
Characterization	of	compact	
objects	with	gravitational	waves

Salvatore	Vitale
MIT- LIGO	Laboratory

Takayama,	Aug	26th	2016



Characterization	of	compact	
objects	with	gravitational	waves

Salvatore	Vitale
MIT- LIGO	Laboratory

Takayama,	Aug	26th	2016



The	dark	side	of	astrophysics

• Over	the	last	few	thousand	years	humanity	
has	used	electromagnetic	waves	to	study	the	
universe

• Light	has	been	pivotal	to	our	understanding	of	
the	cosmos,	stars,	planets
– However	light	can	be	easily	deflected,	absorbed,	
obscured

• Now,	it’s	the	time	for	the	dark	side
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Compact	objects

• Compact	objects	such	as	neutron	stars		(NS)	
and	black	holes	(BH)	host	some	of	the	most	
extreme	conditions	in	the	universe
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Black	holes

• Leftovers	of	massive	stars
• Produce	extreme	gravitational	fields
• Does	general	relativity	still	hold	true	near	a	
BH?

• How	fast	can	they	spin?
• How	big	can	they	get?	
• When	did	the	first	BHs	form?
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Neutron	stars

• The	most	dense	objects	we	can	observe
– A	mass	of	1.4	M¤ contained	in	a	sphere	with	
radius	of	10	Km

• How	does	matter	behave	in	these	extreme	
conditions?

• Are	neutron	stars	related	to	GRBs?	And	metal	
production?	

• What	is	the	maximum	mass	of	a	neutron	star?
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BH	spins	(with	EM)

• Traditionally,	the	spin	of	black	holes	has	been	
estimated	through	its	effects	on	a	surrounding	
disk

• Need	an	accreting	black	hole	(e.g.	in	a	X-ray	
binary)
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BH	spins	(with	EM)

• If	a	BH	is	spinning,	the	radius	of	the	innermost	
stable	circular	orbit	will	get	closer	(Continuum	
fitting)

• If	the	debris	in	the	disk	reflect	light,	the	spectral	
lines	will	be	distorted	by	GR	effects	which	depend	
on	the	spin	(FE-line)
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BH	spins	(with	EM)

• Both	methods	rely	on	a	good	understanding	of	
the	disk	physics	and	are	indirectmeasurement	
of	spin

• Sometime	in	tension	with	each	other
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BH	mass	(with	EM)

• Also	rely	on	having	a	
luminous	companion

• Requires	period,	
radial	velocity,	
inclination,	
companion	mass

• Indirect	
measurement	
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NS	equation	of	state	(with	EM)
• The	equation	of	state	

summarizes	how	matter	
behaves	in	NS	

• Boils	down	to	simultaneous	
measurement	of	mass	and	
radius	

• Possible	with	EM,	but	
challenging
– Mass	estimates	not	always	

reliable
– Radius	estimates	non	often	

available	and	not	always	
reliable

– NICER	to	launch	2016,	5%	
precision

S.	Vitale,	Aug	26	2016 13

Watts+, 1602.01081



Gravitational	waves

• When	two	compact	objects	orbit	around	each	
other,	they	emit	gravitational	waves	(GW)	that	
encode	all	of	the	system’s	properties

• Compact	binary	systems	can	thus	be	used	to	
study	BH	and	NS	without	the	need	for	light	
just	measuring	the	GW	they	emit.
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What	are	they?	

• Gravitational	waves	are	ripples	in	the	space-
time	continuum,	emitted	by	any	system	with	a	
non-constant	quadrupole	moment

• Yes,	you	can	produce	gravitational	waves	too!	
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• Go	through	quadrupole	
formula	and	the	simplest	
CBC	signal	to	give	an	idea	
of
– F_GW	=	2	F_orbit
– Distance	dependence
– Mass	dependence
– Expected	strain
– Contraction	and	stretch	in	
perpendicular	directions	

S.	Vitale,	Aug	26	2016 16
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Compact	Binaries	Coalescences
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~300Hz~10Hz

INSPIRAL
(post-Newtonian	theory)

MERGER
(numerical	relativity)

RINGDOWN
(Perturbation	theory)

CBC	Gravitational	Wave	signals	are	very	well	understood



Effect	of	GW

• While	passing	through	space,	GW	vary	the	
distance	between	free	floating	observers
– Distances	stretch	in	one	direction	and	squeeze	in	
the	perpendicular	direction
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Order	of	magnitude	estimate
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Two	30𝑀⨀ BHs	at	500	Mpc would	produce	a	strain	(i.e.	relative	
length	variation)	at	Earth	of	roughly	1	part	in	10*6



The	network	of	
Gravitational	Wave	detectors
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Detections!!

