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¥ |ntroduction

- Higher derivative theory
- Ostrogradsky’s instabillity

¥|nstability in gravity
wStabilization: How to remove?

WCosmological implication




¥Equation of motions are 2nd order (usual case)

- Classical mechanics -+ Newton’s e.o.m

- General Relativity --- Einstein egs

- Horndeski theory (and its beyond)

¥What will happen
when we consider “Higher” derivatives?



W\We will face to "Ostrogradsky’s instability”

The theory becomes unstable ! (in some case)

Simple model:

i i 2
S:/dt _%QQ—V(Q)_ H = P> P21 -V (Q1)

Canonical variables: Q1 :=gq

Q2 =g



W\We will face to "Ostrogradsky’s instability”

The theory becomes unstable ! (in some case)

Simple model:

s [ a

Canonical variables: Q1 :=gq

Q2 =g

1

—G* — V(Q)_

2

2
H = PiQs - ];1 -V (Q1)

Quantum gravity suggest Higher derivative gravity
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GR : effective theory at low energy

Quantum Gravity : effective at high energy

Suggestion: Curvature invariants

famous model: £ =R+ aR* (Starobinsky model)
[match to Planck observation]

R? C*?

2
Other curvature terms? R oo Chvpo

puo

Ostrogradsky’s instability



Appearance of instability (around Minkowski)

M2
S = TP” /d4x\/7—g (R—2A+ aR* + B8R, R")
metric: d82 — —dtQ -+ (523 -+ hij -+ §hzkhk])d$zd$‘]
M2 -
§=— /dndgﬂf {(hiy)? + 19 0%hi; + B [(Ri5)* + 2hi;0°hi; + (07hij)*] }

Hamiltonian:
Mg, [ s [ 1 4 ij :
H=—1 [d% 1P P T i — 264i;07qi;
—qijq" — BO"hi;0°h" — hi;0°hij| .

[Linear term—unstable] 6




It can be stabilized! [chen et al. 2013]

WAddition of suitable constraint

Lagrangian:
LD (h)° LD (W — Xij)?, Nij0?hi

Time derivative «—— Spatial derivative
[extra d.o.f (ghost)] [Good for renormalizability]

Hamiltonian:
H D mqi; Positive! due to 7;j X g;;




It can be stabilized! [chen et al. 2013]

/Reduced Hamiltonian \
1

HR — Zﬂ'ij(l — 2682)7&'7;3'

+ W7 (=0% + 3B0°0%) hy;

\ [all terms are Quadratic] /

Hamiltonian:
H D mqi; Positive! due to 7;j X g;;



Higher derivative term Instability

02

ex) Gravitational theory: k2, k>, ., C3,

puo

i be stabilized by C _
: M?2
setting: §=—>= / d'zy/=g (R —2A + aR* + BR,, R")

Background is Minkowski.

Problems:

- Our universe Is expanding
- Particular model Is used



Let's change ! Y.Akita and T. Kobayashi, [arXiv:1507.00812[gr-gc]]

WThe Background is Friedman sp.

ds® = a? (1)

1
—dn® + (055 + haj + §hikhkj)

WModel is Generalized.

g — / d*z/—g f(R, R, R, C\ppe CHP7)

f: Arbitrary function of these curvatures.

dxtdz?

10



Start with: .5 = /d4$\/jg f(R7 R/M/R'uya C,uypgc'u“ypa)
ry = R, To (= R#VRIH/, Py 1= Cw/pac;u/pa

Quadratic action:

2
S = /d4:13 {% (Ah,/j + Chz'j82hfij) + g {h;’f + 2h;j82h;j + (32hij)2} }

Definitions £, := af/or,

Bi=2f2+4/s Time dependent
8 ‘ ‘ , ,H - .

A — 2fl+ g (H2+H) —4f2a_2’ COGfﬂClentS
8 ‘ / 4f, 2 " 7

C = 2fl+§(7{2+7{)+%7{—a—2( " _9f!)

