) we find that % & %obs

for values similar to those in the best-fit model (s=a & 0.05), which suggests
that our assumption of % = %obs is reasonable.
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Fig. 9.— Image separation distribution. Theoretically calcu-
lated image separation distribution curves for SIS profile (dotted),
NFW profile (dashed) and total profile (solid) following the O06
model. The data points from the SLACS (green), SARCS sample
(magenta) and MACS (cyan) where the vertical bars indicate Pois-
sonian errors and horizontal bars show the bin width. As discussed
in Sect. 3.4.2, we multiply the ISDs of the lens samples by their
respective P (> θcut).

the relation between halo mass and the image sep-
aration need to be calculated numerically. We de-
scribe the procedure we use, in the appendix A.

O06 assumed the background source population to lie
at a redshift of zs = 2, and the source luminosity func-
tion, Φ(zs, L) ∝ L−2.1 appropriate for the radio survey
CLASS (Myers et al. 2003; Rusin & Tegmark 2001) 13.
We are able to reproduce the expected ISDs from O06,
given by Eq. 7, for all the three density distributions
mentioned above. The expected ISDs corresponding to
these three density distributions are shown in Fig. 9.

3.4.2. Observed distribution

The observed ISD is calculated by logarithmically bin-
ning the image separations of 125 SARCS candidates14

with θcut ≥ 20 pixels (that is, > 3.7′′) and an average
ranking of 2 and above. The image separation for each
lens candidate is taken as twice the Einstein radius or
roughly the arc radius which is the distance between the
candidate lensed image and the center of respective lens
galaxy. Let θ−dθ = θl and θ+dθ = θh, then the observed
ISD is given by

∣

∣

∣

∣

dPlens

dθ

∣

∣

∣

∣

obs

=
P (> θh) − P (> θl)

2dθ

=
N(> θh) − N(> θl)

N(> θcut)2dθ
. (11)

where the total number of observed lenses is N(> θcut).
While comparing their theoretical predictions (dP/dθ) to

13 The luminosity density for such a steep faint end slope (αLF <
−2) diverges as L → 0 and necessarily requires a cutoff below some
value of Lmin.

14 Two of the candidates are excluded since their lensing con-
figurations or the centers of their lens potential were ambiguous.
These candidates have RA = 0.0′′in Table 2.

the observed ISDs from the CLASS sample, O06 assumed
an arbitrary normalization for their data points. Instead
we note that,

Plens(> θ)=
Nlens(> θ)

Nlens(> θcut)

=
Nlens(> θ)

Nsrc

Nsrc

Nlens(> θcut)
,

=
P (> θ)

P (> θcut)
, (12)

=⇒

∣

∣

∣

∣

dP

dθ

∣

∣

∣

∣

=

∣

∣

∣

∣

dPlens

dθ

∣

∣

∣

∣

P (> θcut) . (13)

To facilitate a direct comparison of the observed ISD
to the theoretical expectation from O06 (see Eq. 7), we
multiply Eq. 11 by P (> θcut). The quantity P (> θcut)
is obtained by integrating Eq. 7 from θcut to ∞. The
SARCS data points are shown in magenta in Fig. 9.
The vertical error-bars are calculated assuming Poisson
number statistics and the horizontal bars show the bin
width.

The SARCS data points demonstrate that the average
density profile of the halos, giving rise to the intermediate
θ values (∼ 3′′ − 12′′), is best represented by a combined
profile for the main galaxy and the dark matter halo
as opposed to a pure SIS or pure NFW profile. It is
clear from the Fig. 9 that the SARCS sample follows a
steeper ISD at the intermediate scales compared to halos
with NFW profile and shallower than halos with only SIS
profile.

It is interesting to compare the SARCS sample with
the SLACS and MACS samples which span the lower end
and higher end of the ISD, respectively. These samples
also have different selection functions compared to the
SARCS sample. We apply the same procedure to calcu-
late the observed ISD for SLACS and MACS data points
shown in Fig. 9. Intriguingly, the SLACS data points lie
in the regime where the SIS density profile just ceases
to be dominant. Although the SLACS sample appears
to be incomplete by a factor of 2 to 3 in the lowest θ
bin, the ISD of SLACS could be seen as an extrapola-
tion of the ISD from the SARCS sample. As expected,
the MACS sample is nearly consistent with either the
NFW or total profile. Assuming that incompleteness is
the only major factor in the ISD of SLACS, the expected
ISD corresponding to the total profile best matches the
SLACS, SARCS and MACS samples combined.

We note that we have not accounted for any effects due
to purity or incompleteness of the SARCS sample in this
paper. We suspect that the completeness of the sample
as a function of the image separation is not severely af-
fected due to the selection function. We are currently
investigating this issue and the results will be presented
in a forthcoming paper.

3.4.3. Tests with varying models

Here, we test the effects of varying the different com-
ponents of the O06 model and compare against the ob-
served ISD. Since different models have different values
of P (> θcut), we predict dPlens/dθ from each model and
compare it with the observed ISD in Fig. 10. We test
only for image separations spanning the observed θ val-
ues. In the Fig. 9 and both the panels of Fig. 10, the
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systematic issues are variability and time delays, wavelength
dependencies on the flux ratios, and any contribution from
stellar microlensing. A detailed examination of these prob-
lems is beyond the scope of our present study. Given the
current data for most lenses, the image flux uncertainties are
certainly lower than 20%, probably lower than 10%, and
unlikely to be lower than 5%. The errors in the image and
lens positions are dominated by measurement errors rather
than systematic errors.

We first analyze the data assuming a fixed mass scale of
b ¼ 0>001 and a tidal radius of a ¼ 0>032. As shown in
Figure 5, the results for the real lens sample have qualitative
properties that are very similar to the results of the Monte
Carlo simulations shown in Figure 3. The median estimate
for the surface density depends on the assumed level of sys-
tematic uncertainties in the image flux ratios, with
fsat " 2!=!c ¼ 0:051, 0.024, and 0.0097 for flux ratio uncer-
tainties of 5%, 10%, and 20%, respectively. The 90% confi-
dence ranges for the three cases are 0:027 < fsat < 0:096,
0:0098 < fsat < 0:058, and 0:0014 < fsat < 0:037, respec-
tively. In all three cases, the distributions are broadly consis-
tent with the 0:02 < fsat < 0:15 range found in the Klypin et
al. (1999) simulations, and well above the 10#4

dfsatd10#3

range found in visible satellites (see Mao & Schneider 1998;
Chiba 2002).

We also calculate the probabilities as a function of both
fsat and the mass scale b as shown in Figure 6. With
10% flux errors, the median estimates for the surface
density and mass scale are fsat ¼ 0:020 and b ¼ 0>0013,
with 90% confidence regions of 0:0058 < fsat < 0:068
and 0>0001 < b < 0>007. For a dn=dM / 1=M2

(Mlow < M < Mhigh) satellite mass function, this implies
that the upper mass scale is in a range
106 M$dMhighd109 M$ that is consistent with the expect-
ations for satellites. There is a relatively strong covariance
between the parameters b and fsat, with low surface densities
requiring higher mass scales. The slope of the likelihood
contours is very close to the b / f #2

sat slope corresponding to
constant shear or convergence perturbations (see eq. [18])
rather than the flatterb/ f #2=3

sat slope corresponding to con-
stant astrometry perturbations (see eq. [17]). If we assume
5% flux errors, then the surface density and mass scales are
restricted to larger values, with 0:013dfsatd0:078 and
0>00036dbd0>013. If we assume 20% flux errors, a
broader range is permitted, with 0:0016dfsatd0:051 and
0>000015dbd0>0023. These calculations neglect the
smoothing effects of the finite source size (D! % 0:01–1.0
mas), which will wash out the perturbations from smaller
satellites if D!eb. With a finite source size, we would
require a larger satellite fraction to produce the same pertur-
bations to the images. On a final if qualitative note, the gen-
eral properties of the likelihood distributions for the real
data are remarkably similar to those of the Monte Carlo
simulations.

4. DISCUSSION

CDM simulations generically produce halos in which
%2%–15% of the mass is comprised by substructure, which
is 50–100 times more mass than is observed in the satellites
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Fig. 5.—Results for the observed lens sample with b ¼ 0>001. The solid
curves show the probability distributions assuming errors in the flux ratios
of 5%, 10%, and 20%. The points on the curves mark the median surface
density (triangles) and the regions encompassing 68.3% (1 ": squares) and
95.4% (2 ": pentagons) of the probability. The region between the vertical
lines is the range of substructure mass fractions found in the Klypin et al.
(1999) simulations. Normal satellite populations, with 10#4

dfsatd10#3,
correspond to a region off the left edge of the figure.

0.001 0.01 0.1 1

Fig. 6.—Results for the observed lens sample as a function of both the
surface density fsat and the mass scale b. For the case with 10% flux errors,
we show the probability contours enclosing 68% (1 "), 90%, and 95% (2 ")
of the total probability using thick solid curves. For the cases with 5% and
20% flux errors, we show only the probability contour encompassing 90%
of the probability using a thin solid curve. The region between the vertical
lines is the range of substructure mass fractions found in the Klypin et al.
(1999) simulations. Normal satellite populations, with 10#4

dfsatd10#3,
correspond to a region off the left edge of the figure.
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we derive Poisson constraints on the underlying subhalo
abundance.

Figure 11 shows the resulting constraints on the differential
subhalo mass function, dn d M Mlog sub( ), derived from the
maps of �D shown in Figure 10. In mass bins where no
subhalos were detected, the downward arrows indicate 95%
upper limits. For the mass bin atMsub=109Me where we have
a detected subhalo, the central 95% confidence region is 0.012
arcsec−2<n<0.2 arcsec−2. If we instead define the
confidence region in terms of levels of equal posterior
encompassing 95% of the posterior, we obtain 0.003
arcsec−2<n<0.1806 arcsec−2. The reason these two ranges
are somewhat different is that the likelihood is asymmetric.

Combining the bounds from the different mass bins, we can
derive constraints on the subhalo mass function using
Equation (26). We describe the mass function using a simple
parametrization, = h-dn d M A M Mlog pivot( ) , and show in
Figure 12 the constraints on these parameters. In the next
section we compare these constraints to the amount of
substructure expected for lens galaxies like SDP.81 in ΛCDM
cosmologies.

6. COMPARISON TO ΛCDM PREDICTIONS

In this section, we compare the constraints on the subhalo
abundance in SDP.81 found above, with predictions from
ΛCDM simulations, and also discuss the neighboring environ-
ment of this system. To predict the subhalo mass function
down to the small masses probed while fully accounting for the
halo-to-halo scatter, we follow the methodology presented in
Mao et al. (2015), which captures the dominant source of the
halo-to-halo scatter by considering both mass and concentra-
tion of host halos. The model is able to reproduce the subhalo
abundance found in high-resolution zoom-in simulations(e.g.,
Xu et al. 2015) as well as larger statistical samples of halos.

We assume the cumulative subhalo mass function has the
form of
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where Mhost is the host halo mass, M0 and η are the
normalization and the log–log slope, respectively, of the
subhalo mass function. We then use ΛCDM simulations to
calibrate the relation between the parameter M0 and the mass
and concentration of the host halo. To calibrate this relation, we
use the same set of high-resolution zoom-in simulations
described in Mao et al. (2015) with the addition of a very
high-resolution cosmological box, (40963 particles in a
400Mpc/h box, ds14_i) from the Dark Sky Simulations(S-
killman et al. 2014).15 This calibration is done by: (1) assuming
a constant log–log slope (η); (2) then finding the best-fit M0 for
each host halo in the simulations; and (3) finally, finding the
best-fit values of (α, β, γ) for all host halos in

a= b gM M c . 280 host host ( )
With this model we can then predict the subhalo mass function
given the host halo mass and concentration and the log–log
slope.
The subhalo abundance predicted in the procedure described

above is for all subhalos within the virial radius of the host
halo. To convert our prediction to the relevant quantity probed

Figure 11. Error bars indicate the 95% confidence limits on the projected
differential number density of subhalos around SDP.81 derived using the non-
detection regions shown in Figure 10 and the detection of the 109 Me subhalo.
For comparison, the shaded band shows the 90% confidence region from Dalal
& Kochanek (2002).

Figure 12. Limits on the normalization (A) and slope (η) of the mass function
= h-dn d M A M Mlog pivot( ) using the bounds in Figure 11. Here we use

Mpivot=109Me. The gray contours show constraints derived using Equa-
tion (26), while the red contours show how the constraints change if we neglect
the marginally detected subhalo with M≈108Me. The top panel shows the
probability at η=0.9. The red and black curves simply show a slice of the
probability of the lower panel at η=0.9. For comparison, the histograms show
the distribution of A using assumptions based on ΛCDM simulations assuming
two different values of csubs/chost, which are intended to be representative.
These values assume η=0.9 and a distribution of host halo masses and
concentrations given by abundance matching. See Section 6 for details.

15 http://darksky.slac.stanford.edu
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systematic issues are variability and time delays, wavelength
dependencies on the flux ratios, and any contribution from
stellar microlensing. A detailed examination of these prob-
lems is beyond the scope of our present study. Given the
current data for most lenses, the image flux uncertainties are
certainly lower than 20%, probably lower than 10%, and
unlikely to be lower than 5%. The errors in the image and
lens positions are dominated by measurement errors rather
than systematic errors.

We first analyze the data assuming a fixed mass scale of
b ¼ 0>001 and a tidal radius of a ¼ 0>032. As shown in
Figure 5, the results for the real lens sample have qualitative
properties that are very similar to the results of the Monte
Carlo simulations shown in Figure 3. The median estimate
for the surface density depends on the assumed level of sys-
tematic uncertainties in the image flux ratios, with
fsat " 2!=!c ¼ 0:051, 0.024, and 0.0097 for flux ratio uncer-
tainties of 5%, 10%, and 20%, respectively. The 90% confi-
dence ranges for the three cases are 0:027 < fsat < 0:096,
0:0098 < fsat < 0:058, and 0:0014 < fsat < 0:037, respec-
tively. In all three cases, the distributions are broadly consis-
tent with the 0:02 < fsat < 0:15 range found in the Klypin et
al. (1999) simulations, and well above the 10#4

dfsatd10#3

range found in visible satellites (see Mao & Schneider 1998;
Chiba 2002).