• Advanced	LIGO	and	Virgo	detected	2	binary	
black	hole	coalescences	in	their	first	science	
run
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Parameter	estimation

• The	(unknown)	parameters	of	a	CBC	source	
can	be	estimated	using	Bayesian	methods
– Explore	a	high	dimensionality	parameter	space	
using	stochastic	samplings	(MCMC,	nested	
sampling)
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Mass	estimation	(with	GW)

• The	masses	of	the	two	objects	directly	affect	
the	phasing	evolution	of	a	GW	signal
– Very	good	at	estimating	”chirp”	mass
– Worse	for	component	masses

• This	is	a	direct	measurement,	the	masses	
directly	affect	the	amount	and	frequency	of	
GW	emitted	

S.	Vitale,	Aug	26	2016 24
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FIG. 4. Posterior probability densities of the masses, spins and distance to the three events GW150914, LVT151012 and GW151226. For the
two dimensional distributions, the contours show 50% and 90% credible regions. Top left: component masses msource

1 and msource
2 for the three

events. We use the convention that msource
1 � msource

2 , which produces the sharp cut in the two-dimensional distribution. For GW151226 and
LVT151012, the contours follow lines of constant chirp mass (M source = 8.9+0.3

�0.3 M� and M source = 15.1+1.4
�1.1 M� respectively). In all three

cases, both masses are consistent with being black holes. Top right: The mass and dimensionless spin magnitude of the final black holes.
Bottom left: The effective spin and mass ratios of the binary components. Bottom right: The luminosity distance to the three events.

a greater impact upon the inspiral. We find that smaller spins
are favoured, and place 90% credible bounds on the primary
spin a1  0.7 for GW150914, a1  0.7 for LVT151012, and
a1  0.8 for GW151226. In the case of GW151226, we infer
that at least one of the components has a spin of � 0.2 at the
99% credible level.

While the individual component spins are poorly con-
strained, there are combinations that can be better inferred.
The effective spin ceff, as defined in Equation 6, is a mass-
weighted combination of the spins parallel to the orbital an-
gular momentum [71–73]. It is +1 when both the spins are
maximal and parallel to the angular momentum, �1 when
both spins are maximal and antiparallel to the angular mo-
mentum, and 0 when there is no net mass-weighted aligned
spin. Systems with positive ceff complete more cycles when
inspiralling from a given orbital separation than those with
negative ceff [70, 110]. While ceff has a measurable effect
on the inspiral, this is degenerate with that of the mass ratio
as illustrated for the lower mass inspiral-dominated signals in
Fig. 4.

Observations for all three events are consistent with small
values of the effective spin: |ceff|  0.17, 0.28 and 0.35 at
90% probability for GW150914, LVT151012 and GW151226
respectively. This indicates that large parallel spins aligned or
antialigned with the orbital angular momentum are disfavored.

It may be possible to place tighter constraints on each com-
ponent’s spin by using waveforms that include the full effects
of precession [39]. This will be investigated in future analy-
ses.

All three events have final black holes with spins of ⇠ 0.7,
as expected for mergers of similar-mass black holes [111,
112]. The final spin is dominated by the orbital angular mo-
mentum of the binary at merger. Consequently, it is more pre-
cisely constrained than the component spins and is broadly
similar across the three events. The masses and spins of the
final black holes are plotted in Fig. 4.

The spin of the final black hole, like its mass, is calcu-
lated using fitting formulae calibrated against numerical rel-
ativity simulations. In [38] we used a formula which only in-
cluded contributions from the aligned components of the com-

Mass	estimation	(with	GW)

• Typically,	longer	signals	(i.e.	lower	masses)	will	
lead	to	better	estimation	of	masses,	since	we	
can	“follow”	the	signal	for	more	cycles

S.	Vitale,	Aug	26	2016 25
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Event GW150914 GW151226 LVT151012
Signal-to-noise ratio

r

23.7 13.0 9.7

False alarm rate
FAR/yr�1 < 6.0⇥10�7 < 6.0⇥10�7 0.37

p-value 7.5⇥10�8 7.5⇥10�8 0.045

Significance > 5.3s > 5.3s 1.7s

Primary mass
msource

1 /M�
36.2+5.2

�3.8 14.2+8.3
�3.7 23+18

�6

Secondary mass
msource

2 /M�
29.1+3.7

�4.4 7.5+2.3
�2.3 13+4

�5

Chirp mass
M source/M�

28.1+1.8
�1.5 8.9+0.3

�0.3 15.1+1.4
�1.1

Total mass
Msource/M�

65.3+4.1
�3.4 21.8+5.9

�1.7 37+13
�4

Effective inspiral spin
ceff

�0.06+0.14
�0.14 0.21+0.20

�0.10 0.0+0.3
�0.2

Final mass
Msource

f /M�
62.3+3.7

�3.1 20.8+6.1
�1.7 35+14

�4

Final spin af 0.68+0.05
�0.06 0.74+0.06

�0.06 0.66+0.09
�0.10

Radiated energy
Erad/(M�c2)

