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Equivalence principle: Deflection of light

• Experiments conducted in accelerated frames 
vs in gravitational field produce results that 
are indistinguishable

• Light deflection in accelerated frames → light 
will show similar deflection in gravity
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Equivalence principle: Deflection of light

• Experiments conducted in accelerated frames 
vs in gravitational field produce results that 
are indistinguishable

• Light deflection in accelerated frames → light 
will show similar deflection in gravity
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Speed of light near massive objects

Metric in the weak field limit!

Potential is negative, so light appears 
to slow down near gravitational 
potentials.
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Light deflection due to differential speed
● In a paper in 1911, 

Einstein used Huygens 
principle to calculate the 
deflection of light due to 
the difference in speed of 
light 



RESCEU Summer School 2024, Kanazawa

Light deflection due to differential speed
● In a paper in 1911, 

Einstein used Huygens 
principle to calculate the 
deflection of light due to 
the difference in speed of 
light 

O



RESCEU Summer School 2024, Kanazawa

Light deflection due to differential speed
● In a paper in 1911, 

Einstein used Huygens 
principle to calculate the 
deflection of light due to 
the difference in speed of 
light 
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● The deflection of light is a consequence of the equivalence principle

Deflection of light: Prediction of GR

  Sun

Real position of star

Earth
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● The deflection of light is a consequence of the equivalence principle

● For a point mass:                        

⇠ is the Impact Parameter

Deflection of light: Prediction of GR

  Sun

Real position of star

Apparent position of star

Earth
↵̂
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Deflection of light: Confirmation of GR

Einstein and Eddington, BBC DocumentaryN
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Fritz Zwicky: an Oracle!

Zwicky F., Phys. Rev. 1937, 50, 291
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First discovery of a strong lens system 
Twin Quasar 0957+561 

Walsh et al. (1979) 
Credit: HST



First discovery of a strong lens system 
Twin Quasar 0957+561 

Walsh et al. (1979) 
Credit: HST



Lynds and Petrosian (1986)

First lensed arcs galaxies 



Lynds and Petrosian (1986) Credit: NASA, ESA

First lensed arcs galaxies 

http://www.spacetelescope.org/
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Gravitational lensing

● Bending of light due to the gravitational 

field of massive objects.

● Different forms
○ Strong gravitational lensing

○ Weak gravitational lensing

○ Microlensing
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Gravitational lensing

● Bending of light due to the gravitational 

field of massive objects.

● Different forms
○ Strong gravitational lensing

○ Weak gravitational lensing

○ Microlensing

All galaxy images that you see are gravitational mirages



RESCEU Summer School 2024, Kanazawa

Gravitational lensing

● Bending of light due to the gravitational 

field of massive objects.

● Different forms
○ Strong gravitational lensing

○ Weak gravitational lensing

○ Microlensing
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Gravitational lensing: one tool to probe them all
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Gravitational lensing: one tool to probe them all
Measure cosmological parameters of the Universe

Understand the galaxy dark matter halo connection

Understand nature of dark matter

Tests of general relativity

Initial mass function of stars

Search for exo planets

Study of black hole disks

Abundances of compact halo objects

Galaxies in the early Universe
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Mirror mirror on the wall
● Formation of multiple images of the 

same object.

● Magnification (or demagnification) of 

certain locations.

● Time of arrival of the different images.

Fu
np

la
nn

er
s.

co
m



RESCEU Summer School 2024, Kanazawa

Fu
np

la
nn

er
s.

co
m

The observed image properties can inform 
us about the curvature of the mirror and 
the features of the “lensed” object
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The deflection angle: general lens model
● Virtually all astrophysically relevant cases of 

gravitational lensing correspond to the thin 
lens approximation.

● Discretization gives the total deflection angle 
for a general lens model.