We also calculate the probabilities as a function of both
fsat and the mass scale b as shown in Figure 6. With
10% flux errors, the median estimates for the surface
density and mass scale are fsat ¼ 0:020 and b ¼ 0>0013,
with 90% confidence regions of 0:0058 < fsat < 0:068
and 0>0001 < b < 0>007. For a dn=dM / 1=M2

(Mlow < M < Mhigh) satellite mass function, this implies
that the upper mass scale is in a range
106 M$dMhighd109 M$ that is consistent with the expect-
ations for satellites. There is a relatively strong covariance
between the parameters b and fsat, with low surface densities
requiring higher mass scales. The slope of the likelihood
contours is very close to the b / f #2

sat slope corresponding to
constant shear or convergence perturbations (see eq. [18])
rather than the flatterb/ f #2=3

sat slope corresponding to con-
stant astrometry perturbations (see eq. [17]). If we assume
5% flux errors, then the surface density and mass scales are
restricted to larger values, with 0:013dfsatd0:078 and
0>00036dbd0>013. If we assume 20% flux errors, a
broader range is permitted, with 0:0016dfsatd0:051 and
0>000015dbd0>0023. These calculations neglect the
smoothing effects of the finite source size (D! % 0:01–1.0
mas), which will wash out the perturbations from smaller
satellites if D!eb. With a finite source size, we would
require a larger satellite fraction to produce the same pertur-
bations to the images. On a final if qualitative note, the gen-
eral properties of the likelihood distributions for the real
data are remarkably similar to those of the Monte Carlo
simulations.

4. DISCUSSION

CDM simulations generically produce halos in which
%2%–15% of the mass is comprised by substructure, which
is 50–100 times more mass than is observed in the satellites

0.001 0.01 0.1 1
0

0.05

0.1

0.15

0.2

0.25

0.001 0.01 0.1 1
0

0.05

0.1

0.15

0.2
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Fig. 5.—Results for the observed lens sample with b ¼ 0>001. The solid
curves show the probability distributions assuming errors in the flux ratios
of 5%, 10%, and 20%. The points on the curves mark the median surface
density (triangles) and the regions encompassing 68.3% (1 ": squares) and
95.4% (2 ": pentagons) of the probability. The region between the vertical
lines is the range of substructure mass fractions found in the Klypin et al.
(1999) simulations. Normal satellite populations, with 10#4

dfsatd10#3,
correspond to a region off the left edge of the figure.

0.001 0.01 0.1 1

Fig. 6.—Results for the observed lens sample as a function of both the
surface density fsat and the mass scale b. For the case with 10% flux errors,
we show the probability contours enclosing 68% (1 "), 90%, and 95% (2 ")
of the total probability using thick solid curves. For the cases with 5% and
20% flux errors, we show only the probability contour encompassing 90%
of the probability using a thin solid curve. The region between the vertical
lines is the range of substructure mass fractions found in the Klypin et al.
(1999) simulations. Normal satellite populations, with 10#4

dfsatd10#3,
correspond to a region off the left edge of the figure.

No. 1, 2002 DIRECT DETECTION OF CDM SUBSTRUCTURE 31

Anomalies in the flux ratios of lensed quasars 
to test LCDM predictions about subhalos 

(Dalal & Kochanek 2002)

Lens: Dark Matter



• Test of CDM (cosmological) model 
using subhalo/substructure mass 
function

Mapping the DM subhalo mass function 
with strong lensing to test LCDM 

predictions 
Natarajan et al. 2017

Lens: Dark Matter

SDSS J1226+2149  Credit: ESA/Webb, NASA & CSA, J Rigby



Source:  Galaxies

RCSGA 032727-132609:  Reconstructed source (inset) 
Sharon et al. 2012

• Stellar population (bulk) properties: luminosity, stellar mass, 
velocity dispersion, star-formation rate, clump sizes, metallicity



ar
X

iv
:1

31
2.

15
64

v1
  [

as
tro

-p
h.

G
A

]  
5 

D
ec

 2
01

3

Draft version May 22, 2018
Preprint typeset using LATEX style emulateapj v. 11/26/03
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ABSTRACT

We present a detailed analysis of multi-wavelength HST/WFC3 imaging and Keck/OSIRIS near-IR
AO-assisted integral field spectroscopy for a highly magnified lensed galaxy at z = 1.70. This young
starburst is representative of UV-selected star-forming galaxies (SFG) at z ∼ 2 and contains multiple
individual star-forming regions. Due to the lensing magnification, we can resolve spatial scales down
to 100 pc in the source plane of the galaxy. The velocity field shows disturbed kinematics suggestive of
an ongoing interaction, and there is a clear signature of a tidal tail. We constrain the age, reddening,
SFR and stellar mass of the star-forming clumps from SED modelling of the WFC3 photometry and
measure their Hα luminosity, metallicity and outflow properties from the OSIRIS data. With strong
star formation driven outflows in four clumps, RCSGA0327 is the first high redshift SFG at stellar
mass < 1010 M⊙ with spatially resolved stellar winds. We compare the Hα luminosities, sizes and
dispersions of the star-forming regions to other high-z clumps as well as local giant H II regions and
find no evidence for increased clump star formation surface densities in interacting systems, unlike in
the local Universe. Spatially resolved SED modelling unveils an established stellar population at the
location of the largest clump and a second mass concentration near the edge of the system which is
not detected in Hα emission. This suggests a picture of an equal-mass mixed major merger, which
has not triggered a new burst of star formation or caused a tidal tail in the gas-poor component.
Subject headings: galaxies: high-redshift, strong gravitational lensing, galaxies: kinematics and dy-

namics, galaxies: structure

1. INTRODUCTION

High redshift star-forming galaxies (SFG) show in-
creasingly irregular and clumpy morphologies com-
pared to the local Universe. This was first ob-
served at rest-frame UV wavelengths with the Hub-
ble Space Telescope (HST) (Griffiths et al. 1994;
van den Bergh et al. 1996; Elmegreen et al. 2007), and
has since been confirmed in rest-frame optical light
(Elmegreen et al. 2009; Förster Schreiber et al. 2011;
Guo et al. 2012), Hα emission (Swinbank et al. 2009;
Jones et al. 2010; Genzel et al. 2011; Livermore et al.
2012; Wisnioski et al. 2012), and sub-millimeter emis-
sion (Swinbank et al. 2010). Locally, such irregular mor-
phologies are associated with mergers, but a range of
recent observational findings point toward this not being
the common explanation at high redshift. The existence
of a tight correlation between star formation rate (SFR)
and stellar mass out to at least z ∼ 2.5, referred to as
the main-sequence of star formation, favors continuous
star formation activity over a series of rapid, luminous
merger-driven bursts (Noeske et al. 2007; Elbaz et al.
2007; Daddi et al. 2007; Wuyts et al. 2011). Outliers
of the main-sequence account for only 10% of the cos-
mic star formation density at z ∼ 2 (Rodighiero et al.
2011). Counts of both galaxy pairs and disturbed

1 Max-Planck-Institut für extraterrestrische Physik, Postfach
1312, Giessenbachstr., D-85741 Garching, Germany

2 Observational Cosmology Lab, NASA Goddard Space Flight
Center, Greenbelt, MD 20771

3 Department of Astronomy and Astrophysics, University of
Chicago, 5640 S. Ellis Av., Chicago, IL 60637

4 Kavli Institute for Cosmological Physics, University of
Chicago, 5640 South Ellis Avenue, Chicago, IL 60637

5 Department of Astronomy and Astrophysics, University of
Michigan

morphologies (Conselice et al. 2009; Lotz et al. 2011;
Kaviraj et al. 2013), as well as studies of gas-phase
kinematics (Förster Schreiber et al. 2009; Epinat et al.
2012), limit the z ∼ 2 merger rate to up to 30%.
Based on the high gas fractions of 30-80% (Daddi et al.
2010; Tacconi et al. 2010, 2012) and high velocity dis-
persions of 50-100 km/s (Förster Schreiber et al. 2009;
Law et al. 2009; Wisnioski et al. 2011) of z ∼ 2 SFGs,
an alternative picture has developed where luminous kpc-
sized clumps are formed through gravitational instabili-
ties in a dynamically unstable, gas-rich, turbulent disk
(Noguchi 1999; Immeli et al. 2004a,b; Bournaud et al.
2007; Dekel et al. 2009; Genel et al. 2012). If they can
survive long enough, these clumps are expected to mi-
grate towards the center of the galaxy due to dynamical
friction and coalesce into a young bulge on timescales of
∼ 0.5 Gyr. In this scenario the galaxy’s gas reservoir
is continuously replenished by the accretion of gas from
the halo through minor mergers and cold flows, to sustain
the observed large gas fractions and strong star formation
activity (Kereš et al. 2005, 2009; Bournaud & Elmegreen
2009; Dekel et al. 2009). These observational and theo-
retical results favour internal secular evolution over ma-
jor mergers to explain the high star formation density
and clumpy morphology of SFGs at z ∼ 2. However,
merging is still thought to play an important role in the
cosmological mass assembly of galaxies, the quenching
of star formation and the morphological transitions of
galaxies from late to early-type (e.g. Springel et al. 2005;
Naab & Burkert 2003; Naab et al. 2007; Guo & White
2008; Hopkins et al. 2010).

Current observational studies of the kinematics of
high-z SFGs and the properties of their individual star-

6 Sharon et al.

Fig. 4.— Rendition of the source reconstruction from the four magnified images into one frame. The emission knots are labeled as in
Figure 1.

separately for segments of the giant arc as well as the
total magnification.
We estimate the magnification uncertainty through a

simulation, in which we compute many lens models, in
each one drawing a set of model parameters from steps
in the MCMC that are within [�2

min,�
2
min + 2]. This

range encompasses the 1�� uncertainty in the parameter
space. We then measure the magnification as described
above in each model, and report the magnification ac-
cording to the best-fit model, and the range of magnifi-
cations found in the simulation, which is equivalent to a
1� � confidence interval.
We find that the total magnification of the source, mea-

sured as the total area of all of its images devided by the
area of the model-generated source, is 28.4+3.4

�2.7. The av-

erage magnification across the giant arc is 25.1+3.2
�2.5, and

the counter image is magnified by 3.0+0.2
�0.1. The fifth im-

age, close to the BCG, is de-magnified, i.e., it appears
smaller on the sky than the source would have appeared
had it not been lensed. Its magnification is 0.38+0.06

�0.12.
Breaking the giant arc into its three separate images, we
find magnifications of 10.4+1.1

�0.8, 20.6
+2.6
�2.2, 9.7

+1.1
�0.9 for im-

ages 1, 2, and 3, respectively. Note that images 1 and 2
do not represent the entire source galaxy, and therefore
the total magnification of the source is not a simple lin-
ear summation of the magnifications. Figure 6 shows a
part of the giant arc that was targeted for longslit spec-
troscopy in R11, and the de-lensed location of the slit
in the source plane. We find that the portion of the arc
that is covered by the slit is magnified by 42.2± 5.5.
The simulations used to assess the uncertainties allow

us to explore the dependence of the magnification on
model parameters, and degeneracies and correlations be-
tween these parameters. Similar to Jullo et al. (2007), we

find that the strongest correlation between model param-
eters is between rcore and �: higher values of rcore result
in higher values of �. The ellipticity is anti-correlated
with both � and rcore. A similar correlation exists be-
tween these parameters and the source magnification.
Figure 7 shows the dependence of the total magnifica-
tion on some of the model parameters (other parameters
show no significant correlations, and are not shown). The
magnification increases linearly with � and rcore, and de-
creases with the cluster ellipticity. Interestingly, we find
a correlation with the model-predicted redshift of S7,
meaning that securing the redshift of this arc through
spectroscopy will reduce the magnification uncertainty.