3.0+0.5
�0.4 1.0+0.1

�0.2 1.5+0.3
�0.4

Peak luminosity
`peak/(ergs�1)

3.6+0.5
�0.4 ⇥

1056
3.3+0.8

�1.6 ⇥
1056

3.1+0.8
�1.8 ⇥

1056

Luminosity distance
DL/Mpc 420+150

�180 440+180
�190 1000+500

�500

Source redshift z 0.09+0.03
�0.04 0.09+0.03

�0.04 0.20+0.09
�0.09

Sky localization
DW/deg2 230 850 1600

TABLE I. Details of the three most significant events. The false
alarm rate, p-value and significance are from the PyCBC analysis;
the GstLAL results are consistent with this. For source parameters,
we report median values with 90% credible intervals that include sta-
tistical errors, and systematic errors from averaging the results of
different waveform models. The uncertainty for the peak luminos-
ity includes an estimate of additional error from the fitting formula.
The sky localization is the area of the 90% credible area. Masses are
given in the source frame; to convert to the detector frame multiply
by (1+ z). The source redshift assumes standard cosmology [40].

The observed events begin to reveal a population of stellar-
mass black hole mergers. We use these signals to constrain the
rates of BBH mergers in the universe, and begin to probe the
mass distribution of black hole mergers. The inferred rates are
consistent with those derived from GW150914 [42]. We also
discuss the astrophysical implications of the observations and
the prospects for future Advanced LIGO and Virgo observing
runs.

The results presented here are restricted to BBH systems
with total masses less than 100M�. Searches for more mas-
sive black holes, compact binary systems containing neutron
stars and unmodeled transient signals will be reported else-
where.

This paper is organized as follows: Sec. II provides an
overview of the Advanced LIGO detectors during the first ob-
serving run, and the data used in the search. Sec. III presents
the results of the search, details of the two gravitational wave
events, GW150914 and GW151226, and the candidate event
LVT151012. Sec. IV provides detailed parameter-estimation
results for the events. Sec. V presents results for the consis-
tency of the two events, GW150914 and GW151226, with the
predictions of general relativity. Sec. VI presents the inferred
rate of stellar-mass BBH mergers, and VII discusses the im-
plications of these observations and future prospects. We in-
clude appendices that provide additional technical details of
the methods used. Appendix A describes the CBC search,
with A 1 and A 2 presenting details of the construction and
tuning of the two independently implemented analyses used
in the search, highlighting differences from the methods de-
scribed in [43]. Appendix B provides a description of the
parameter-estimation analysis and includes a summary table
of results for all three events. Appendix C and Appendix D
provide details of the methods used to infer merger rates and
mass distributions respectively.

II. OVERVIEW OF THE INSTRUMENTS AND THE DATA
SET

The two Advanced LIGO detectors, one located in Han-
ford, Washington (H1) and one in Livingston, Louisiana (L1)
are modified Michelson interferometers with 4-km long arms.
The interferometer mirrors act as test masses, and the pas-
sage of a gravitational wave induces a differential arm length
change which is proportional to the gravitational-wave strain
amplitude. The Advanced LIGO detectors came on line in
September 2015 after a major upgrade targeting a 10-fold im-
provement in sensitivity over the initial LIGO detectors [44].
While not yet operating at design sensitivity, both detectors
reached an instrument noise 3 to 4 times lower than ever mea-
sured before in their most sensitive frequency band between
100 Hz and 300 Hz [1]. The corresponding observable vol-
ume of space for BBH mergers, in the mass range reported
in this paper, was ⇠ 30 times greater, enabling the successful
search reported here.

The typical instrument noise of the Advanced LIGO de-
tectors during O1 is described in detail in [46]. In the left
panel of Figure 1 we show the amplitude spectral density of
the total strain noise of both detectors (

p
S( f )), calibrated in

units of strain per
p

Hz [47]. Overlaid on the noise curves of
the detectors, the waveforms of GW150914, GW151226 and
LVT151012 are also shown. The expected SNR r of a signal,
h(t), can be expressed as

r

2 =
Z •

0

�
2|h̃( f )|

p
f
�2

Sn( f )
dln( f ) , (1)

where h̃( f ) is the Fourier transform of the signal. Writing it in
this form motivates the normalization of the waveform plotted
in Figure 1 as the area between the signal and noise curves is
indicative of the SNR of the events.

LVC,	1606.04856



Comparison	with	EM

• Some	of	the	BHs	we	
discovered	had	masses	
significantly	larger	than	
what	known	from	the	EM

• High	masses	tell	
something	about	
metallicity	and	winds	of	
progenitor	stars	(LVC,	
ApjL 818	L22	)
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Astrophysical	distribution	- Masses
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Vitale+ in prep., Vitale+ PRL  112 251101

Mtot ≤	15	M¤

Dimonds =	NSBH
Circles	=	BBH



Population	inference

• As	more	GW	will	be	detected,	we	will	be	able	
to	infer	the	underlying	mass	distribution	of	
neutron	stars	and	black	holes.