11



Start with: § = /d4ZL’\/ —( f(R, R,uyR'w/a C,uupacluypa)

— — 4 * —
Tl o — R, T2 o — RI_U/RM . T3 o C[,l,l/pacuypa

Quadratic action:

2
> = /d4$ {% (AR5 + Chi;07hij) + g {h;’f + 2h3;0%hi; + (8%5")2} }

Hamiltonian:

Iy 2 1
"= / dgx{” "+ 3pi; — ghii (a°00° + BO°0°) hyy

1
— ngj (CL2A -+ 2582) qij}
12



2
S = / d'z {% (AR + Chi;0%hij) + g R+ 21,0 + (0%hiy)”| }

Constraints: same form
2
L D (h!) LD (W — Xij)?, Nij0%hy;
Ime derivative «— Spatial derivative
[extra d.o.f (ghost)] [Good for renormalizability]
Constructing ij := hij «— ©*/ := 0L/0h;;

Hamiltonian: ¢, := hj; «— p"” := 0L/0Oh,
)\ij P = )\Z’j%ﬂ&]:o 13




Hamiltonia_m with constraint

s [ 2. B .
H = /d‘:c 7r3q.z-j + Bpfj + )\ij (pij — Eazhij)

Primary constraint ¢:: 7y =0

WSecondary constraints --- Consistency of
primary constraint

G2 : 1 =0« {¢p1,H}pg =0 and so on.

several constraints including m;; X q;; o



Generalization: Reduced Hamiltonian

Z

:
tion |

e —_— S S— —

' Results of Stabilli

WReduced Hamiltonian - tensor perturbation

2 1
Hp = /d%{ a7 (A= 280%) mij + chij (—a”CO” + 360°0%) hz’j}

A C, >0

WSpectrum of G.W.

model iIndependent form

1 2H?

Pn = A+ sBH2 72 > s ~ const. = O(1)

15



i
,[
l

Results of Stabilization

R

Phase space dimensionality: \

Original: 8 d.o.f - h;;, g;; and their conjugate

add A;; and conjugate —» +4 d.of P12 dof

+8 second class constraint

» 4 d.o.f: same with GR [ghosts are removed]

& J

15




ds* = a* [— (1 — Bz-Bi) dn?* + 2B;dz'dn + 5ijd$id$j]

Vector mode Is dynamical:

5= [

(

A,2

(%

1

+ 04;0%0;;)

| with f)z'j = 8,-Bj

g>0and A <O

[Conflict with stable condition of tensor sector]

Remove the vector mode from theory

16



Constraint

B /. ~ \2 . 0. |, GPA
S:/d’la:{z (’U;j_/\'z'j) +'Uz'j82’vij " 'Ufj

s (T .« B. .o. a’A .
H = /ddx ( 53 7Tij>‘ij - Z’Uz'jaz’vij 1 vfj)

primary constraint, Secondary constraints,----

reduced Hamiltonian Vanishes!

17



Scalar perturbation can be stabilized.
(expression is complicated)

Flat gauge metric:
ds* = a* [—(1 + 2®)dn’ + 28; Bdndz® + 6;;dz'dz’|

Quadratic action:
S = /d%[bo (<I>’)2 + by (62<I> + B’)2 + by ®'B’ 4 b3dB’
+¢,D% + c,@0°D + 3 OB + ¢, B + 05382<I>]

B:=0?B

18



—6fia*H* + 361, [47"‘ — 2HH" + (W) + ¢; :=2(2fy+3fy) (47{2 +3H) + ¢21_:fl2 [l(ﬂ{‘ —3HH" +6 ('H')2 + ll?{z?i']

*gflz [227‘6 +4(H') + 19H'H — 8H'H | *3—6f1u7f (2#* - H")
216 a’
+ =5 M (W +H) (2K - H
gsfm[ | ()() ue) : 2% 200+ 12(H)" + 35HH — GHH” — 1ZHHH +32H° (W]
T fon |12+ 2(H) + 21HH — 44

at '

72 5 20 4 "na 3q tey g M
—10H (H)*H" + 1H (H)* = 10 *Ef‘”u [SH —IHH +2H(H) +8H'H -G'H’H]

144 24 ' / ET L
L0 [w SHHY  THH — 2 s M (H +2H) [mn” — 3HH" + AH (H') + 4H’H — 6H'H
a
"'%fmﬂ [16H9 +8H (M) +32HH — +"2;8§§me (H+ 2%’ [4%5 —HH +2H(H) - 2H'H"| |

_204’{2 (HI)2 H” -12 (HI)S ?{II — 1TH'H'H J

S0 o [H - 200 4 3HH + 30 ()] [0 #PH" + 2H () — 2, too com p| icated:--

(Al)

—4f1a*H + 12f,) (8H* — H") + 8, (6H* — H" — 2HH)
+5 fua [26H° — BHAH" + H (W) + NH'H = 20 %"r’z 319‘!: (HE HWHTY L 29— SHH" — 5 (W) + 10H°H|

Y 4

f‘:—f fo2 :eou’+4u (H)' +TOHH —19H'H"  ~ foH (20 - H)