5. THE STAR FORMATION RATE

In R11 we used 1.3 hr of Keck/NIRSPEC spectroscopy
to determine physical properties of the source, including
extinction, electron temperature, oxygen abundance,and
the N/O, Ne/O, and Ar/O abundance ratios. Most of
these properties are independent of the lensing magnifi-
cation. The exception is the star formation rate (SFR),
which was measured from the flux divided by the average
magnification. This average magnification has now been
better measured from our new lens model, warranting a
re-examination of the star formation rate measured in
R11. Furthermore, the much higher spatial resolution of
our new lensing map compared to that available to R11
enables us to better contextualize their results.
Figure 6 shows the de-lensed R11 NIRSPEC slit on the

source plane. The new lens model and source reconstruc-
tion shows that the slit targets a very small portion of
the source galaxy, which is highly magnified due to its
location close to the caustic. It is therefore not represen-
tative of the galaxy as a whole, but nevertheless provides
a unique opportunity to probe 100 pc scale areas in the
galaxy.

magnification
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ABSTRACT

We present new HST/WFC3 imaging data of RCSGA 032727-132609, a bright lensed galaxy at
z=1.7 that is magnified and stretched by the lensing cluster RCS2 032727-132623. Using this new
high-resolution imaging, we modify our previous lens model (which was based on ground-based data) to
fully understand the lensing geometry, and use it to reconstruct the lensed galaxy in the source plane.
This giant arc represents a unique opportunity to peer into 100-pc scale structures in a high-redshift
galaxy. This new source reconstruction will be crucial for a future analysis of the spatially-resolved
rest-UV and rest-optical spectra of the brightest parts of the arc.
Subject headings: Galaxies: clusters: individual:RCS2 032727-132623 — Gravitational lensing: strong

1. INTRODUCTION

The study of galaxy formation and evolution relies on
imaging and spectroscopy of high-redshift galaxies. The
relevant data are typically limited by the surface bright-
ness of these galaxies, and their spatial size only allows
a measurement of the galaxy as a whole, limiting our
ability to understand where in the galaxy processes like
star formation occur. To reach su�cient levels of signal-
to-noise, studies often stack spectra of many galaxies,
thus averaging over a population (e.g., Shapley 2003,
Reddy et al. 2010). The only means to study indi-
vidual high-z galaxies in detail, at least until the era
of JWST and 30m-class telescopes, is to analyze lensed
galaxies whose brightnesses are magnified, and spatial
sizes are stretched by the gravitational potential of the
lens, making them suitable for spatially-resolved spec-
troscopy. Such a rare case of a lensed galaxy was re-
cently discovered in the second Red Sequence Cluster
Survey (RCS2; Gilbank et al. 2011) Giant Arc Survey
(Bayliss et al., in prep.), as an extremely bright, highly-
stretched lensed galaxy at z = 1.7, lensed by the cluster
RCS2 032727-132623. The giant arc, labeled RCSGA
032727-132609, is ⇠ 3800 long, and has a moderately-
magnified counter image. In Wuyts et al. (2010) we
report the discovery of RCSGA 032727-132609, spectral
confirmation, the measurement and modeling of its spec-
tral energy distribution from ground-based data, and
a preliminary strong-lensing mass model of the lensing
cluster. In Rigby et al. (2011; hereafter R11), we an-
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alyze a Keck/NIRSPEC spectrum of the brightest part
of the arc to determine the physical conditions in this
galaxy. The interpretation of our findings in both pa-
pers relied on a preliminary lens model based on ground-
based imaging, which did not allow unique identification
of arc substructure at the level required for a robust lens
model; this limited our ability to fully understand the
lensed, highly distorted arc in terms of its source mor-
phology. It also compromises the precision and accuracy
with which we can determine the average magnification
of the galaxy, a property crucial for calculating intrin-
sic properties such as the star formation rate. In this
paper, we use Hubble Space Telescope (HST) imaging
with Wide Field Camera 3 (WFC3) to uniquely iden-
tify features in the lensed galaxy. With the dramatic
improvement in spatial resolution (less then 0.001 FWHM
in the UVIS channel) relative to the ground-based data
(0.005 seeing at best, see Wuyts et al. 2010), these data,
along with newly-discovered additional multiply-lensed
galaxies, are used to generate a robust lens model of the
cluster. The observations and data reduction are de-
scribed in § 2. Lensing analysis and derived magnifica-
tions are presented in § 3 and § 4; and in § 5, the physical
conditions of the source are revisited, based on the new
lens model. We assume a flat cosmology with ⌦⇤ = 0.7,
⌦m = 0.3, and H0 = 70 km s�1 Mpc�1. Magnitudes are
reported in the AB system.

2. OBSERVATIONS

The field of RCS2 032727-132623 was imaged by
HST/WFC3 on 2011, March 1 UT, during four orbits, as
part of GO program 12267 (PI: Rigby). The data were
acquired using six broad-band filters and one narrow-
band filter: F390W (total exposure time 1401 s), F606W
(1003 s), and F814W (2133 s) in the UVIS channel, and
F098M (1212 s), F125W (862 s), F132N (2212 s), and
F160W (862 s) in the IR channel. The IR medium/wide
filters were chosen in order to measure the Balmer break,
and to subtract the continuum light from the narrow-
band IR filter, F132N, which samples the H� line at
1.3153µm. The UVIS imaging samples the spatially-
resolved UV spectral slope.
The imaging strategy consists of four sub-pixel dither

positions in each filter to reconstruct the PSF, reject cos-
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Source:  Galaxies
• Stellar population (bulk) properties: luminosity, stellar mass, velocity dispersion, star-formation rate, clump 

sizes, metallicity

Reconstructed source (inset) 
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6

Fig. 5.— Source-plane maps of the F390W flux, Hα flux, velocity, and velocity dispersion for image 3. The latter three maps are
smoothed with a boxcar average of 3 pixels for the purpose of visualisation.The x- and y-axes are centered on clump g; clumps g, e, and b
are marked by black crosses (from left to right). The kinematic axis and the axis along the “arm” which extends to the North-East from
clump g are overlaid on the velocity map as dashed and solid lines respectively.

Fig. 6.— Source-plane maps for image 2, which contains a smaller, but more highly-magnified part of the source-plane galaxy. The size,
centering and scaling of the maps is identical to Figure 5. Clumps e and b are marked by black crosses (from left to right).
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Metallicity

We estimate the metallicity from the Hα and [N II]
emission line fluxes measured in the NIRSPEC and
FIRE spectra. Using the third-order polynomial fit of
Pettini & Pagel (2004), we infer a metallicity of 12 +
log(O/H) = 8.16±0.02 for clump u, and 12+log(O/H) =
8.34± 0.02 for clump e2 from the NIRSPEC data. From
FIRE, we derive a metallicity of 12 + log(O/H) =
8.16± 0.02 for clump u and 12+ log(O/H) = 8.12± 0.02
for clump b2. These estimates are consistent with the
OSIRIS results presented in §4.4 as can also be seen in
the bottom right panel of Figure 13.
The extended wavelength coverage of the NIRSPEC

and FIRE spectra includes additional lines which can
be used to estimate metallicity. One needs to keep
in mind the significant offsets between different strong-
line indicators, which need to be converted to the same
base calibration before any comparison can be made
(Kewley & Ellison 2008). Additionally, emission line
fluxes need to be corrected for dust extinction when the
strong-line indicator spans a large wavelength range. The
R23 index, logR23 = log[([O II] λ3727 + [O III] λ4959
+ [O III] λ5007)/Hβ] is commonly used in the litera-
ture. This indicator is double-valued with a low and
high metallicity result for every value of R23. Using the
[N II]/[O II] flux ratio to distinguish between both metal-
licity branches (Kewley & Ellison 2008), we find that all
clumps fall on the upper branch. We proceed to use the
upper branch R23 calibration from Zaritsky et al. (1994)
as well as Kobulnicky & Kewley (2004) and convert both
results to our base metallicity calibration of [N II/Hα]
from Pettini & Pagel (2004). The results for all clumps
are shown in Figure 12. Only statistical uncertainties are
shown, the indicators each have a systematic uncertainty
of at least 0.2 dex. The larger uncertainties for the R23
indicators originate from the propagation of the uncer-
tainty in the reddening. We see a general agreement be-
tween metallicity indicators, except for clump e2, where
the metallicity derived from the [N II]/Hα ratio is larger
by ∼ 0.15 dex. This offset falls within the significant
systematic uncertainties involved in the comparison of
metallicity indicators, but given the agreement between
the N2 and R23 index for the other clumps, it does sug-
gest that the [N II]/Hα ratio of clump e2 is elevated. This
agrees with the higher electron density measured for this
clump, which results in an increased rate of collisional
excitation. Additionally, the galactic wind detected for
clump e could drive shock excitation. At high redshift
(z > 1.5), the presence of slow shocks mimics a higher
metallicity starburst (Kewley et al. 2013).

Outflows

The FIRE spectrum of clump b2 and the NIRSPEC
spectra of clump e2 show an outflow consistent with the
OSIRIS results. No outflow is detected in the FIRE or
NIRSPEC spectra of clump u.

4.6. Radial Variation of Clump Properties

Any trends in clump properties with respect to their
location within the galaxy can provide additional con-
straints on the clump origin. No correlation is expected

for Research in Astronomy, Inc., under cooperative agreement with
the National Science Foundation.
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Fig. 12.— Comparison of metallicity indicators for the
NIRSPEC and FIRE spectra. We show metallicities derived
from the N2 index, log([N II] λ6584/Hα) as calibrated by
Pettini & Pagel (2004) (red circles), as well as metallicities derived
from the R23 index, logR23 = log[([O II] λ3727 + [O III] λ4959
+ [O III] λ5007)/Hβ] as calibrated by Zaritsky et al. (1994)
(blue squares) and Kobulnicky & Kewley (2004) (blue diamonds).
The latter two have been converted to the N2 calibration of
Pettini & Pagel (2004) with the conversions from Kewley & Ellison
(2008). Only statistical uncertainties are shown, the indicators
each have a systematic uncertainty of at least 0.2 dex.

between the properties of separate interacting compo-
nents. Since there is no clear definition of the galaxy
center for RCSGA0327, we adopt the position of clump
g, which is the brightest clump and corresponds to a
strong peak in stellar mass surface density (see §5). For
each clump, the projected distance to clump g is mea-
sured in the reconstructed source-plane images. The top
left panel of Figure 13 shows the rest-frame U − V color
F606W-F160W as well as a measure of the UV-slope
from the F390W-F814W color. We see a slight radial
trend, where clumps become redder by 0.5-1 mag when
moving East from clump a towards clump g. Such color
trends have been interpreted as evidence for a radial age
trend, confirming a picture of radial migration of clumps
formed through gravitational collapse of a turbulent disk
(Guo et al. 2012). However, rest-frame UV color is gov-
erned by a degeneracy between age, metallicity and dust
extinction, and a color trend can be caused by a trend
in any of these parameters. The top right panel shows
the stellar age as derived from the SED using both the
Calzetti and SMC extinction laws (filled and open red
squares respectively). The stellar age remains roughly
constant across the clumps, within the significant un-
certainties. There is some evidence for an increase in
reddening towards clump g, as shown in the bottom left
panel. Some correlation between color and reddening is
expected from the SED modelling, but the trend is con-
firmed by the reddening of the ionized gas derived from
the NIRSPEC and FIRE spectra (blue filled circles).
The bottom right panel of Figure 13 shows the

[N II]/Hα ratio, as measured in OSIRIS as well as the
NIRSPEC and FIRE spectra. The [N II]/Hα ratio shows
a mostly flat gradient across the clumps, with the ex-
ception of clump e. We have discussed in §4.5 how the

• Ongoing interaction of 1 gas-rich 
and 1 gas-poor component  

• large tidal tail, 7 SF regions 
size~500pc           

• clumps show consistent VD-Lum 
relation with other high-z clumps 
(Wuyts et al. 2013)
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Fig. 15.— Source-plane images of RCSGA0327 based on the counter-image: surface brightness distributions in the F606W and F160W
bands (corresponding to rest-frame 2800Å and 5500Å); rest-frame U-V color map based on F814W-F160W; stellar age; dust extinction;
and stellar mass surface density. Clumps g, e and b are marked by black crosses, from left to right. The contour on the stellar mass surface
density map corresponds to log(ΣM∗) = 8.0.
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SDSS J1226+2149, galaxy cluster at 6.3 billion light-years 
Credit: ESA/Webb, NASA & CSA, J. Rigby and HST



Source: Quasars

6 X. Ding et al.

Figure 3. Illustration of observed (top) and evolution-corrected (bottom) correlations of MBH-Lbulge(left) and MBH-Ltotal(right).
For distant AGNs, the redshifts are color-coded. The local data and their linear fitting (using an MCMC process) are colored in gray
(1-� region) with the best-fitted coe�cients in blue color. We use the star symbol to highlight our new lensed-based measurements of
HE0435 and RXJ1131. The total uncertainty for Lhost and MBH of distant AGNs are adopted to be 0.2 dex (⇠ 0.5 mag) and 0.4 dex,
respectively.
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Black hole mass - host luminosity relation 
(Ding et al. 2017)
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• Hubble Constant using time delays between multiply lensed SNe   
(Refsdal 1964)
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• Hubble Constant using time delays between multiply lensed SNe   
(Refsdal 1964)



Cosmology

• Lensed Quasars have been used hitherto for H0 (Suyu 2012, Bonvin 
et al. 2017, Birrer et al. 2020 COSMOGRAIL, H0LiCoW  and 
TDCOSMO collaborations)


• Pros: Much more abundant than lensed SNe;  Cons: Painstakingly 
long monitoring observations spanning decades

TDCOSMO, Birrer et al. 2020
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Figure 1. H0LiCOW lens sample, consisting of four quadruply lensed quasar systems in various configurations and one doubly lensed
quasar system. The lens name is indicated above each panel. The color images are composed using 2 (for B1608+656) or 3 (for other
lenses) HST imaging bands in the optical and near-infrared. North is up and east is left.

four quads span the three generic multiple image configura-
tions we have in galaxy-scale strong lenses: symmetric, fold
(with 2 merging images) and cusp (with 3 merging images).
Therefore, our sample will allow us to explore to some extent
the optimal image configuration for cosmographic studies.

Our sample of lenses was chosen based on three criteria:
(1) availability of accurate and precise time delays, (2) ex-
isting measurements of spectroscopic redshifts for both the
lens and the background source, and (3) the lens system is
not located near a galaxy cluster (to avoid potentially large
systematic effects due to mass along the line of sight). We
prefer quads to doubles since quads provide more observa-
tional constraints on the mass model (e.g., more time delays,
image positions). The four quads in our sample were the only
known quad lenses that passed the above three criteria at the
time of our sample selection. There were a few doubles that
pass these criteria, and we chose HE 1104−1805 as the first
double in this pilot program given its relative simplicity for
mass modeling with only one strong-lens galaxy (in contrast
to other systems that have multiple massive lens galaxies).
We describe in more detail each of the lenses below.

B1608+656. The lens system was discovered in the
Cosmic Lens All-Sky Survey (CLASS; Myers et al. 1995;
Browne et al. 2003; Myers et al. 2003). The radio-loud AGN
is lensed into four images that are relatively dim in the op-
tical wavelength, thus showing clearly the extended Ein-
stein ring of the AGN host galaxy in the HST imaging
(Figure 1). Two of the four multiple images are close to-
gether, making this a standard “fold” configuration. The
system contains two lens galaxies that appear to be inter-
acting and resulting in dust extinction in the system (e.g.,
Surpi & Blandford 2003; Koopmans et al. 2003; Suyu et al.
2009). The lens and source redshifts are, respectively, zs =
1.394 (Fassnacht et al. 1996) and zd = 0.6304 (Myers et al.
1995). This system was the first quad lens with all three
time delays measured with uncertainties of only a few per-
cent (Fassnacht et al. 1999, 2002).