• E.g.:	Are	most	NS	masses	at	around	1.35	M¤?
• Two	main	advantages	over	EM:

– Direct	measurement
– Can	potentially	access	many	more	systems	

S.	Vitale,	Aug	26	2016 28



Neutron	Star	Equation	of	State
• Neutron	stars	host	the	highest	

densities	in	the	(visible)	universe
• Measuring	their	equation	of	state	

requires	joint	measurement	of	
radius	and	mass

• Possible	with	EM,	but	challenging
– Mass	estimates	not	always	reliable
– Radius	estimates	non	often	available	

and	not	always	reliable
– NICER	to	launch	2016,	5%	precision

S.	Vitale,	Aug	26	2016 29
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Watts+, 1602.01081



Neutron	Star	Equation	of	State
• In	a	CBC,	each	NS	will	feel	the	tidal	field	of	the	companion,	

which	induces	a	quadrupole moment

• Known	leading	and	next-to-leading	effects	on	GW	phasing
• Early	studies	considered	single	events,	with	contradictory	

findings (Read+	PRD	79	124033;	Hinderer+	PRD	81	123016,	many	others)

• Markakis+	JPCS	189	012024	considered	multiple	events	but	
used	Fished	matrix,	unreliable	at	low	signal-to-noise	ratios	
(Vallisneri PRD	77	042001,	Vitale+	PRD	84	104020)

• First	fully	Bayesian	approach	in	2013	(Del	Pozzo+	PRL	11	071110)
• Also	see	Wade+,	and	many	more.
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Neutron	Star	Equation	of	State
• Two	different	avenues:	

– Model	selection	and	EOS	ranking
– Parameter	estimation	on	the	tidal	deformability

• Both	allow	to	use	all	events
• Will	focus	on	parameter	estimation

S.	Vitale,	Aug	26	2016 31

λ(m) ≈ λ0 +λ1 (m−1.4M )

Del	Pozzo+	PRL	11	071110



Neutron	Star	Equation	of	State
• In	Agathos+	PRD	89	082001	we	extended	the	initial	study

– Small	neutron	star	spin
– More	physics	(quadrupole-monopole	term)
– Better	handling	of	waveform	termination

32S.	Vitale,	Aug	26	2016



Spins
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• Spin-Orbit	coupling	makes	
the	orbit	precess

• Waveform	gets	amplitude	
and	phase	modulation

• Rich	physics,	some	
degeneracies	are	reduced
• Better	parameter	

estimation



Spinning	Waveforms	w/	precession

• However,	the	amount	of	modulation	visible	in	the	
detector	frame also	depends	on	the	orientation	

• Face-on	CBC		à Less	modulation

S.	Vitale,	Aug	26	2016 34



Effects	of	Orbital	Orientation

• Spin	estimation	strongly	
affected	by	orientation

• Spin	errors	minimum	if	
system	seen	“edge-on”

• Less	likely	to	detect	than	
“face-on”	

S.	Vitale,	Aug	26	2016 35



BH	spin	(with	GW)

S.	Vitale,	Aug	26	2016 36

LVC,	1606.04856

• Spins	enter	the	waveform	at	higher	PN	orders
• They	are	harder	to	measure	than	mass	parameters



BH	spin	(with	GW)
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• Spins	enter	the	waveform	at	higher	PN	orders
• They	are	harder	to	measure	than	mass	parameters

RELATIVE	SPIN	ERRORS	
CLOSE	TO	100%



Astrophysical	distribution	- Spin
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Vitale+ in prep., Vitale+ PRL  112 251101

Mtot ≤	15	M¤

Dimonds =	NSBH
Circles	=	BBH



CBC	and	their	formation	channels
• Measuring	masses	and	spins	can	help	determine	channel	and	

environment	in	which	BH	and	CBC	are	formed
• Two	main	formation	channels

– Common	envelope	evolution
• Galactic	fields
• Final	masses	not	too	different
• Aligned	spins

– Dynamical	capture
• Globular	clusters
• Any	mass	ratio	(?)
• Misaligned	spins

S.	Vitale,	Aug	26	2016 39



An	example:	spin	alignment

• Most	astronomers	believe	that	CBC	formed	via	
common	envelope	will	have	aligned	spins	
(Gerosa+,	many	others)

• We	can	use	Bayesian	methods	to	verify	if	and	
how	many	systems	have	aligned	spins

S.	Vitale,	Aug	26	2016 40



• If	time	allows,	show	how	to	obtain	the	
posterior	distribution	of	f_a

S.	Vitale,	Aug	26	2016 41



Results

• 100	NSBH	(dashed)	and	200	BBH
• Astrophysical	distribution
• Can	measure	the	fraction	of	aligned	systems	
with	uncertainties	of	~15-20%

