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Teleparallel Gravity

Alternative Gravitational Theory

m Einstein's unified field theory:

ing-Wei Luo

Riemannian Geometry with
Maintaining the Notion of
Distant Parallelism
(Teleparallelism, Einstein 1928)

Torsion scalar (Einstein 1929)
Teleparallel Lagrangian is
equivalent to the Riemann
scalar (Lanczos 1929)
Generalization: New General

Relativity (NGR)
(Hayashi & Shirafuji 1979)
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Ensrei: d.Begriffes d. ¥ 2

RIEMANN-Geometrie mit Aufrechterhaltung des Begriffes
des Fernparallelismus.

Von A. EiNstems.

Dic Rimwssssche Geometrie hat in der allgemeinen Relativititstheorie zu
einer phy i es Gravitati fihrt, sie liefert
aber keine Begriffe, die dem clektromagnetischen Felde zugeordnet werden
konnen. Deshalb ist das Bestreben der Theoretiker darauf gerichtet, natir-
liche V i oder Ten Geometrie auf-
sufinden, welche begriffsreicher sind als diese, in der Hoffrung, zu einem
logischen Gebiude zu gelangen, das alle physikalischen Feldbegriffe untex
cinem einzigen Gesichtspunkte vereinigt. Solche Bestrebungen haben mich 2
ciner Theorie gefihrt. welche oline jeden Versueh einer physikalischen Deu:
tung mitgeteilt werden moge, weil sie schon wegen der Natirlichkeit der ein-
gefiibrten Begriffe ein gewisses Interesse beanspruchen kann.

Die Reemasxsche Geometrie ist dadurch charakterisicrt, daB dic infini-
tesimale Umgebung jedes Punktes P eine euklidische Metrik aufieist, sowie
dndurch. dal die Betrige zweier 1 welche den infinitesi
Umgebungen zweier endlich voneinander entfernter Punkte P und @ angehéren,
miteinander vergleichbar sind. Dagegen feblt der Begriff der Parallelitit
solelier zwei Linienclemente; der Richtungshegriff existiert nicht fir das End-
liche. Die im folgenden dargelegte Theoric ist dadureh charakterisiert. daf
nehen der Ripwaxxschen Metrik den der »Richtungs bzw. Richtungsgleich-
1 oder des »Parallelismus« fiir das Endliche einfihrt. Dem entspricht es,
Qa6 neben den Invarianten und Tensoren der Rigwaxxsehien Geometrie neve
Invarianten und Tensoren auftreten.
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What is Teleparallelism?

Introduce the orthonormal frame (veirbein) in Weitzenbock
geometry Wy

Guv = Nij €L 6{,, Mij :dlag<+1a_17_1a_1)7

where p, v, p,...=0,1,2,3 and 1,5, k, ... =0,1,2,3.
Metric compatible condition V g, = 0:

i
Ve,,zO, Wij = — Wyji,
Absolute parallelism for parallel vectors (Cartan 1922/Eisenhart 1925)

i _ i _ TP
Vl,eu—(?,,eu epF;w_O'

m Weitzenbdck connection (wgjy =0) T4, = efd,el,
m Curvature-free  R7,,,(I') = efe)R'j,(w) =0

Torsion tensor

T, =18, ~Ti, =0,¢, —

Contorsion tensor is defined as

1
pr/ = _*(Tp/w - TMPV - Tupu) = _Kupw

2
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Teleparallel Gravity

Teleparallel Equivalent to GR

m The Weitzenbock connection can be decomposed as

FZV = {,Li)u} + Kpl“’a
where {/,}(e) is the Levi-Civita connection

m Teleparallel Equivalent to GR (GRj or TEGR) in Wy based on the
the relation (7}, :=T",,)

RT)=R(e)+T -2V, T"=0 = —R(e)=T—2V,T"
m The TEGR action is

1
STEGRZﬂ/d%@T (e=+v~9).

Torsion Scalar (Einstein 1929)

1 v 1 v v o 1 i v
EZTPP«VTP# +§TpHyT “p_ T l’«l’T #o'ziT ;LVS’L'N

Syt =KW, +0h T — 0, 1", = —S," is superpotential .
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Hypersurface of GR

m The 5th-coordinate y = 2 and the signature is (+ — — — &) with
e=—1

m The unit normal vector of hypersurface is denoted by n and
gss = 1NN

m The tensor By n = —@MTLN, hyN = gunN — enpny with
M,N=0,1,2,3,5

1
0=hr"NByn, oun= BNy — gahMNa wuN = B

Gauss's equation

R“Vpo’ = R#upo + E(K'uo Kyp - K#p KDO’)

m Extrinsic curvature
- 1
Kuy = Byuw) = —eVun-e, = — 5 Lngu = {3} ns
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5-Dimension Setting

m In normal coordinate, 5D metric is gan = 717 €l e,
firy = diag(+1,—-1,-1,—1,¢) with e = —1.