RXJ1131−1231. Sluse et al. (2003) discovered
RXJ1131−1231 serendipitously during polarimetric imag-
ing of a sample of radio quasars. This system shows a
spectacular Einstein ring, with multiple arclets that are the
lensed images of the AGN host galaxy containing a bulge
and a disk with spiral arms and star formation clumps.
Three of the four quasar images are close to each other,
forming the typical “cusp” configuration. The lens redshift

is at zd = 0.295 (Sluse et al. 2003, 2007), and the source
redshift is at zs = 0.654 (Sluse et al. 2007)2.

HE0435−1223. This lens system was found by
Wisotzki et al. (2002), originally selected in the Ham-
burg/ESO survey (Wisotzki et al. 2000) as a highly probable
quasar candidate. The background quasar is lensed into four
multiple images that are nearly symmetrically positioned
in the “cross” configuration. The background source is at
redshift zs = 1.693 (Sluse et al. 2012)3 and the foreground
strong lens is at redshift zd = 0.4546 (Morgan et al. 2005;
Eigenbrod et al. 2006). The HST image reveals an elliptical
ring that connects the four images of the AGN. This ring is
produced by the extended lensed images of the AGN galaxy.

WFI2033−4723. Morgan et al. (2004) discovered this
quad lens system as part of an optical imaging survey using
the MPG/ESO 2.2m telescope at La Silla, Chile that is op-
erated by the European Southern Observatory (ESO). The
lens system exhibits a typical fold configuration, since it con-
tains two merging quasar images. The quasar is at redshift
zs = 1.662 (Sluse et al. 2012), which is consistent with the
first measurement by Morgan et al. (2004). The quasar im-
ages are substantially brighter than the background quasar
host galaxy and the foreground lens galaxy. Morgan et al.
(2004) identified the foreground lens galaxy, whose redshift
was measured to be zd = 0.661 (Eigenbrod et al. 2006), con-
sistent with an earlier measurmeent by Ofek et al. (2006).
The high-resolution HST imaging shows several galaxies in
the vicinity of the lens system. Since these galaxies would
likely influence the lens potential, their redshifts will be ob-
tained with our ancillary data (Section 4.3) in order to in-
corporate them into the lens mass model.

HE 1104−1805. This system was also discovered in the
early phase of the Hamburg/ESO survey by Wisotzki et al.
(1993). The two lensed quasar images are separated by ∼ 3′′

and is unusual in having the brighter image as the one closer
to the foreground lens galaxy, which was first identified by

2 The source redshift of zs = 0.654 is based on the narrow
emission lines, which is considered more accurate than the Hα

and MgII lines (Hewett & Wild 2010) that yield zs = 0.657
(Sluse et al. 2007). We note that a 0.003 change in zs corresponds
to a < 0.4% change in D∆t for RXJ1131−1231, and even less
change in D∆t for the other higher-redshift lens systems.
3 based on Mg II emission line, which results in a slightly higher
redshift value than the previous measurement of zs = 1.689
(Wisotzki et al. 2002) from C IV line that is known to be prone
to systematic blueshifts in many quasars
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four quads span the three generic multiple image configura-
tions we have in galaxy-scale strong lenses: symmetric, fold
(with 2 merging images) and cusp (with 3 merging images).
Therefore, our sample will allow us to explore to some extent
the optimal image configuration for cosmographic studies.

Our sample of lenses was chosen based on three criteria:
(1) availability of accurate and precise time delays, (2) ex-
isting measurements of spectroscopic redshifts for both the
lens and the background source, and (3) the lens system is
not located near a galaxy cluster (to avoid potentially large
systematic effects due to mass along the line of sight). We
prefer quads to doubles since quads provide more observa-
tional constraints on the mass model (e.g., more time delays,
image positions). The four quads in our sample were the only
known quad lenses that passed the above three criteria at the
time of our sample selection. There were a few doubles that
pass these criteria, and we chose HE 1104−1805 as the first
double in this pilot program given its relative simplicity for
mass modeling with only one strong-lens galaxy (in contrast
to other systems that have multiple massive lens galaxies).
We describe in more detail each of the lenses below.

B1608+656. The lens system was discovered in the
Cosmic Lens All-Sky Survey (CLASS; Myers et al. 1995;
Browne et al. 2003; Myers et al. 2003). The radio-loud AGN
is lensed into four images that are relatively dim in the op-
tical wavelength, thus showing clearly the extended Ein-
stein ring of the AGN host galaxy in the HST imaging
(Figure 1). Two of the four multiple images are close to-
gether, making this a standard “fold” configuration. The
system contains two lens galaxies that appear to be inter-
acting and resulting in dust extinction in the system (e.g.,
Surpi & Blandford 2003; Koopmans et al. 2003; Suyu et al.
2009). The lens and source redshifts are, respectively, zs =
1.394 (Fassnacht et al. 1996) and zd = 0.6304 (Myers et al.
1995). This system was the first quad lens with all three
time delays measured with uncertainties of only a few per-
cent (Fassnacht et al. 1999, 2002).

RXJ1131−1231. Sluse et al. (2003) discovered
RXJ1131−1231 serendipitously during polarimetric imag-
ing of a sample of radio quasars. This system shows a
spectacular Einstein ring, with multiple arclets that are the
lensed images of the AGN host galaxy containing a bulge
and a disk with spiral arms and star formation clumps.
Three of the four quasar images are close to each other,
forming the typical “cusp” configuration. The lens redshift

is at zd = 0.295 (Sluse et al. 2003, 2007), and the source
redshift is at zs = 0.654 (Sluse et al. 2007)2.

HE0435−1223. This lens system was found by
Wisotzki et al. (2002), originally selected in the Ham-
burg/ESO survey (Wisotzki et al. 2000) as a highly probable
quasar candidate. The background quasar is lensed into four
multiple images that are nearly symmetrically positioned
in the “cross” configuration. The background source is at
redshift zs = 1.693 (Sluse et al. 2012)3 and the foreground
strong lens is at redshift zd = 0.4546 (Morgan et al. 2005;
Eigenbrod et al. 2006). The HST image reveals an elliptical
ring that connects the four images of the AGN. This ring is
produced by the extended lensed images of the AGN galaxy.

WFI2033−4723. Morgan et al. (2004) discovered this
quad lens system as part of an optical imaging survey using
the MPG/ESO 2.2m telescope at La Silla, Chile that is op-
erated by the European Southern Observatory (ESO). The
lens system exhibits a typical fold configuration, since it con-
tains two merging quasar images. The quasar is at redshift
zs = 1.662 (Sluse et al. 2012), which is consistent with the
first measurement by Morgan et al. (2004). The quasar im-
ages are substantially brighter than the background quasar
host galaxy and the foreground lens galaxy. Morgan et al.
(2004) identified the foreground lens galaxy, whose redshift
was measured to be zd = 0.661 (Eigenbrod et al. 2006), con-
sistent with an earlier measurmeent by Ofek et al. (2006).
The high-resolution HST imaging shows several galaxies in
the vicinity of the lens system. Since these galaxies would
likely influence the lens potential, their redshifts will be ob-
tained with our ancillary data (Section 4.3) in order to in-
corporate them into the lens mass model.

HE 1104−1805. This system was also discovered in the
early phase of the Hamburg/ESO survey by Wisotzki et al.
(1993). The two lensed quasar images are separated by ∼ 3′′

and is unusual in having the brighter image as the one closer
to the foreground lens galaxy, which was first identified by

2 The source redshift of zs = 0.654 is based on the narrow
emission lines, which is considered more accurate than the Hα

and MgII lines (Hewett & Wild 2010) that yield zs = 0.657
(Sluse et al. 2007). We note that a 0.003 change in zs corresponds
to a < 0.4% change in D∆t for RXJ1131−1231, and even less
change in D∆t for the other higher-redshift lens systems.
3 based on Mg II emission line, which results in a slightly higher
redshift value than the previous measurement of zs = 1.689
(Wisotzki et al. 2002) from C IV line that is known to be prone
to systematic blueshifts in many quasars
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four quads span the three generic multiple image configura-
tions we have in galaxy-scale strong lenses: symmetric, fold
(with 2 merging images) and cusp (with 3 merging images).
Therefore, our sample will allow us to explore to some extent
the optimal image configuration for cosmographic studies.

Our sample of lenses was chosen based on three criteria:
(1) availability of accurate and precise time delays, (2) ex-
isting measurements of spectroscopic redshifts for both the
lens and the background source, and (3) the lens system is
not located near a galaxy cluster (to avoid potentially large
systematic effects due to mass along the line of sight). We
prefer quads to doubles since quads provide more observa-
tional constraints on the mass model (e.g., more time delays,
image positions). The four quads in our sample were the only
known quad lenses that passed the above three criteria at the
time of our sample selection. There were a few doubles that
pass these criteria, and we chose HE 1104−1805 as the first
double in this pilot program given its relative simplicity for
mass modeling with only one strong-lens galaxy (in contrast
to other systems that have multiple massive lens galaxies).
We describe in more detail each of the lenses below.

B1608+656. The lens system was discovered in the
Cosmic Lens All-Sky Survey (CLASS; Myers et al. 1995;
Browne et al. 2003; Myers et al. 2003). The radio-loud AGN
is lensed into four images that are relatively dim in the op-
tical wavelength, thus showing clearly the extended Ein-
stein ring of the AGN host galaxy in the HST imaging
(Figure 1). Two of the four multiple images are close to-
gether, making this a standard “fold” configuration. The
system contains two lens galaxies that appear to be inter-
acting and resulting in dust extinction in the system (e.g.,
Surpi & Blandford 2003; Koopmans et al. 2003; Suyu et al.
2009). The lens and source redshifts are, respectively, zs =
1.394 (Fassnacht et al. 1996) and zd = 0.6304 (Myers et al.
1995). This system was the first quad lens with all three
time delays measured with uncertainties of only a few per-
cent (Fassnacht et al. 1999, 2002).

RXJ1131−1231. Sluse et al. (2003) discovered
RXJ1131−1231 serendipitously during polarimetric imag-
ing of a sample of radio quasars. This system shows a
spectacular Einstein ring, with multiple arclets that are the
lensed images of the AGN host galaxy containing a bulge
and a disk with spiral arms and star formation clumps.
Three of the four quasar images are close to each other,
forming the typical “cusp” configuration. The lens redshift

is at zd = 0.295 (Sluse et al. 2003, 2007), and the source
redshift is at zs = 0.654 (Sluse et al. 2007)2.

HE0435−1223. This lens system was found by
Wisotzki et al. (2002), originally selected in the Ham-
burg/ESO survey (Wisotzki et al. 2000) as a highly probable
quasar candidate. The background quasar is lensed into four
multiple images that are nearly symmetrically positioned
in the “cross” configuration. The background source is at
redshift zs = 1.693 (Sluse et al. 2012)3 and the foreground
strong lens is at redshift zd = 0.4546 (Morgan et al. 2005;
Eigenbrod et al. 2006). The HST image reveals an elliptical
ring that connects the four images of the AGN. This ring is
produced by the extended lensed images of the AGN galaxy.

WFI2033−4723. Morgan et al. (2004) discovered this
quad lens system as part of an optical imaging survey using
the MPG/ESO 2.2m telescope at La Silla, Chile that is op-
erated by the European Southern Observatory (ESO). The
lens system exhibits a typical fold configuration, since it con-
tains two merging quasar images. The quasar is at redshift
zs = 1.662 (Sluse et al. 2012), which is consistent with the
first measurement by Morgan et al. (2004). The quasar im-
ages are substantially brighter than the background quasar
host galaxy and the foreground lens galaxy. Morgan et al.
(2004) identified the foreground lens galaxy, whose redshift
was measured to be zd = 0.661 (Eigenbrod et al. 2006), con-
sistent with an earlier measurmeent by Ofek et al. (2006).
The high-resolution HST imaging shows several galaxies in
the vicinity of the lens system. Since these galaxies would
likely influence the lens potential, their redshifts will be ob-
tained with our ancillary data (Section 4.3) in order to in-
corporate them into the lens mass model.

HE 1104−1805. This system was also discovered in the
early phase of the Hamburg/ESO survey by Wisotzki et al.
(1993). The two lensed quasar images are separated by ∼ 3′′

and is unusual in having the brighter image as the one closer
to the foreground lens galaxy, which was first identified by

2 The source redshift of zs = 0.654 is based on the narrow
emission lines, which is considered more accurate than the Hα

and MgII lines (Hewett & Wild 2010) that yield zs = 0.657
(Sluse et al. 2007). We note that a 0.003 change in zs corresponds
to a < 0.4% change in D∆t for RXJ1131−1231, and even less
change in D∆t for the other higher-redshift lens systems.
3 based on Mg II emission line, which results in a slightly higher
redshift value than the previous measurement of zs = 1.689
(Wisotzki et al. 2002) from C IV line that is known to be prone
to systematic blueshifts in many quasars
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• Upcoming Surveys like LSST, Euclid will  
find several dozens of lensed SNe


• Pros: Standard candles - absolute 
magnification; transient - host only 
emission, monitoring easier 


• Cons: Microlensing or mass distribution 
complex ; follow-up obs. essential

Discovery of iPTF16geu 
(Goobar et al. 2017),     

Microlensing (AM et al. 
2017)

ESA/Hubble, W. M. Keck Observatory

SN Refsdal (Kelly et al. 2015)

SN Requiem in MACS J0138.0-2155  
(Rodney et al. 2021)

SN Zwicky (Goobar et al. 2022)

Lensed SN in Abell 370 
(Chen et al. 2022)

Cosmology



• Different progenitor models —> differences in light 
curves


• Lensed SNe 

• Higher redshifts

• Long time delays —> accurate early 

predictions

• Lower lensing systematics (e.g. microlensing) 

if in clusters

Different progenitor models

Source: Supernovae

P. Höflich, et al., Front. Phys., 2013, 8(2) 145

verse at large and have proven invaluable in cosmological
studies, the understanding of the origin of elements, and
they are laboratories to study physics such as from hy-
drodynamics, radiation transport, non-equilibrium sys-
tems, and nuclear and high energy physics. The consen-
sus picture is that SNe Ia result from a degenerate C/O
white dwarf (WD) undergoing a thermonuclear runaway
[1], and that they originate from close binary stellar sys-
tems. Potential progenitor systems may either consist of
two WDs, a so called double degenerate system (DD),
and/or a single WD and a main sequence, Helium or Red
Giant star, a so called single degenerate system (SD).