S.	Vitale,	Aug	26	2016 42



Strong	field	tests	of	General	Relativity

• GWs	represent	our	first	chance	to	test	general	
relativity	in	its	strong-field	dynamical	regime

• Double	pulsar	J0737-3039	has
– Masses	~	M¤

– Speeds	~	1e-3	c
– Derivative	orbital	period	~	1e-12

• GW150914
– Few	to	tens	of	M¤

– Relative	speed	~	0.5	c
– Derivative	orbital	period	~	1
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Strong	field	tests	of	General	Relativity

• There	is	a	large	number	of	alternative	theories	of	
gravity	that	we	will	be	able	to	test	using	
gravitational	waves
– Massive	graviton
– Brans-Dicke
– Many	more!

• But	the	real	theory	of	gravity	might	not	have	
been	proposed	yet.	Need	unmodeled tests
– Post-Netwonian phasing	tests
– TIGER

S.	Vitale,	Aug	26	2016 44



GR	tests	with	GW150914:
phasing

• Post	Newtonian	expansion	of	
GW	phase	has	coefficients	
known	within	GR

• Can	put	upper	limit	on	how	
different	from	GR	they	can	be
– Using	double	pulsar
– Using	GW150914

• Double	pulsar	already	beaten	
at	0.5PN
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LVC PRL 116, 221101 & 1606.04856



GR	tests	with	GW150914:
massive	graviton

• A	full	self-consistent	theory	of	
gravitational	field	mediated	by	
massive	particle	is	not	yet	available

• However,	just	modifying	the	
dispersion	relation	one	can	calculate	
extra	phasing	term	for	GW	phase	
(Will,	PRD	57	2061)

S.	Vitale,	Aug	26	2016 46

ü 3	orders	of	magnitude	better	than	
double	pulsar

ü Factor	of	3	better	than	solar	system
ü Some	model	dependent	tests	do	better

LVC PRL 116, 221101



TIGER
• Test	Infrastructure	for	General	Relativity
• Look	for	generic	deviations	in	an	unmodeled fashion
• Based	on	Bayesian	model	selection,	combine	evidence	from	all	

detected	events
• Does	not	rely	on	“golden	events”	(i.e.:	high	signal-to-noise	ratio)
• Extensively	tested	on	BNS	(Li+ PRD 85 082003 , Agathos+  PRD 89 

082001)
• In	development	for	BBH

S.	Vitale,	Aug	26	2016 47



TIGER
• Test	Infrastructure	for	General	Relativity
• Look	for	generic	deviations	in	an	unmodeled fashion
• Based	on	Bayesian	model	selection,	combine	evidence	from	all	

detected	events
• Does	not	rely	on	“golden	events”	(i.e.:	high	signal-to-noise	ratio)
• Extensively	tested	on	BNS	(Li+ PRD 85 082003 , Agathos+  PRD 89 

082001)
• In	development	for	BBH
• Define	two	models	“GR	is	correct”	vs “GR	is	not	correct”	

– “GR	is	not	correct”	is	true	if	any	post	Newtonian	or	phenomenological	
phase	parameters	deviates	from	its	GR	value

• Calculate	Bayesian	odds	(ratio	of	probabilities)
• Each	detection	contributes	to	odds
• Good	efficiency	after	few	tens	of	BNS
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FIG. 4: The log odds ratios for individual sources. The blue
crosses represent signals with standard GR waveforms, the
red circles signals with a constant 10% relative o↵set in  

3

.
A separation between the two is visible for SNR & 10 and
becomes more pronounced as the SNR increases.
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In Fig. 6, we show the cumulative number of times that
a particular Bi

1

...ik
noise

is the largest, against SNR, for the
case where the injections have ��

3

= 0.1. The results
are entirely as expected, considering that the injected
waveform has a shift in  

3

only:

• The Bayes factor B3

noise

corresponding to the hy-
pothesis H

3

dominates;

• The Bayes factors Bi
1

...ik
noise

corresponding to hy-
potheses that involve  

3

being non-GR tend to out-
perform those that do not;

• The Bayes factors for the non-GR hypotheses devi-
ate from the GR one already at low SNR, showing
that our method will perform well in the low-SNR
scenario.