Observer

Source plane

Lens plane
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The lens equation: geometry

Earth Lens

Source

Image
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The lens equation: geometry

Earth Lens

Source

Image

⇠ = Dd✓

~⇠
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The lens equation: geometry

Lens

Source
Image

As seen on sky
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Scaled deflection angle ⇠ = Dd✓
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Scaled deflection angle ⇠ = Dd✓
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Scaled deflection angle ⇠ = Dd✓
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Lensing potential
Define lensing potential:
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Magnification
● Lens equation relates positions in the source plane to positions in the image 

plane: a one (source) to many (images) mapping.
● Magnification gives the mapping between angular image area to the angular 

source area  

Both angles are two dimensional quantities, thus the 
magnification is a 2x2 matrix.

● The magnification of each image is related to the Jacobian of the transformation 
equation.
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Inverse of the Magnification matrix
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Inverse of the Magnification matrix



RESCEU Summer School 2024, Kanazawa

Convergence magnifies uniformly, shear distorts the shape

Inverse of the Magnification matrix
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Extra path length = AB + BC = BU * ∠AUC  = Dd 𝛂  * ∠AUC
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OAU and SCU are isosceles triangles.

AUO + AUC + CUS = 180 => 90-AOU/2 + AUC + 90 - CSU/2 = 180 

AUC = (AOU + CSU)/2 = 𝛂/2 = (𝛂/2) (Ds/Dds)

Geometric time delay

~↵
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OAU and SCU are isosceles triangles.

AUO + AUC + CUS = 180 => 90-AOU/2 + AUC + 90 - CSU/2 = 180 

AUC = (AOU + CSU)/2 = 𝛂/2 = (𝛂/2) (Ds/Dds)

Geometric time delay

~↵

Extra path length = 1/2 𝛂2 (Dd Ds/Dds) = 1/2 (𝝷 - 𝝱)2 (Dd Ds/Dds)
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Extra path length = AB + BC = BU * ∠AUC  = Dd 𝛂  * ∠AUC
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OAU and SCU are isosceles triangles.

AUO + AUC + CUS = 180 => 90-AOU/2 + AUC + 90 - CSU/2 = 180 

AUC = (AOU + CSU)/2 = 𝛂/2 = (𝛂/2) (Ds/Dds)

Geometric time delay

~↵

Extra path length = 1/2 𝛂2 (Dd Ds/Dds) = 1/2 (𝝷 - 𝝱)2 (Dd Ds/Dds)Geom. time delay = (1+z)/[2c] (𝝷 - 𝝱)2 (Dd Ds/Dds)
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Extra path length = AB + BC = BL * ∠AUC  = Dd 𝛂  ∠AUC

Gravitational time delay

Grav. time delay = (1+z)/c (Dd Ds/Dds) Ѱ(𝝷)

c’ = c (1 + 2𝝫/c2)

Introduce gradient and inverse gradient operator

Definition of the deflection angle

Transform to scaled deflection angle

Convert spatial derivative to angular derivative

Use definition of the lensing potential

c’-1 - c-1 = -2𝝫/c3 and cosmological expansion
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● Images of a source at       form at the stationary points of the Fermat potential 
surface.

● Time difference between two images of the same source has two 
components: a geometric component and a gravitational time delay

Arrival time of images: Fermat potential
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Reference to follow
● Gravitational lensing, strong, weak and micro, SAAS Fee Advanced Courses, 

Vol 33 (here on Springer link)
○ Introduction to Gravitational lensing (Peter Schneider)

○ Strong gravitational lensing (Chris Kochanek)

○ Weak gravitational lensing (Peter Schneider)

○ Microlensing (Joachim Wambsganss)

https://www.springer.com/gp/book/9783540303091
https://www.springer.com/gp/book/9783540303091
https://link.springer.com/book/10.1007/978-3-540-30310-7
https://arxiv.org/abs/astro-ph/0407232
https://arxiv.org/abs/astro-ph/0509252
https://arxiv.org/abs/astro-ph/0604278