Within this general picture, two classes of explosions
are discussed which are distinguished by the trigger-
ing mechanism of the thermonuclear explosion: (i) One
possibility is the dynamical merging of two C/O white
dwarfs in a binary system after expelling angular mo-
mentum via gravitational radiation. In this scenario, the
thermonuclear explosion is triggered by the heat of the
merging process. However, it is unclear whether the dy-
namical merging process leads to an SN Ia, an “Accretion
Induced Collapse” (AIC) or a WD with high magnetic
fields, and there seem to be too few potential progen-
itor systems [2–14]. (ii) A second scenario involves the
explosion of a C/O-WD with a mass close to the Chan-
drasekhar limit (MCh), which accretes matter through
Roche-lobe overflow from, for example, an evolved com-
panion star. This is called single degenerate system (SD)
[15]. In case of MCh WD explosions, they are triggered
by compressional heating near the WD center. Because
the compressional heat release increases rapidly towards
MCh, the exploding stars should have a very narrow
range in masses [6]. The donor star may be either a red gi-
ant or main sequence star of less than 7–8 solar masses, a
helium star, or the accreted material may originate from

a tidaly disrupted WD [15, 16]. Throughout this arti-
cle, we will call the second class MCh mass explosions
which may originate from either SD or DD systems, and
dynamical mergers (DM) which may originate from DD
systems.

Candidate progenitor systems have been observed for
both the SD and DD systems: Supersoft X-ray sources
[17–20] showing accretion onto the WD from an evolved
companion, and WD binary systems with the correct pe-
riod to merge in a Hubble time and an appropriate total
mass [21]. At least for SN1572, the Tycho SN, the donor
star has been identified as a G0 star strongly supporting
the single degenerate progenitors [22–24], and two other
SNR, 0509-75 & 0519-69.0, favor double degenerate pro-
genitors [25, 26]. Studies have shown that accretion from
a Helium star can produce MCh mass WDs and, based
on binary population synthesis, that the Galactic SNe Ia
rate is consistent from this channel [27, 28]. Other re-
cent work on rates and the delay time distribution may
favor the double degenerate scenario [29–31]. Neverthe-
less, theoretical work on the explosion, spectra and light
curves continues to favor the single degenerate scenario,
with some contribution of double degenerate scenario [6,
32–36]. For overviews see Refs. [37, 38], and Refs. [39–41].

From the observation, there are several SD progenitor
systems such as super-soft X-ray sources, cataclysmic
variables including novae systems and the like. Within
the SD evolution, the emerging consensus picture seems
to be that these different systems may actually be dif-
ferent evolutionary phases of the same basic system
(see proceedings of IAU 281, in press). However, as dis-
cussed above, even the evolution of a DD system may
lead to MCh WD explosions if the material is accreted
from tidally disrupted WD because the explosion would
still lead to a central ignition of a WD close to MCh. In

Fig. 1 Artist impression of a single degenerate (SD) and double degenerate System (DD) are given on the left and right,
respectively. In an SD system, a single White Dwarf star (WD) accretes from from a Main Sequence Star or Red Giant by
Roche-lobe-overflow. The system consists of a WD, the accretion disk, the donor star and wind originating from the accretion
disk & donor star and, for high accretion rates, from the WD. Possible systems include cataclysmic variables and super-
soft X-ray sources. The image has been produced using the software package simbin-0.8.1 by Hines. Alternatively, possible
progenitor systems consist of two WDs, so called double degenerate systems (CREDIT: NASA/GSFC/T. Stromayer). For
SD-systems, the thermonuclear explosion of the WD is likely to be triggered by compressional heat when the accreting WD
approaches the Chandrasekhar mass, so called MCh WD explosions. DD-systems may either explode during the dynamical
merging of the two WDs or, when one of the WDs is tidally disrupted, as MCh WD explosions (see text).

Strong and microlensing of supernovae 27

Fig. 17 Cumulative number of lensed Type Ia and core-collapse supernovae detections by the
LSST survey per year as a function of their peak i-band magnitude, as computed in Goldstein
et al. (2019). Figure credit: Ana Sagués Carracedo.

function of the detection threshold is shown in Fig. 17. A potential concern is
the low cadence of the observations, which may require follow-up observations to
measure time delays accurately (Huber et al., 2019).

4.3 Expected lens properties

Fig. 18 shows simulations by Goldstein et al. (2019) of the distribution of sys-
tem properties for strongly lensed SNe Ia in the LSST survey. The typical source
redshift is zs ⇠ 0.9 with time delays between 2 and 3 weeks. With a median im-
age separation close to 100 and the expected good seeing conditions at the Rubin
Observatory coupled with the plate-scale of the camera, most events would be
spatially resolved.

4.4 Requirements on follow-up observations

Full scientific exploitation of strongly lensed SNe depends on 1) early transient
detection, ideally well before light curve peak; 2) rapid spectroscopic classification
of the transient; 3) well-sampled, spatially resolved light curves; and 4) good wave-
length coverage, necessary for accurate extinction corrections. From Fig. 17 one
can see that the vast majority of the lensed SNe in forthcoming surveys will have
(summed) peak magnitudes fainter than 21 mag. Hence, spectroscopic classifica-
tion requires 8-m class telescopes, in most cases, potentially a major challenge. As
argued in Sec. 3.4, an accurate measurement of the image magnifications requires
a wide lever arm in wavelength coverage of the spatially resolved images, for at
least a handful of epochs along the light curve. The new space telescope, JWST,
would be ideally suited for follow-up. Its Near-IR sensitivity is an excellent match
to the source redshifts shown in Fig. 18.

Expected detections in LSST survey per year 
Goldstein et al. 2019
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present at higher redshift. In order to test that, we selected the
τCDM model, where clusters form at the lowest redshifts, and
checked whether the progenitors of the our sample of the five
most massive clusters is identical with the sample of the five
most massive clusters at the redshifts relevant for lensing. This
turned out to be the case. In the other models, where clusters
form at higher redshifts, possible misidentifications are even
less likely than in τCDM.

Given these results, we are confident that our cluster samples
fairly reflect those clusters that dominate the optical depth for
the formation of large arcs.

6. Comparison with observations

So can we constrain cosmological parameters through arc statis-
tics? For that, we would have to compare the number of ob-
served arcs to that predicted by our models. This comparison
is hampered by the fact that there is no complete sample of
observed clusters selected by mass, as it should be for a fair
comparison. There is one cluster sample, however, whose def-
inition comes close to this criterion, namely the EMSS sam-
ple of X-ray bright clusters, for which the X-ray luminosity in
the EMSS energy band is LX ≥ 2 × 1044 erg s−1 (h = 0.5,
q0 = 0.5). The number density of such clusters is estimated to
be nc ∼ 2×10−6 h3 Mpc−3 (Le Fèvre et al. 1994). Arc surveys
in this sample have shown that the number of arcs with r ≥ 10
and a limiting magnitude of B = 22.5 (or R = 21.5; these
are the arc criteria set up by Wu & Hammer 1993) is roughly
∼ 0.2− 0.3 per cluster (Le Fèvre et al. 1994; Gioia & Luppino
1994).

Clusters with LX ≥ 2× 1044 erg s−1 should be fairly repre-
sented by the massive simulated clusters in our samples. Hav-
ing velocity dispersions >∼ 800 km s−1, the empirical relation
between velocity dispersion and X-ray luminosity obtained by
Quintana & Melnick (1982) implies X-ray luminosities in the
right range. We can therefore assume that the arc cross sections
of our simulated clusters are typical for X-ray luminous clusters
in the EMSS survey.

The curves in Fig. 3 give n−1
c τ . Using the number density

of bright EMSS clusters given above,

τ (r ≥ 10) ∼

⎧

⎨

⎩

2.9 × 10−6 (OCDM)
3.3 × 10−7 (ΛCDM)
4.4 × 10−8 (S/τCDM)

. (7)

Since the whole sky has ∼ 4.1 × 104 square degrees, the total
solid angle in which sources at zs ∼ 1 are imaged as large arcs
with r ≥ 10 is

δω ∼

⎧

⎨

⎩

1.2 × 10−1 sq. deg. (OCDM)
1.4 × 10−2 sq. deg. (ΛCDM)
1.8 × 10−3 sq. deg. (S/τCDM)

. (8)

The sources which are imaged as arcs with the above properties,
r ≥ 10 and R ≤ 21.5 correspond to sources with R <∼ 23.5
because of the magnification. Taking the number densities com-
piled and measured by Smail et al. (1995), there are ∼ 2 × 104

such sources per square degree. The average redshift of such
sources is ∼ 0.8 − 1 (e.g. Lilly et al. 1995). Since the aver-
age arc-cluster redshift in our models is at zc ∼ 0.3 − 0.4, the
exact redshift of sources at z ∼ 0.8 − 1 has only very little
influence; the critical surface mass density changes by ∼ 10%
when sources are shifted from z = 0.8 to z = 1.2. It follows that
the number of such arcs on the whole sky expected from our
simulations is

Narcs ∼

⎧

⎨

⎩

2400 (OCDM)
280 (ΛCDM)
36 (S/τCDM)

. (9)

There are∼ 7500 clusters on the sky which match the criteria of
the EMSS bright cluster sample (Le Fèvre et al. 1994). Taking
the number of arcs per cluster found in the EMSS clusters, the
expected number of arcs on the whole sky is ∼ 1500 − 2300.
Despite the obvious uncertainties in this estimate, the only of

our cosmological models for which the expected number of arcs

comes near the observed number is the open CDM model. The
others fail by one or two orders of magnitude. The large dif-
ferences in arc optical depth between the cosmological models
investigated makes this result fairly insensitive to moderate un-
certainties. It therefore appears fair to conclude that arc statistics
in the framework of cluster-normalised CDM models demands
that Ω0 is low, and that ΩΛ is small. Conversely, if Ω0 ∼ 1,
clusters have to form earlier than in our models. We estimate
with the simple Press-Schechter approach sketched above that
in order to achieve that, σ8 ∼ 1.2 − 1.3 would be necessary in
the SCDM case.

We have neglected the potential influence of cD galaxies or
cooling flows on the arc cross sections that could increase the
central surface mass densities of the clusters and thus also their
arc cross sections. Most probably, this influence is small com-
pared to the huge differences between the cosmological models.
Nonetheless, we will study this issue in detail in a further pa-
per. Individual cluster galaxies can increase the total arc cross
section, most probably by a factor of <∼ 2 (Bézecourt, Pelló, &
Soucail 1997). They can also affect arc morphologies, e.g. by
making arcs thinner or splitting them into several parts. Again,
such effects are small compared to the differences between cos-
mological models found here, but they must be addressed once
more detailed constraints on cosmological parameters are to
be placed. Then, observing conditions must also be taken into
account.
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Figure 1. Histogram shows the image separation distribution of the strong lenses
in the statistical lens sample used for our cosmological analyses. The subsample
contains 19 lenses selected out of 50,836 source quasars, as summarized in
Table 1. Lines show the theoretical predictions for three different values of the
cosmological constant ΩΛ assuming a flat universe and no evolution of the
galaxy velocity function. The vertical dotted line shows the θmin = 1′′ lower
limit for the image separations in the statistical lens sample.
(A color version of this figure is available in the online journal.)

where d2pi/dθdzl is calculated from Equation (16) and N2
(doubles) and N4 (quadruples) are from Equation (24). An
important improvement from Paper III is that we now include
the lens redshift distribution as a constraint, particularly because
lens redshifts are successfully measured for most of the lenses
used for the analysis. However, there are three lens systems
whose lens redshifts are still not determined well (see Table 1).
For these lenses we include the lens redshift uncertainties
assuming a Gaussian distribution,

d2pi

dθdzl

(zs, iQSO) →
∫

dzl

1√
2πσz

exp
[
− (zl − z̄)2

2σ 2
z

]

× d2pi

dθdzl

(zs, iQSO), (26)

where z̄ and σz are listed in Table 1. We use the estimator,

∆χ2 = −2 ln (L/Lmax) , (27)

to derive best-fit model parameters and confidence limits.

4. CONSTRAINTS ON COSMOLOGICAL PARAMETERS

In this section, we constrain cosmological parameters by
comparing the observed lensed quasars in the SQLS DR7
statistical sample with theoretical model predictions. For now
we assume that the velocity function of galaxies does not evolve
with redshift (i.e., νn = 0 and νσ = 0 in Equations (12)
and (13)), although redshift evolution is considered when we
estimate systematic errors. When necessary, the constraints
are combined with those from baryon acoustic oscillation
(BAO) and cosmic microwave background (CMB) anisotropy
measurements.

4.1. Flat Models with a Cosmological Constant

We start with the simplest model, a flat universe where
dark energy is described as a cosmological constant ΩΛ (i.e.,
w = −1). This model has only one free parameter, ΩΛ. Before
deriving constraints on ΩΛ, we compare the number distribution

Figure 2. Histogram shows the normalized lens redshift distribution for our
lens sample. Lines show theoretical predictions for three different cosmological
models, as in Figure 1. For lenses with errors on the lens redshift (see Table 1),
we adopt the best estimated values in constructing the histogram.
(A color version of this figure is available in the online journal.)

Figure 3. Likelihood distributions as a function of the cosmological constant
ΩΛ for flat universes. The dotted and dashed lines show the separate likelihood
distributions for fitting the numbers and image separations alone (dotted) and
lens redshifts alone (dashed).
(A color version of this figure is available in the online journal.)

of lenses in our sample as a function of image separation with
the model predictions, as shown in Figure 1. The total number
of lenses is indeed sensitive to ΩΛ, and models with ΩΛ ∼ 0.8
are broadly consistent with the observed number distribution. In
Figure 2, we examine the normalized lens redshift distribution
N−1dN/dzl . Here we see that the observed lens redshift
distribution is more consistent with models with smaller ΩΛ
because of the relatively small number of lens galaxies at high
lens redshifts.