Because of the first two points, one may be tempted to
assign di↵erent prior odds to the various hypotheses in-
stead of setting them all equal to each other. For instance
one might consider downweighting the most inclusive hy-
pothesis, H

123

, by invoking Occam’s razor. However, the
violation of GR we assume here is of a rather special
form. In reality one will not know beforehand what the
nature of the deviation will be; in particular, its e↵ect
may not be restricted to a single phase coe�cient. It is
possible that all coe�cients are a↵ected, in which case

FIG. 5: Top: The normalized distribution P (lnOmodGR

GR

) of
log odds ratios for individual sources, where the injections
are either GR or have ��

3

= 0.1. Bottom: The normalized
distribution P (lnOmodGR

GR

) of logs of the combined odds ratios
for GR injections and injections with ��

3

= 0.1, for catalogs of
15 sources each. The e↵ectiveness of the catalog approach to
testing for deviations from GR comes from the combination
of multiple sources, each source contributing to the overall
result in proportion to its own Bayes factors.

one would not want to a priori deprecate H
123

. As ex-
plained in Sec. III C, our hypothesis H

modGR

corresponds
to the question whether one or more of the phasing coef-
ficients { 

1

, 
2

, 
3

} di↵er from their GR values; one may
want to ask a di↵erent question, but this is the one that
is the most general within our framework. To retain full
generality, all sub-hypotheses Hi

1

i
2

...ik need to be taken
into account and given equal weight.

2. Signals with constant relative deviation ��
3

= 0.025

It is clear that, if signals arriving at the Advanced
Virgo-LIGO network would have a (constant) fractional
deviation in  

3

as large as 10%, then at least under the
assumption of Gaussian noise, we would have no trouble
in discerning this violation of GR even if only 15 events
were ever recorded. Now let us look at a smaller devia-
tion in  

3

; say, 2.5%.

Singe	BNS	source
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Catalogs	of	BNS	sources



Cosmography	with	GWs

• Gravitational	waves	provide	direct	
measurement	of	luminosity	distance

• If the	redshift	of	the	source	can	be	estimated	
in	some	other	way	one	can	measure	
cosmological	parameters.
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signal-to-noise ratio (SNR) ⇢ can be succinctly written
as

⇢ =
p

(h | h) . (5)

The posterior distribution for any parameter in our signal
model S is related to the likelihood in Eq. (4) through the
application of Bayes’ theorem

p(~⇥i|✏i, S, I) / p(~⇥i|S, I)p(✏i|~⇥i, S, I) (6)

where p(~⇥i|S, I) is the prior probability distribution for
the parameters ~⇥i. When multiple independent detec-
tors are included in the analysis, the likelihood (Eq. (4))
generalises to

p(✏i|~⇥i, S, I) =
Y

k

p(✏(k)i |~⇥i, S, I) . (7)

For this work, we are only interested in the pos-
terior probability for a subset of parameters ~⌦ ⌘
{H

0

,⌦m,⌦
⇤

, . . .}. Therefore, we marginalise over the

remaining subset of parameters ~✓i, i.e.

p(~⌦|✏i, S, I) =
Z

d~✓i p(~⇥i|✏i, S, I)

=

Z
d~✓i p(~✓i, ~⌦|S, I)p(✏i|~✓i, ~⌦, S, I)

= p(~⌦|S, I)
Z

d~✓i p(~✓i|~⌦, S, I)p(✏i|~✓i, ~⌦, S, I)

= p(~⌦|S, I)L(✏i, ~⌦) , (8)

Where we have introduced the so-called “quasi-
likelihood” [32]

L(✏i, ~⌦) ⌘
Z

d~✓i p(~✓i|~⌦, S, I)p(✏i|~✓i, ~⌦, S, I). (9)

Finally, the posterior for ~⌦ given an ensemble of events
E can be shown to be

p(~⌦|E , S, I) = p(~⌦|S, I)
Y

i

L(✏i, ~⌦). (10)

Therefore, in order to obtain the posterior for ~⌦, we need
to perform a multi-dimensional integral in Eq. (9) for
each of the GW events. The description of this procedure
and the generation of data follow in Eq. (10).

III. ANALYSIS

In this section we describe the simulation that was per-
formed. Firstly, we outline the generation of the data,
consisting of the GW signal model, the astrophysical and
cosmological assumptions regarding the source popula-
tion, and the simulation of the detector noise. Secondly,
we show the data analysis implementation with which
the simulated data was analysed. In particular, we de-
scribe the construction of the quasi-likelihood, and it sub-
sequent use to arrive at our cosmological inference. The
GW signals, and the detector noise have been generated
using the LIGO Analysis library (LAL) [33].