+22%° (?{')2—28?127{’7{"—4(7{')27{"] — GRS (H) S TIHH - 20HYH — BHHH + 18H (u')’]
1 [ 289 — 11 + 6 (WY + 20HH = JMHAH — LIHEH + 67 (7 + 20HH, — 16HH']
*23;8 finH? OHT + 20H (WY + 68HH' — 13H'H" + bo® (',',gja' - 20H (H') + 68HH! — 13H'H”

2 + 'J'_l'}"' 3 ® Al | -';" - ‘.”_ ’ 2 ”n
_407{2%’7{)!_28 (Hl)-uﬂ] o9Zn 1 UM } %(H) H]

+200  H [5?{‘ +8(H) + 141{2?{'] [41{"’ - uzu”%éﬂ ‘i‘H"j*‘i ’2?‘{'*&"’] ~ A" o —wew 2 () - 2w



¢, = —6fia*H* + 36, [4?1‘ —2HH" + (H')" + ¢y = 2(2fy =3/ (4H* = 3H') + 24

fi2 [107{‘ —3HH" +6(H)* + 117{-’7{’]
_;ffu [227{" +4(HY + 19H'H — 8H'H

216 9 g .
T2 f}:]H(H' +H) (2?‘{ -

W8 .
- a4 f'_r_) 12H +2|1H

36 . M
+ ¥ (2#" —#H")
“) 24 r

"ne

G OHH” — 12HHH + 321 (W)
.../ Coefficients contain--- SHH — GHH']

<8 fuaH [5H + H "+ AH (W) + 4HH — 6H'H
86

-;1,34!1-.».»?{ ilﬁ‘Hf'+8 _ Hubb|e param. +2H{H'}"—2’H"H"j .

—20H2 (H]

<2 - model dependent param.

¢y = —4fia*H + 12f,, [&

~ ),,.f;; 6H" — 8H*H" +H(H) + NHH = 2H'H Y+
(- - -
Jlbf-,.._. (60T + 4H (HY + TOHH — 19K 'H"

al

2
-

216 ) ' o . ) . o . 2 "
LR HWHY L 2 — U — 5 (W) + 10HH

a=

2
-

+22H (H'Y — BHH'H" —4(H)” 7{} ' | 0H'H" — 28HHH" + 18H" (H) ]

144 [ ] T L = ST o 117} (e dqq1 rey got |
+o fro M | 28H = 1IHH +6H(H ) +20H"H = 16MHH 4 Y+ 20HH — 16H'H -

{

——

25\ - - ' ) ‘ ~ ‘ - | s 7 5 ' 4 ”
frooH” |42H + 20H (H ,jn‘ + 6RHH — 13K M + 823:{° (7" - H — 13H*H

g 4122
—40H *H'H" — 28 'IH‘I!"'H? | " —28(H)H"
43— HH" + 2H (W) — 2HH

o76

+ fa M |5H +B(H) + 147{:’?{} [-m’ ~ HH = 2H (H) —21{“7{"} . [A3)

a T



Quadratic action:
s = / d'z[by (@) + by (%@ + B)? + b,9'B' + bs @B
+¢1D% + c,@0°P + ¢3PB + ¢,B” + ¢;Bo* P

Hamiltonian:

3 | 3 17 o\’
H = /d‘z[@ ('ITB - 5% - b3® - 2b162¢) +

—(,'1(1)2 - c2<I>32<I> - C;;CDB - C.182 - c;Bc’)z@] "

TS 27+

B 242
24H*T 3 (0°2)

To see instability:

Need to do canonical transformation
20



—

~ . 3 o~ a2
H /diz{ = (ﬁg - q)bgg - 2b182<1>) -+ e

40 24H*T

-l ~ -2
3 |7 (q’ :m) +}

Stability conditions:

- Kinematic terms: §>0and Z > 0

The last term becomes negative

(unstable at high momentum scale.)

21



Constraint:

S = / d'z[by(®')? + by (0°® + B' — A)” + b,®'(B' — \) + b3®(B' — \)
+Cl(I>2 -+ 624)62‘1) -t 63(1)8 -1 6432 -+ (:5882@] "

Just modify B’ — B’ — )

Reduced Hamiltonian:

~ x | 224+ P C 2 ~ ~ ]
_ 3 2 2% 2 _ 1 552
HR_/dz 22zt g, (a ) + 9’ - d,00°0

22



- Higher derivative term — Ostrogradsky’s ghost

-

o cf. Q.G.
Gravitational theory: R:,, R:, ., C., .,

Instability can be removed by
the addition of suitable constraint

What we did:
Stabilize

the general model /(£; R, C, )
on cosmological background