We compute the likelihood of Equation (25) as a function
of ΩΛ. The result shown in Figure 3 indicates that the SQLS
DR7 sample constrains the cosmological constant to be ΩΛ =
0.79+0.06

−0.07, where the error indicates the statistical 1σ confidence
limit. This is consistent with our previous results presented in
Paper III and Inada et al. (2010, Paper IV). The model with
ΩΛ = 0 is rejected at 6σ level. Dark energy is detected at high
significance by the quasar lens statistics.

If we divide the likelihood into the part contributed by the
numbers and separations as compared to the lens redshifts, we
see that there is some tension. The numbers and separations
that we used in our previous studies favor somewhat higher
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Figure 4. Constraints on ΩM and ΩΛ for the non-flat models with a cosmological
constant. Contours show 1σ and 2σ confidence regions from the three different
cosmological probes: SQLS strong lens statistics (this paper), baryon acoustic
oscillation (BAO) measurements (Percival et al. 2010; Blake et al. 2011), and the
CMB anisotropy from WMAP (Komatsu et al. 2011). The dotted line indicates a
flat universe with ΩM + ΩΛ = 1. The upper left shaded region indicates models
with no big bang.
(A color version of this figure is available in the online journal.)

ΩΛ than the lens redshifts. In Figure 3, we show the resulting
likelihoods as a function of ΩΛ based only on the observed
numbers and separations of lenses, as well as only on the lens
redshift distribution. While the tension is only at about the
2σ level, this result may be suggestive of redshift evolution
in the velocity function. This is one of the reasons that we
consider simultaneous constraints on cosmological parameters
and galaxy evolution in Section 5.

4.2. Non-flat Models with a Cosmological Constant

Next we relax the assumption of a flat universe, and consider
cosmological constraints in the ΩM–ΩΛ plane. Figure 4 shows
the constraint from the SQLS DR7 using the full likelihood
model. As already known (e.g., Kochanek 1996; Chae et al.
2002), the degeneracy direction of lens constraints in the
ΩM–ΩΛ plane resembles that from Type Ia supernovae (see,
e.g., Suzuki et al. 2012, for a recent result). We find that a
cosmological constant is required at the 4σ level even for this
non-flat case.

Because of different degeneracy directions, cosmological
parameters are better constrained by combining several different
cosmological probes. In this paper, we combine our constraints
with either those from the BAO measurement or from the CMB.
The former uses the baryon wiggle in the matter power spectrum
as a standard ruler. We adopt results from the WiggleZ Dark
Energy Survey (Blake et al. 2011), which measures the BAO
scale at z = 0.6, combined with BAO measurements in the
SDSS luminous red galaxies at z = 0.2 and 0.35 (Percival et al.
2010). We consider the anisotropy measured by the Wilkinson
Microwave Anisotropy Probe (WMAP) as the latter. Specifically,
we consider the seven-year WMAP result by Komatsu et al.
(2011) and compute the likelihood for each cosmological

Figure 5. Constraints on ΩM = 1 − ΩDE and w for the flat dark energy
models. As in Figure 4, the 1σ and 2σ constraints from the three different
cosmological probes are shown by contours. The horizontal dotted line indicates
a cosmological constant with w = −1.
(A color version of this figure is available in the online journal.)

parameter set by the so-called distance prior that encapsulates all
the key information relevant to dark energy studies derived from
the WMAP data. While our lensing constraints from the SQLS
DR7 do not have any dependence on the Hubble constant, both
the BAO and WMAP constraints are sensitive to the adopted
Hubble constant. Thus, when adding the BAO and WMAP
we always include the Hubble constant as an additional free
parameter over which we marginalize to obtain constraints on
parameters of interest.

These BAO and WMAP constraints are also shown in
Figure 4. The best-fit parameters and 1σ statistical errors are
ΩM = 0.28+0.03

−0.03 and ΩΛ = 0.88+0.09
−0.10 when the SQLS is com-

bined with BAO, and ΩM = 0.20+0.08
−0.06 and ΩΛ = 0.78+0.05

−0.06
when combined with WMAP. The three constraints are comple-
mentary in the sense that their degeneracy directions are quite
different from one another and the combined constraints give
considerably stronger constraints in the ΩM–ΩΛ plane than any
of the individual constraints. That our lensing constraints are
consistent with both the BAO and WMAP constraints is an im-
portant cross check of the current standard cosmological model.

4.3. Flat Dark Energy Models

Next, we consider flat models where the dark energy equa-
tion of state w is allowed to vary. This model is parameterized
by ΩM (= 1 − ΩDE) and w. Figure 5 shows constraints from
the SQLS DR7 as well as those from BAO and WMAP. The
degeneracy direction of our lensing constraint in this plane is
again similar to that of Type Ia supernovae, and hence is comple-
mentary to the BAO and WMAP constraints. The combination of
these constraints suggests a cosmological model with ΩM ∼ 0.3
and w ∼ −1.

We also show how ΩM and w are constrained when the lensing
information is combined with either the BAO or WMAP result in
Figures 6 and 7, respectively. For the former case, the resulting
constraints are ΩM = 0.25+0.03

−0.03 and w = −1.44+0.22
−0.25, and for

the latter case ΩM = 0.23+0.04
−0.03 and w = −1.19+0.17

−0.17. In both
cases, ΩM and w are reasonably well constrained thanks to the
different degeneracy directions of the tests.
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present at higher redshift. In order to test that, we selected the
τCDM model, where clusters form at the lowest redshifts, and
checked whether the progenitors of the our sample of the five
most massive clusters is identical with the sample of the five
most massive clusters at the redshifts relevant for lensing. This
turned out to be the case. In the other models, where clusters
form at higher redshifts, possible misidentifications are even
less likely than in τCDM.

Given these results, we are confident that our cluster samples
fairly reflect those clusters that dominate the optical depth for
the formation of large arcs.

6. Comparison with observations

So can we constrain cosmological parameters through arc statis-
tics? For that, we would have to compare the number of ob-
served arcs to that predicted by our models. This comparison
is hampered by the fact that there is no complete sample of
observed clusters selected by mass, as it should be for a fair
comparison. There is one cluster sample, however, whose def-
inition comes close to this criterion, namely the EMSS sam-
ple of X-ray bright clusters, for which the X-ray luminosity in
the EMSS energy band is LX ≥ 2 × 1044 erg s−1 (h = 0.5,
q0 = 0.5). The number density of such clusters is estimated to
be nc ∼ 2×10−6 h3 Mpc−3 (Le Fèvre et al. 1994). Arc surveys
in this sample have shown that the number of arcs with r ≥ 10
and a limiting magnitude of B = 22.5 (or R = 21.5; these
are the arc criteria set up by Wu & Hammer 1993) is roughly
∼ 0.2− 0.3 per cluster (Le Fèvre et al. 1994; Gioia & Luppino
1994).

Clusters with LX ≥ 2× 1044 erg s−1 should be fairly repre-
sented by the massive simulated clusters in our samples. Hav-
ing velocity dispersions >∼ 800 km s−1, the empirical relation
between velocity dispersion and X-ray luminosity obtained by
Quintana & Melnick (1982) implies X-ray luminosities in the
right range. We can therefore assume that the arc cross sections
of our simulated clusters are typical for X-ray luminous clusters
in the EMSS survey.

The curves in Fig. 3 give n−1
c τ . Using the number density

of bright EMSS clusters given above,

τ (r ≥ 10) ∼

⎧

⎨

⎩

2.9 × 10−6 (OCDM)
3.3 × 10−7 (ΛCDM)
4.4 × 10−8 (S/τCDM)

. (7)

Since the whole sky has ∼ 4.1 × 104 square degrees, the total
solid angle in which sources at zs ∼ 1 are imaged as large arcs
with r ≥ 10 is

δω ∼

⎧

⎨

⎩

1.2 × 10−1 sq. deg. (OCDM)
1.4 × 10−2 sq. deg. (ΛCDM)
1.8 × 10−3 sq. deg. (S/τCDM)

. (8)

The sources which are imaged as arcs with the above properties,
r ≥ 10 and R ≤ 21.5 correspond to sources with R <∼ 23.5
because of the magnification. Taking the number densities com-
piled and measured by Smail et al. (1995), there are ∼ 2 × 104

such sources per square degree. The average redshift of such
sources is ∼ 0.8 − 1 (e.g. Lilly et al. 1995). Since the aver-
age arc-cluster redshift in our models is at zc ∼ 0.3 − 0.4, the
exact redshift of sources at z ∼ 0.8 − 1 has only very little
influence; the critical surface mass density changes by ∼ 10%
when sources are shifted from z = 0.8 to z = 1.2. It follows that
the number of such arcs on the whole sky expected from our
simulations is

Narcs ∼

⎧

⎨

⎩

2400 (OCDM)
280 (ΛCDM)
36 (S/τCDM)

. (9)

There are∼ 7500 clusters on the sky which match the criteria of
the EMSS bright cluster sample (Le Fèvre et al. 1994). Taking
the number of arcs per cluster found in the EMSS clusters, the
expected number of arcs on the whole sky is ∼ 1500 − 2300.
Despite the obvious uncertainties in this estimate, the only of

our cosmological models for which the expected number of arcs

comes near the observed number is the open CDM model. The
others fail by one or two orders of magnitude. The large dif-
ferences in arc optical depth between the cosmological models
investigated makes this result fairly insensitive to moderate un-
certainties. It therefore appears fair to conclude that arc statistics
in the framework of cluster-normalised CDM models demands
that Ω0 is low, and that ΩΛ is small. Conversely, if Ω0 ∼ 1,
clusters have to form earlier than in our models. We estimate
with the simple Press-Schechter approach sketched above that
in order to achieve that, σ8 ∼ 1.2 − 1.3 would be necessary in
the SCDM case.

We have neglected the potential influence of cD galaxies or
cooling flows on the arc cross sections that could increase the
central surface mass densities of the clusters and thus also their
arc cross sections. Most probably, this influence is small com-
pared to the huge differences between the cosmological models.
Nonetheless, we will study this issue in detail in a further pa-
per. Individual cluster galaxies can increase the total arc cross
section, most probably by a factor of <∼ 2 (Bézecourt, Pelló, &
Soucail 1997). They can also affect arc morphologies, e.g. by
making arcs thinner or splitting them into several parts. Again,
such effects are small compared to the differences between cos-
mological models found here, but they must be addressed once
more detailed constraints on cosmological parameters are to
be placed. Then, observing conditions must also be taken into
account.
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Figure 1. Sketch of a double source plane lens system. For a
singular isothermal sphere, the dimensionless number η is the
product of Dls1 and Ds2 (both in red) divided by the product of
Dls2 and Ds1 (both in blue).

2010; Weinberg et al. 2012), but taking the ratio of the
two Einstein radii in a double source system allows us
to constrain w independently of the Hubble constant.
This independent constraint will not only teach us about
the nature of dark energy, but will also help improve
constraints on other cosmological parameters by providing
complimentary probes with a prior on w. For example the
WMAP7 constraints on h (the reduced Hubble constant)
are h = 0.710 ± 0.025 (Komatsu et al. 2011) for a flat
ΛCDM model with w fixed at −1, whilst allowing w to be
a free parameter loosens the WMAP-only constraints by
nearly an order of magnitude to h = 0.75+0.15

−0.14 .
This paper is meant to investigate the cosmological in-

formation content of double source plane lenses; we intend
to address the following questions:

(i) Can double source plane lenses be used for cosmogra-

phy?

(ii) What is an optimal configuration of lens and source
redshifts for cosmography?

(iii) How well could cosmography be constrained with a

realistic population of double source plane lenses?

In future papers we will investigate the observational diffi-
culties and potential systematics, as well as producing de-
tailed forecasts for a double source plane search with up-
coming facilities.

The paper is laid out as follows. In Section 2 we outline
the method and relevant quantities. Section 3 looks at the
prospects for cosmography with a single hypothetical lensed
double source system and should provide the reader with
an intuition of what is an optimal system for cosmography,
whilst Section 4 investigates cosmography with a popula-
tion of double source plane lenses. The population of dou-
ble sources are forecast for re-observing a pre-existing lens-
source catalogue. In Section 5 we examine the cosmographic
constraints for an evolving equation of state. Section 6 con-
cludes by examining the effectiveness of combining a set of
double source plane systems with current constraints upon
w from other probes.

Throughout this work we assume a spatially flat fiducial
cosmology with w = −1 at all times and ΩM = 0.27; where
necessary we take h = 0.7. All models assert flatness and
have a constant equation of state, except in Section 5, where
we investigate an evolving model and spatial curvature.

2 GRAVITATIONAL LENSING AND DOUBLE

SOURCE SYSTEMS

Mass causes the deflection of light and so can act as a gravi-
tational lens, producing a set of images where the time delay
function is stationary. For a strong lens system with a source
lying directly on the optical axis this produces an Einstein
ring. The Einstein radius is sensitive to the angular diameter
distances between observer, lens and source. In the case of a
thin lens in an otherwise homogeneous universe the Einstein
radius is given by

θE =

√

4GM(θE)
c2

Dls

DolDos
(1)

where θE is the Einstein radius, M(θE) is the projected mass
within the Einstein radius, and the Dij are the angular di-
ameter distances between observer (o),1 lens (l) and source
(s). In this work we assume all lenses to be Singular Isother-
mal Spheres (SISs), with a spherically symmetric mass dis-
tribution. The density of an SIS profile is given by:

ρ(r) =
σV

2

2πGr2
. (2)

SIS mass distributions have been shown to approximate
the observational data well (e.g. Koopmans et al. 2009;
Auger et al. 2010) and allow for simple lensing forecasts
since the lensing deflection angle and magnification have an-
alytical forms. The Einstein radius of an SIS is given by

θSISE = 4π
σ2
V

c2
Dls

Ds
≃

( σV

186 km s−1

)2 Dls

Ds
arcseconds. (3)

For an SIS model, strong lensing occurs when the source is
in the region 0 < θs < θE, where θs is the unlensed angular
position of the source with respect to the optical axis. Two
images are produced at θ+,− = θs ± θE with magnification
µ+,− = 1± θE/θs.