A. Astrophysical and cosmological assumptions

The NS masses are distributed according to a Gaussian
distribution with a mean of 1.35M� and a standard devi-
ation of 0.15M� [34] which is assumed constant through-
out the cosmic history. For the NS equation of state
we consider three cases; a hard EOS, a medium and a
soft EOS. They are labelled as MS1 [35], H4 [36] and
SQM3 [37]. We investigate these three cases since in [30]
it was shown that the accuracy with which the redshift
can be measured depends on the magnitude of the phys-
ical e↵ects related to the details of the EOS. One can
think of these three cases as an optimistic, a realistic
and a pessimistic one, respectively.
The events are distributed uniformly in the cosine of

the inclination, polarisation and time of arrivals. The
events are also uniformly distributed in comoving vol-
ume. Their redshifts are sampled from the probability
density given by [38]

p(z|~⌦) = dR(z)

dz

1

R(z
max

)
(11)

where R(z) is the cosmic coalescence rate. It is worth
nothing that p(z|~⌦) is an explicit function of ~⌦. The
di↵erential cosmic coalescence rate is equal to

dR(z)

dz
=

dV

dz

r
0

e(z)

1 + z
(12)

where r
0

is the local rate, e(z) is the cosmic star forma-
tion rate and V is the comoving volume. In a Friedmann-
Robertson-Walker-Lemaitre (FRWL) universe, the rate
of change of V with z is given by

dV

dz
= 4⇡

D2

L(z)

(1 + z)2H(z)
, (13)

where we have introduced the Hubble parameter

H(z) = H
0

p
⌦m(1 + z)3 + ⌦k(1 + z)2 + ⌦

⇤

E(z, w(z))
(14)

and the luminosity distance [39]

DL(z) =

8
>><

>>:

(1+z)p
⌦k

sinh[
p
⌦k

R z

0

dz0

H(z0
)

] for ⌦k > 0

(1 + z)
R z
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dz0

H(z0
)

for ⌦k = 0
(1+z)p
|⌦k|

sin[
p

|⌦k|
R z

0

dz0

H(z0
)

] for ⌦k < 0

(15)

H
0

is the Hubble constant, ⌦m is the matter fractional
density, ⌦

⇤

is the fractional energy density of dark en-
ergy, ⌦k = 1� ⌦m � ⌦

⇤

is the curvature. Finally

E(z, w(z)) = (1 + z)3(1+w
0

+w
1

)e�3w
1

z/(1+z) (16)

is a convenient parametrisation to capture the e↵ects of
the redshift evolution of dark energy [40]. For ~⌦ we chose
fiducial values of

(h,⌦m,⌦
⇤

,⌦k, w0

, w
1

)fid = (0.7, 0.3, 0.7, 0,�1, 0), (17)
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How	to	measure	the	redshift?
• If	the	CBC	produces	an	EM	counterpart	(e.g.	GRB)	
(Schutz,	Nature	1986)

• If	one	knows	the	NS	EOS	(Read	&	Messenger	PRL	
108	091101,	Del	Pozzo+	1506.0659)

• If	the	post-merger	signal	is	observed	(Messenger+	
PRX	4,	041004)

• If	the	true	distribution	of	NS	masses	is	known
(Taylor	&	Gair PRD	86,	023502)

• Even	if	no	EM	is	found,	but	there	is	a	reliable	
galaxy	catalog	(Del	Pozzo PRD	86	043011)
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Second	vs	third	generation	of	GW	
detectors

• Measuring	cosmological	parameters	might	
have	to	wait	the	for	the	next	generation	of	
GW	detectors,	when	thousands	of	detections	
will	be	made	each	year.

• Having	thousands	of	events	increases	the	
chance	of	EM	counterpart

• …	and	allows	for	populations	studies
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An	example:	cosmology	with	EOS

• Del	Pozzo+	(1506.0659)	explores	how	well	
cosmological	parameters	can	be	estimated	if	
the	NS	EOS	is	known.

• Thousands	of	BNS	assuming	different	
cosmologies

• Third	generation	GW	detectors	(Einstein	
telescope)
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An	example:	cosmology	with	EOS
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1000	BNS	events,	
flat	universe

9

FIG. 6. Same as Fig. 4, but for a general FRWL universe + DE parameters.

�h

Model
N

103 104 105 106 107

Flat FRW 0.5⇥ 10�1 1.6⇥ 10�2 0.5⇥ 10�2 1.6⇥ 10�3 0.5⇥ 10�3

General FRW 4.6⇥ 10�2 1.5⇥ 10�2 4.6⇥ 10�3 1.5⇥ 10�3 4.6⇥ 10�4

General FRW+DE 0.8⇥ 10�1 2.5⇥ 10�2 0.8⇥ 10�2 2.5⇥ 10�3 0.8⇥ 10�3

TABLE I. 95% accuracies on the measurement the reduced Hubble parameter for various detected numbers of sources for the
general 5 parameter case. For 103 sources, the widths have been computed using our Nested Sampling algorithm, otherwise
the widths are the result of an extrapolation.