m Coordinate frame
M,N =0,1,2,3,5, p,v=0,1,2,3, a,=1,23.

m Othonormal frame (anholonomic frame)

ABI,J,K=01,2,35 ijk=0,1,23 ab=1,2,3.

m The 5D torsion scalar in the othonormal frame can be decomposed
as

_ 1 /- P _ — .z . . —: _ . .
5 15, 51 i 5 k5
G = T +5 (Ting I Ty, T )+2Tﬂj TP — TV, T,

induced 4D torsion scalar
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Teleparallel Gravity in Five-Dimensional Geometry

m Metric is given by

_ (g (") 0
gMN = ( . 0 €¢2($H,y>> )

= the residual components of vierbein: ¢/, and €3
= TP, =TV,
m The 5D torsion scalar in the coordinate frame:

1 - _ _ _ _ _
5 153% 125 o 5 v b
Gr= T +5 (Tpsu TP + Ty TV°P)+2T7 " T° 5 —T" 5, T, .

induced 4D torsion scalar

Note:
In general, induced torsion T, =T",, + C”,,,, where

4,
—_——
~ _ P 5 5
CP = €5 (Oue, — Ovey) .
C®, = ry,—I, = hfy hY TSN ~ wy is related to the extrinsic
torsion or twist w,,,.
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Braneworld Theory

m Metric is given by

(g y) 0
s = ("G )

m The induced torsion scalar T = T is a purely 4-dimensional object

m The bulk action in the othonormal frame is
1 5 Lo misi o s
Spuk = =— [ dvol® | T + - (Tj5; T + Ti5; T7°)
2Ks5 2
2 0 s
+$€i(¢)T ~TsT° ),

where TA = TbbA
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Braneworld Scenario

m The bulk metric g is maximally symmetric 3-space with spatially flat
(k = 0) and has the form

gMN = dlag (17 70’2(157 y)? 7042(157 y)a 70,2(t7 y)a 5¢2(t5 y)) )

P =dt, 9°=alt,y)dz®, 9 =¢(ty)dy.
m Torsion 2-forms are

0 _ 730 R T S RN
T =d¥" =0, T*=-9 AN+ —F N9, T°==09"AN0,
a ap
m Torsion 5-form reads

3+9€a ) 5
T—|—< PRI +6¢>]dvol.

m The equations of motion

_ 57 _ I
Hy = o7 (=2)* <(1)TA -2, — 3 (B)TA> ,

T -

oTA
EA _ZeA(T)+i6A(T )/\HBv
- §Emat
Yopi=m—r.
AT oA
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Braneworld Scenario

m The equation of motion of the bulk (A = 0,5 components):

o B 52 - " 1— 2 -~
= (5 25) <5 (5 59) - () ]
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Braneworld Scenario

m The energy-momentum tensor is X4 = T% xJp
Tf(t’ y) = (Tf)bulk + (Tf)brane ’

@), = "W diag(p(t), —P(t). ~ P(t), ~P(1).0),

¢
i As
T, . =—n%.
( A)bulk Ky A
m The metric gyv = 0(y )QMN +0(—=y)g 5\;1)\7

FLRW background:

a(t,y) = 0(y)a' ™ (t,y) + 6(—y)a ) (t,y).
m The discontinuity of the scale factor is

a"(t,y) = 8(y) [a'](£,0) +@"(¢,y) with [¢'] = o™ —al7)".

Ling-Wei Luo RESCEU APCosPA Summer School on Cosmology and Particle Astrophysics @ Matsumoto, Japan



Braneworld Scenario

m The junction condition:
K

% pao(t) pot) -

[@)(¢,0) = —22

m Impose the Zy symmetry:
real-valued function f(x) = —f(~z) === a/(t,0) = —%pao(t) bo(t).
2 symm.

m Modified Friedmann equation on the brane

d2(t) ao(t) _ K2 k B
a%(t) - aZ(t) B —ip(t)(p(t) +3P(1)) - WE)@) (T55)bulk :