Since the equation of state governs the expansion of
our universe it affects the evolution of angular diameter dis-
tances as a function of redshift.

Dij =
c/H0

(1 + zj)

⎛

⎝

sinn
(

√

|Ωk|
∫ zj
zi

dz
E(z)

)

√

|Ωk|

⎞

⎠ (4)

where sinn(x) = sin(x), x, or sinh(x) for open, flat, or
closed universes respectively, and E(z) is the normalised
Hubble parameter:

E(z) ≡ H(z)
H0

(5a)

EwCDM =
√

ΩM(1+z)3+Ωk(1+z)2+(Ωde)(1+z)3(1+w)

(5b)

EwzCDM =
√

ΩM(1 + z)3 + Ωk(1 + z)2 + (Ωde)eI(z). (5c)

I(z) is an integral given by

I(z) ≡ 3

∫ z

0

1 + w(z′)
(1 + z′)

dz′. (6)

Equation 5b holds if w is constant, whilst Equation 5c is
general for any universe with a time-evolving equation of

1 From now on we drop the ‘o’ referring to the observer in
observer-lens/source distances

c⃝ 0000 RAS, MNRAS 000, 1–??
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Figure 1. Sketch of a double source plane lens system. For a
singular isothermal sphere, the dimensionless number η is the
product of Dls1 and Ds2 (both in red) divided by the product of
Dls2 and Ds1 (both in blue).

2010; Weinberg et al. 2012), but taking the ratio of the
two Einstein radii in a double source system allows us
to constrain w independently of the Hubble constant.
This independent constraint will not only teach us about
the nature of dark energy, but will also help improve
constraints on other cosmological parameters by providing
complimentary probes with a prior on w. For example the
WMAP7 constraints on h (the reduced Hubble constant)
are h = 0.710 ± 0.025 (Komatsu et al. 2011) for a flat
ΛCDM model with w fixed at −1, whilst allowing w to be
a free parameter loosens the WMAP-only constraints by
nearly an order of magnitude to h = 0.75+0.15

−0.14 .
This paper is meant to investigate the cosmological in-

formation content of double source plane lenses; we intend
to address the following questions:

(i) Can double source plane lenses be used for cosmogra-

phy?

(ii) What is an optimal configuration of lens and source
redshifts for cosmography?

(iii) How well could cosmography be constrained with a

realistic population of double source plane lenses?

In future papers we will investigate the observational diffi-
culties and potential systematics, as well as producing de-
tailed forecasts for a double source plane search with up-
coming facilities.

The paper is laid out as follows. In Section 2 we outline
the method and relevant quantities. Section 3 looks at the
prospects for cosmography with a single hypothetical lensed
double source system and should provide the reader with
an intuition of what is an optimal system for cosmography,
whilst Section 4 investigates cosmography with a popula-
tion of double source plane lenses. The population of dou-
ble sources are forecast for re-observing a pre-existing lens-
source catalogue. In Section 5 we examine the cosmographic
constraints for an evolving equation of state. Section 6 con-
cludes by examining the effectiveness of combining a set of
double source plane systems with current constraints upon
w from other probes.

Throughout this work we assume a spatially flat fiducial
cosmology with w = −1 at all times and ΩM = 0.27; where
necessary we take h = 0.7. All models assert flatness and
have a constant equation of state, except in Section 5, where
we investigate an evolving model and spatial curvature.

2 GRAVITATIONAL LENSING AND DOUBLE

SOURCE SYSTEMS

Mass causes the deflection of light and so can act as a gravi-
tational lens, producing a set of images where the time delay
function is stationary. For a strong lens system with a source
lying directly on the optical axis this produces an Einstein
ring. The Einstein radius is sensitive to the angular diameter
distances between observer, lens and source. In the case of a
thin lens in an otherwise homogeneous universe the Einstein
radius is given by

θE =

√

4GM(θE)
c2

Dls

DolDos
(1)

where θE is the Einstein radius, M(θE) is the projected mass
within the Einstein radius, and the Dij are the angular di-
ameter distances between observer (o),1 lens (l) and source
(s). In this work we assume all lenses to be Singular Isother-
mal Spheres (SISs), with a spherically symmetric mass dis-
tribution. The density of an SIS profile is given by:

ρ(r) =
σV

2

2πGr2
. (2)

SIS mass distributions have been shown to approximate
the observational data well (e.g. Koopmans et al. 2009;
Auger et al. 2010) and allow for simple lensing forecasts
since the lensing deflection angle and magnification have an-
alytical forms. The Einstein radius of an SIS is given by

θSISE = 4π
σ2
V

c2
Dls

Ds
≃

( σV

186 km s−1

)2 Dls

Ds
arcseconds. (3)

For an SIS model, strong lensing occurs when the source is
in the region 0 < θs < θE, where θs is the unlensed angular
position of the source with respect to the optical axis. Two
images are produced at θ+,− = θs ± θE with magnification
µ+,− = 1± θE/θs.

Since the equation of state governs the expansion of
our universe it affects the evolution of angular diameter dis-
tances as a function of redshift.

Dij =
c/H0

(1 + zj)

⎛

⎝

sinn
(

√

|Ωk|
∫ zj
zi

dz
E(z)

)

√

|Ωk|

⎞

⎠ (4)

where sinn(x) = sin(x), x, or sinh(x) for open, flat, or
closed universes respectively, and E(z) is the normalised
Hubble parameter:

E(z) ≡ H(z)
H0

(5a)

EwCDM =
√

ΩM(1+z)3+Ωk(1+z)2+(Ωde)(1+z)3(1+w)

(5b)

EwzCDM =
√

ΩM(1 + z)3 + Ωk(1 + z)2 + (Ωde)eI(z). (5c)

I(z) is an integral given by

I(z) ≡ 3

∫ z

0

1 + w(z′)
(1 + z′)

dz′. (6)

Equation 5b holds if w is constant, whilst Equation 5c is
general for any universe with a time-evolving equation of

1 From now on we drop the ‘o’ referring to the observer in
observer-lens/source distances
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Figure 1. Sketch of a double source plane lens system. For a
singular isothermal sphere, the dimensionless number η is the
product of Dls1 and Ds2 (both in red) divided by the product of
Dls2 and Ds1 (both in blue).

2010; Weinberg et al. 2012), but taking the ratio of the
two Einstein radii in a double source system allows us
to constrain w independently of the Hubble constant.
This independent constraint will not only teach us about
the nature of dark energy, but will also help improve
constraints on other cosmological parameters by providing
complimentary probes with a prior on w. For example the
WMAP7 constraints on h (the reduced Hubble constant)
are h = 0.710 ± 0.025 (Komatsu et al. 2011) for a flat
ΛCDM model with w fixed at −1, whilst allowing w to be
a free parameter loosens the WMAP-only constraints by
nearly an order of magnitude to h = 0.75+0.15

−0.14 .
This paper is meant to investigate the cosmological in-

formation content of double source plane lenses; we intend
to address the following questions:

(i) Can double source plane lenses be used for cosmogra-

phy?

(ii) What is an optimal configuration of lens and source
redshifts for cosmography?

(iii) How well could cosmography be constrained with a

realistic population of double source plane lenses?

In future papers we will investigate the observational diffi-
culties and potential systematics, as well as producing de-
tailed forecasts for a double source plane search with up-
coming facilities.

The paper is laid out as follows. In Section 2 we outline
the method and relevant quantities. Section 3 looks at the
prospects for cosmography with a single hypothetical lensed
double source system and should provide the reader with
an intuition of what is an optimal system for cosmography,
whilst Section 4 investigates cosmography with a popula-
tion of double source plane lenses. The population of dou-
ble sources are forecast for re-observing a pre-existing lens-
source catalogue. In Section 5 we examine the cosmographic
constraints for an evolving equation of state. Section 6 con-
cludes by examining the effectiveness of combining a set of
double source plane systems with current constraints upon
w from other probes.

Throughout this work we assume a spatially flat fiducial
cosmology with w = −1 at all times and ΩM = 0.27; where
necessary we take h = 0.7. All models assert flatness and
have a constant equation of state, except in Section 5, where
we investigate an evolving model and spatial curvature.

2 GRAVITATIONAL LENSING AND DOUBLE

SOURCE SYSTEMS

Mass causes the deflection of light and so can act as a gravi-
tational lens, producing a set of images where the time delay
function is stationary. For a strong lens system with a source
lying directly on the optical axis this produces an Einstein
ring. The Einstein radius is sensitive to the angular diameter
distances between observer, lens and source. In the case of a
thin lens in an otherwise homogeneous universe the Einstein
radius is given by

θE =

√

4GM(θE)
c2

Dls

DolDos
(1)

where θE is the Einstein radius, M(θE) is the projected mass
within the Einstein radius, and the Dij are the angular di-
ameter distances between observer (o),1 lens (l) and source
(s). In this work we assume all lenses to be Singular Isother-
mal Spheres (SISs), with a spherically symmetric mass dis-
tribution. The density of an SIS profile is given by:

ρ(r) =
σV

2

2πGr2
. (2)

SIS mass distributions have been shown to approximate
the observational data well (e.g. Koopmans et al. 2009;
Auger et al. 2010) and allow for simple lensing forecasts
since the lensing deflection angle and magnification have an-
alytical forms. The Einstein radius of an SIS is given by

θSISE = 4π
σ2
V

c2
Dls

Ds
≃

( σV

186 km s−1

)2 Dls

Ds
arcseconds. (3)

For an SIS model, strong lensing occurs when the source is
in the region 0 < θs < θE, where θs is the unlensed angular
position of the source with respect to the optical axis. Two
images are produced at θ+,− = θs ± θE with magnification
µ+,− = 1± θE/θs.

Since the equation of state governs the expansion of
our universe it affects the evolution of angular diameter dis-
tances as a function of redshift.

Dij =
c/H0

(1 + zj)

⎛

⎝

sinn
(

√

|Ωk|
∫ zj
zi

dz
E(z)

)

√

|Ωk|

⎞

⎠ (4)

where sinn(x) = sin(x), x, or sinh(x) for open, flat, or
closed universes respectively, and E(z) is the normalised
Hubble parameter:

E(z) ≡ H(z)
H0

(5a)

EwCDM =
√

ΩM(1+z)3+Ωk(1+z)2+(Ωde)(1+z)3(1+w)

(5b)

EwzCDM =
√

ΩM(1 + z)3 + Ωk(1 + z)2 + (Ωde)eI(z). (5c)

I(z) is an integral given by

I(z) ≡ 3

∫ z

0

1 + w(z′)
(1 + z′)

dz′. (6)

Equation 5b holds if w is constant, whilst Equation 5c is
general for any universe with a time-evolving equation of

1 From now on we drop the ‘o’ referring to the observer in
observer-lens/source distances
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Figure 11. The w–ΩM plane for a typical selection of 6 SLACS–
type double source plane systems (red), with WMAP (grey) and
the combination of both (black). The six systems are listed in Ta-
ble 3. The confidence regions have shrunk significantly compared
to one system (Figure 2) and are still orthogonal to the WMAP
constraints.

5 BEYOND WCDM

Up to this point we have only investigated models with con-
stant equation of state. Caldwell, Dave, & Steinhardt (1998)
first suggested the possibility of an evolving equation of state
in the context of a quintessence model. We now investigate
the power of double source plane lenses to constrain w(z)
models. We adopt the parametrisation

w(z) = w0 + wa(1− a)

= w0 + wa

(

z
1 + z

)

,
(15)

as introduced in Chevallier & Polarski (2001) and Linder
(2003). Our fiducial cosmology is a special case of this
parametrisation with w0 = − 1 and wa = 0. This
parametrisation allows us to solve the integral in Equation
6 analytically:

eI(z) = (1 + z)3(1+w0+wa) exp

(

−3waz
1 + z

)

. (16)

Taking the 6 systems in Table 3, σ(η)/η = 1%, and uni-
form priors [0 ! ΩM ! 1; −3 ! w0 ! − 1

3 ; −3 ! wa ! +3],
our MCMC forecast finds the confidence intervals shown in
Figure 12. In high ΩM universes, the dark energy equation
of state is poorly constrained by measuring η. Marginal-
ising over all ΩM leaves very weak constraints in the w0–
wa plane because of the high ΩM samples. With a prior
on ΩM < 0.5 the w0–wa plane shows a boomerang shaped
degeneracy, which arises from taking the ratio of angular di-
ameter distances. A universe with w0+wa > 0 has no era of
matter domination and is strongly excluded by CMB con-
straints; coincidentally this is the region for double source
plane constraints that is allowed by taking angular diameter
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Figure 12. Forecast parameter constraints for the w(z) = w0+
wa(1 − a) model. Constraints are from the six systems listed in
Table 3 assuming σ(η)/η = 1%, and uniform priors [0 ! ΩM ! 1;
−3 ! w0 ! 0; −3 ! wa ! +3]. The plot shows 1, 2 and 3 σ
regions in the w0 −wa plane, marginalised over ΩM, the samples
are coloured by ΩM; a stronger prior on ΩM is needed to improve
the constraint on w0 and wa.

distance ratios. The six double source plane systems alone
give w0 = − 1.177+0.460

−0.808 , wa = 0.485+1.455
−2.353 . Combined

with a CMB prior – forecast for Planck – the 1 σ constraints
are w0 = −0.802+0.495

−0.590 , wa = −0.655+1.228
−1.175 .

For the Planck MCMC forecasts, we use the
seven frequency channels that have polarisation sensi-
tivity, with noise levels given in the Planck Bluebook
(The Planck Collaboration 2006). In addition we include a
reconstruction of the CMB weak lensing potential, with sta-
tistical noise calculated using the optimal quadratic esti-
mator of Okamoto & Hu (2003). We use information from
the spectra up to a maximum angular multipole of 2500,
and assume that 65% of the sky is observed. We sam-
pled the likelihood using the publicly-available CosmoMC
package (Lewis & Bridle 2002), with fiducial spectra calcu-
lated with CAMB (Lewis et al. 2000). Evolving dark energy
models were implemented with the PPF CAMB module of
Fang et al. (2008). In Figure 13 we show the Planck and
6 double source plane system constraints for each parame-
ter pair in the flat wa model, marginalized over the third
parameter.