1000	BNS	events,	
FRWL	universe

1000	BNS	events,	
flat	universe• Hubble	constant	measurable	with	

precision	of	~10%	with	1000	
sources

• Λ= and	Λ> factor	of	>10	worse	
than	Planck	

• These	become	comparable	to	
Planck	with	more	sources

• DE	parameters	(w’s)	precision	
comparable	to	Planck	with	1000	
sources

• Can	improve	EM	measurement	
with	more	detections 1506.0659



Advanced	LIGO	not	at	design	sensitivity	yet:	
more	detections	coming	soon!
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• Next	Science	Runs:
• 2015:	2	BBH	event
• 2016	- 2017:	5-10	significant	BBH	events,	~2	BNS
• 2017-2018	:	10-30	significant	BBH	events,	~10	BNS
• 2019:	>	50	significant	BBH	events,	~20	BNS

LVC Liv. Rev. Rel 19, 1



Thank	you!
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GW	– Electromagnetic	connection

• CBC	containing	neutron	
stars	are	expected	to	be	
bright	in	the	EM	band
– Progenitors	of	short	GRBs?
– Rich	variety	of	frequencies	and	

timescales

• Core	collapse	supernovae	
are	believed	to	power	long	
GRBs

• And	are	BBH	luminous??		
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GW	– Electromagnetic	connection
• Challenges:	searches	need	to	be	fast	and	precise;	typical	latencies	few	minutes
• Sky	error	areas	from	GW	data	are	large,	especially	with	only	2-3	detectors	on-line
• Median	searched	areas	≤	100	deg2 in	the	next	science	run	with	Virgo	on-line
• Not	strongly	dependent	on	model
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GW150914-Sky	Localization
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Sky	maps	generated	by	burst	searches	and	shared	
with	EM	partners	within	48	hours	

CBC targeted 
parameter estimation 

(LALInference, Veitch+  
PRD  91 042003) ran 

with higher latency

Burst	search		
cWB

Burst	search		
oLIB

CBC	search
LALInference



Multi-band

• Sesana (PRL	116,	231102)	noticed	that	if	eLISA	
were	online,	it	would	have	detected	GW150914	a	
few	years	ago
– Pre-merger	alert
– Much	smaller	sky	areas	and	telescopes	ready	in	
advance

• Benefit	even	if	BBH	are	not	luminous!	Vitale	(PRL	
117,	051102)	showed that BH	spins can be
measured a	factor 2	better for	those joint
detections.
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Gravitational	Wave	Sources
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How	to		detect	them?	

• We	basically	need	to	be	able	to	measure	the	
distance	between	objects	very well

• I	mean	really	well:	
If	the	masses	are	4km	apart,	you	must	be	able	
to	monitor	their	distance	to	10^-18	meters

• Use	lasers!	
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Ground	based	GW	detectors

• Use	laser	interferometry	
to	measure	small	
differential	length	
variations
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Space	based	GW	detectors

• eLISA
– Interferometry	in	space
– Targets	more	massive	
objects	than	LIGO

– Launch	>	2030

• Pulsar	timing	array
– Use	pulses	time-travel	as	
a	clock

– Targets	supermassive	BH
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The	GW	spectrum
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In	the	next	five	years…
• More	binary	black	holes	detection	will	lead	to:

• Understanding	of	black	hole	mass	and	spin	distributions,	
formation	channels

• Tests	of	General	Relativity	in	its	strong	field	regime
• We	will	probably	detect	binary	neutron	stars

• Joint	Electromagnetic/Gravitational	Wave	discovery:	
progenitors,	environment,	opening	angle,..

• Rank	equations	of	state
• Maximum	mass	of	neutron	star?

• We	will	never	stop	listening!
• Gravitational	wave	bursts	from	supernovae,	other	violent	

events,	unknown	sources
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More	science	with	early	upgrades	to	
Advanced	LIGO	(10	years)

• Early	upgrades	envisioned	beyond	Advanced	LIGO,	larger	
science	output	(Miller+	PRD	91	062005):
– Squeezed	states	of	light	can	improve	both	high	and	low	frequencies,	

improving	sky	localization,	measurements	of	neutron	star	tidal	
deformability	(Lynch+	PRD	91	044032)

– Coating	and	beam	size	can	improve	sweet	spot	sensitivity	
àmore	detections

– Suspensions	and	heavier	masses	affect	<	50	Hz	region:																																
à higher	SNR	and	parameter	estimation	for	BBH

• Overall	up	to	a	factor	of	2	in	reach,	~	8	in	volume
• Evolving	science	goals
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South	Pole
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Astrophysical	implications
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Aligned-spin	mass-spin	degeneracy
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Unmodeled Sources
• Any	violent	astrophysical	or	

cosmological	phenomenon
– Core	collapse	supernovae
– Cosmic	strings
– Post-merger	signals	from	hypermassive

neutron	stars
– Something	unexpected

• Uncertain	or	no	knwledge of	
gravitational	wave	signal	morphology

• Less	advertised,	but	not	less	
interesting	than	CBCs
– Also,	high	mass	binary	black	holes	

escaped	CBC	net
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oLIB results	for	GW150914
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We expect something as 
significant as GW150914 to only 
happen once every 27,000 years: 

4.6 σ