It is clear from Figures 12 and 13 that w0 and wa are
degenerate; as such we use the figure of merit (FOM) as
defined in Equation 6 of Mortonson et al. (2010) to quantify
the constraining power:

FOM =
6.17π
A95

, (17)

where A95 is the area enclosed by the 95% confidence in-
terval in the w0–wa plane marginalised over all other pa-
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Figure 1. Sketch of a double source plane lens system. For a
singular isothermal sphere, the dimensionless number η is the
product of Dls1 and Ds2 (both in red) divided by the product of
Dls2 and Ds1 (both in blue).

2010; Weinberg et al. 2012), but taking the ratio of the
two Einstein radii in a double source system allows us
to constrain w independently of the Hubble constant.
This independent constraint will not only teach us about
the nature of dark energy, but will also help improve
constraints on other cosmological parameters by providing
complimentary probes with a prior on w. For example the
WMAP7 constraints on h (the reduced Hubble constant)
are h = 0.710 ± 0.025 (Komatsu et al. 2011) for a flat
ΛCDM model with w fixed at −1, whilst allowing w to be
a free parameter loosens the WMAP-only constraints by
nearly an order of magnitude to h = 0.75+0.15

−0.14 .
This paper is meant to investigate the cosmological in-

formation content of double source plane lenses; we intend
to address the following questions:

(i) Can double source plane lenses be used for cosmogra-

phy?

(ii) What is an optimal configuration of lens and source
redshifts for cosmography?

(iii) How well could cosmography be constrained with a

realistic population of double source plane lenses?

In future papers we will investigate the observational diffi-
culties and potential systematics, as well as producing de-
tailed forecasts for a double source plane search with up-
coming facilities.

The paper is laid out as follows. In Section 2 we outline
the method and relevant quantities. Section 3 looks at the
prospects for cosmography with a single hypothetical lensed
double source system and should provide the reader with
an intuition of what is an optimal system for cosmography,
whilst Section 4 investigates cosmography with a popula-
tion of double source plane lenses. The population of dou-
ble sources are forecast for re-observing a pre-existing lens-
source catalogue. In Section 5 we examine the cosmographic
constraints for an evolving equation of state. Section 6 con-
cludes by examining the effectiveness of combining a set of
double source plane systems with current constraints upon
w from other probes.

Throughout this work we assume a spatially flat fiducial
cosmology with w = −1 at all times and ΩM = 0.27; where
necessary we take h = 0.7. All models assert flatness and
have a constant equation of state, except in Section 5, where
we investigate an evolving model and spatial curvature.

2 GRAVITATIONAL LENSING AND DOUBLE

SOURCE SYSTEMS

Mass causes the deflection of light and so can act as a gravi-
tational lens, producing a set of images where the time delay
function is stationary. For a strong lens system with a source
lying directly on the optical axis this produces an Einstein
ring. The Einstein radius is sensitive to the angular diameter
distances between observer, lens and source. In the case of a
thin lens in an otherwise homogeneous universe the Einstein
radius is given by

θE =

√

4GM(θE)
c2

Dls

DolDos
(1)

where θE is the Einstein radius, M(θE) is the projected mass
within the Einstein radius, and the Dij are the angular di-
ameter distances between observer (o),1 lens (l) and source
(s). In this work we assume all lenses to be Singular Isother-
mal Spheres (SISs), with a spherically symmetric mass dis-
tribution. The density of an SIS profile is given by:

ρ(r) =
σV

2

2πGr2
. (2)

SIS mass distributions have been shown to approximate
the observational data well (e.g. Koopmans et al. 2009;
Auger et al. 2010) and allow for simple lensing forecasts
since the lensing deflection angle and magnification have an-
alytical forms. The Einstein radius of an SIS is given by

θSISE = 4π
σ2
V

c2
Dls

Ds
≃

( σV

186 km s−1

)2 Dls

Ds
arcseconds. (3)

For an SIS model, strong lensing occurs when the source is
in the region 0 < θs < θE, where θs is the unlensed angular
position of the source with respect to the optical axis. Two
images are produced at θ+,− = θs ± θE with magnification
µ+,− = 1± θE/θs.

Since the equation of state governs the expansion of
our universe it affects the evolution of angular diameter dis-
tances as a function of redshift.

Dij =
c/H0

(1 + zj)

⎛

⎝

sinn
(

√

|Ωk|
∫ zj
zi

dz
E(z)

)

√

|Ωk|

⎞

⎠ (4)

where sinn(x) = sin(x), x, or sinh(x) for open, flat, or
closed universes respectively, and E(z) is the normalised
Hubble parameter:

E(z) ≡ H(z)
H0

(5a)

EwCDM =
√

ΩM(1+z)3+Ωk(1+z)2+(Ωde)(1+z)3(1+w)

(5b)

EwzCDM =
√

ΩM(1 + z)3 + Ωk(1 + z)2 + (Ωde)eI(z). (5c)

I(z) is an integral given by

I(z) ≡ 3

∫ z

0

1 + w(z′)
(1 + z′)

dz′. (6)

Equation 5b holds if w is constant, whilst Equation 5c is
general for any universe with a time-evolving equation of

1 From now on we drop the ‘o’ referring to the observer in
observer-lens/source distances
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Figure 11. The w–ΩM plane for a typical selection of 6 SLACS–
type double source plane systems (red), with WMAP (grey) and
the combination of both (black). The six systems are listed in Ta-
ble 3. The confidence regions have shrunk significantly compared
to one system (Figure 2) and are still orthogonal to the WMAP
constraints.

5 BEYOND WCDM

Up to this point we have only investigated models with con-
stant equation of state. Caldwell, Dave, & Steinhardt (1998)
first suggested the possibility of an evolving equation of state
in the context of a quintessence model. We now investigate
the power of double source plane lenses to constrain w(z)
models. We adopt the parametrisation

w(z) = w0 + wa(1− a)

= w0 + wa

(

z
1 + z

)

,
(15)

as introduced in Chevallier & Polarski (2001) and Linder
(2003). Our fiducial cosmology is a special case of this
parametrisation with w0 = − 1 and wa = 0. This
parametrisation allows us to solve the integral in Equation
6 analytically:

eI(z) = (1 + z)3(1+w0+wa) exp

(

−3waz
1 + z

)

. (16)

Taking the 6 systems in Table 3, σ(η)/η = 1%, and uni-
form priors [0 ! ΩM ! 1; −3 ! w0 ! − 1

3 ; −3 ! wa ! +3],
our MCMC forecast finds the confidence intervals shown in
Figure 12. In high ΩM universes, the dark energy equation
of state is poorly constrained by measuring η. Marginal-
ising over all ΩM leaves very weak constraints in the w0–
wa plane because of the high ΩM samples. With a prior
on ΩM < 0.5 the w0–wa plane shows a boomerang shaped
degeneracy, which arises from taking the ratio of angular di-
ameter distances. A universe with w0+wa > 0 has no era of
matter domination and is strongly excluded by CMB con-
straints; coincidentally this is the region for double source
plane constraints that is allowed by taking angular diameter
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Figure 12. Forecast parameter constraints for the w(z) = w0+
wa(1 − a) model. Constraints are from the six systems listed in
Table 3 assuming σ(η)/η = 1%, and uniform priors [0 ! ΩM ! 1;
−3 ! w0 ! 0; −3 ! wa ! +3]. The plot shows 1, 2 and 3 σ
regions in the w0 −wa plane, marginalised over ΩM, the samples
are coloured by ΩM; a stronger prior on ΩM is needed to improve
the constraint on w0 and wa.

distance ratios. The six double source plane systems alone
give w0 = − 1.177+0.460

−0.808 , wa = 0.485+1.455
−2.353 . Combined

with a CMB prior – forecast for Planck – the 1 σ constraints
are w0 = −0.802+0.495

−0.590 , wa = −0.655+1.228
−1.175 .

For the Planck MCMC forecasts, we use the
seven frequency channels that have polarisation sensi-
tivity, with noise levels given in the Planck Bluebook
(The Planck Collaboration 2006). In addition we include a
reconstruction of the CMB weak lensing potential, with sta-
tistical noise calculated using the optimal quadratic esti-
mator of Okamoto & Hu (2003). We use information from
the spectra up to a maximum angular multipole of 2500,
and assume that 65% of the sky is observed. We sam-
pled the likelihood using the publicly-available CosmoMC
package (Lewis & Bridle 2002), with fiducial spectra calcu-
lated with CAMB (Lewis et al. 2000). Evolving dark energy
models were implemented with the PPF CAMB module of
Fang et al. (2008). In Figure 13 we show the Planck and
6 double source plane system constraints for each parame-
ter pair in the flat wa model, marginalized over the third
parameter.

It is clear from Figures 12 and 13 that w0 and wa are
degenerate; as such we use the figure of merit (FOM) as
defined in Equation 6 of Mortonson et al. (2010) to quantify
the constraining power:

FOM =
6.17π
A95

, (17)

where A95 is the area enclosed by the 95% confidence in-
terval in the w0–wa plane marginalised over all other pa-
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singular isothermal sphere, the dimensionless number η is the
product of Dls1 and Ds2 (both in red) divided by the product of
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2010; Weinberg et al. 2012), but taking the ratio of the
two Einstein radii in a double source system allows us
to constrain w independently of the Hubble constant.
This independent constraint will not only teach us about
the nature of dark energy, but will also help improve
constraints on other cosmological parameters by providing
complimentary probes with a prior on w. For example the
WMAP7 constraints on h (the reduced Hubble constant)
are h = 0.710 ± 0.025 (Komatsu et al. 2011) for a flat
ΛCDM model with w fixed at −1, whilst allowing w to be
a free parameter loosens the WMAP-only constraints by
nearly an order of magnitude to h = 0.75+0.15

−0.14 .
This paper is meant to investigate the cosmological in-

formation content of double source plane lenses; we intend
to address the following questions:

(i) Can double source plane lenses be used for cosmogra-

phy?

(ii) What is an optimal configuration of lens and source
redshifts for cosmography?

(iii) How well could cosmography be constrained with a

realistic population of double source plane lenses?

In future papers we will investigate the observational diffi-
culties and potential systematics, as well as producing de-
tailed forecasts for a double source plane search with up-
coming facilities.

The paper is laid out as follows. In Section 2 we outline
the method and relevant quantities. Section 3 looks at the
prospects for cosmography with a single hypothetical lensed
double source system and should provide the reader with
an intuition of what is an optimal system for cosmography,
whilst Section 4 investigates cosmography with a popula-
tion of double source plane lenses. The population of dou-
ble sources are forecast for re-observing a pre-existing lens-
source catalogue. In Section 5 we examine the cosmographic
constraints for an evolving equation of state. Section 6 con-
cludes by examining the effectiveness of combining a set of
double source plane systems with current constraints upon
w from other probes.

Throughout this work we assume a spatially flat fiducial
cosmology with w = −1 at all times and ΩM = 0.27; where
necessary we take h = 0.7. All models assert flatness and
have a constant equation of state, except in Section 5, where
we investigate an evolving model and spatial curvature.

2 GRAVITATIONAL LENSING AND DOUBLE

SOURCE SYSTEMS

Mass causes the deflection of light and so can act as a gravi-
tational lens, producing a set of images where the time delay
function is stationary. For a strong lens system with a source
lying directly on the optical axis this produces an Einstein
ring. The Einstein radius is sensitive to the angular diameter
distances between observer, lens and source. In the case of a
thin lens in an otherwise homogeneous universe the Einstein
radius is given by

θE =

√

4GM(θE)
c2

Dls

DolDos
(1)

where θE is the Einstein radius, M(θE) is the projected mass
within the Einstein radius, and the Dij are the angular di-
ameter distances between observer (o),1 lens (l) and source
(s). In this work we assume all lenses to be Singular Isother-
mal Spheres (SISs), with a spherically symmetric mass dis-
tribution. The density of an SIS profile is given by:

ρ(r) =
σV

2

2πGr2
. (2)

SIS mass distributions have been shown to approximate
the observational data well (e.g. Koopmans et al. 2009;
Auger et al. 2010) and allow for simple lensing forecasts
since the lensing deflection angle and magnification have an-
alytical forms. The Einstein radius of an SIS is given by

θSISE = 4π
σ2
V

c2
Dls

Ds
≃

( σV

186 km s−1

)2 Dls

Ds
arcseconds. (3)

For an SIS model, strong lensing occurs when the source is
in the region 0 < θs < θE, where θs is the unlensed angular
position of the source with respect to the optical axis. Two
images are produced at θ+,− = θs ± θE with magnification
µ+,− = 1± θE/θs.

Since the equation of state governs the expansion of
our universe it affects the evolution of angular diameter dis-
tances as a function of redshift.

Dij =
c/H0

(1 + zj)

⎛

⎝

sinn
(

√

|Ωk|
∫ zj
zi

dz
E(z)

)

√

|Ωk|

⎞

⎠ (4)

where sinn(x) = sin(x), x, or sinh(x) for open, flat, or
closed universes respectively, and E(z) is the normalised
Hubble parameter:

E(z) ≡ H(z)
H0

(5a)

EwCDM =
√

ΩM(1+z)3+Ωk(1+z)2+(Ωde)(1+z)3(1+w)

(5b)

EwzCDM =
√

ΩM(1 + z)3 + Ωk(1 + z)2 + (Ωde)eI(z). (5c)

I(z) is an integral given by

I(z) ≡ 3

∫ z

0

1 + w(z′)
(1 + z′)

dz′. (6)

Equation 5b holds if w is constant, whilst Equation 5c is
general for any universe with a time-evolving equation of

1 From now on we drop the ‘o’ referring to the observer in
observer-lens/source distances
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