= Same as GR! (See Binetruy, Deffayet and Langlois 2000), but the junction
condition comes from torsion itself!
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KK Theory

m Low-energy effective gravitational theory
= consider the KK ansatz

m Cylindrical condition (no y dependency)

m Compactify to S* and only consider zero KK mode
Setting the manifold is My x S*, and the 5th-coordinate y = r 6
with 7 radius of extra dimension

m The metric is reduced to

= (257 gitam)

The residual components are 77, and 1% ;5 = 0,,¢/¢
The torsion scalar is OT =T + 277 4 15,5

Integrating out the 5th-dimension [ dy = 0277 rdf = 2nr

= the effective action is

Seff = L/d45ﬂ€(<Z5T+2T“3u¢)
2I€4
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Kaluza-Klein Theory

GR vs. TEGR
m The effective Lagrangian of GR:

—/=0)gOR m The effective Lagrangian of TEGR:

(5), (5)
5 —\/fg(qﬂ%—w). et

m A specific case of Brans-Dicke
theory (Brans-Dicke parameter
WBD = 0.)

- e<¢T+2T“ aﬂo) .

m By substituting the curvature-torsion relation —R(e) =T-2 @#T“
into TEGR
=

/d4ac e(qﬂé(e) —2V,(¢ T”')) ,

2/?4

which is equivalent to gb]% up to the total derivative term.
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Kaluza-Klein Theory

Conformal Transformation

m By the conformal transformation (g, = Q%(x) g, ):

T = QT -4Q§"T,0,Q—63"0,00,0,
T, = T,-20719,9.

m Choosing ¢ = 02, the action reads
4~ I = ~uv
SefF: dxe ngp‘ a,u’lpalﬂ[} )
2 K4

where 1 = (7/k4)"/?In () is the dilaton field.

m There exists an Einstein frame for such a non-minimal coupled
effective Lagrangian in teleparallel gravity.
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Equation of Motion

m The gravitational equation of motion
S (¢T+2T“ fw) —¢f <¢iju Sj“”)
—e; <Bg¢> T, +0,06TH +0"9T,
+ é 0y <e (¢St + el oV — e 8“(;5)) = RO,

where O} = (=1/e)(6 L, /d €],) with ©F = diag(p, —P, —P, —P)

m Consider flat FLRW universe, g,,, = diag(1, —a?(t), —a?(t), —a?(t))
and vierbein ¢;, = diag(1, a(t), a(t),a(t)).

m The modified Friedmann equations are

30H?>+3H¢ = kap,
3¢H> +2¢H +20H + ¢ — k4 P,

where H = a/a is the Hubble parameter.
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Kaluza-Klein Theory

m The equation of motion of scalar field ¢

T-2V,T'=0==T-29,T°=0.
F,‘;M:O

Suppose the solution of a(t) is proportional to (t — ¢,)™

b
a(t)—as‘i‘ﬁ.

The constraint of the coefficient: asb =10
b =0 case:
m a(t) = as = the static universe.

m a; = 0 case:
m The expansion condition of Hubble parameter H = —1/(t —¢,) > 0
= t, > t, where t, is future characteristic time of the scale factor.
m The the acceleration of scale factor & = 2b/(t —t,.)*> > 0 for b < 0
= accelerated expanding universe.
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Summary

Summary

m In GR, the extrinsic curvature plays an important role to give the
projected effect in the lower dimension.

m The effect on the lower dimensional manifold is totally determined
by a higher dimensional geometry for TEGR.

m Braneworld theory of teleparallel gravity in the FLRW cosmology still
provides an equivalent viewpoint as Einstein's general relativity.

m The KK reduction of telaparallel gravity generates an additional
coupling term in the effective Lagrangian.

m There exists an Einstein frame for the non-minimal coupled
teleparallel gravity by adding the additional coupling.

m If the time ¢ is smaller than the future characteristic time ¢,., it leads
to an accelerated expanding universe.
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End

Thank Youl!!!
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Backup Slides

Geometrical Meaning of Torsion

m Torsion free: a tangent vector does not rotate when we parallel
transport it. (P.371, John Baez and Javier P. Muniain, “Gauge Fields, Knots and
Gravity,” 1994)

m T(u,v) = Vv — Vyu— [u,v]

vanished in coordinate space

Ling-Wei Luo RESCEU APCosPA Summer School on Cosmology and Particle Astrophysics @ Matsumoto, Japan




Backup Slides

Riemann-Cartan Geometry U,

m Einstein’s general relativity was established in 1915 and described on
Riemannian geometry V; with metric g, and the metric-compatible
Levi-Civita connection {2} = 39°*(guxu + 9o — Guv)-

m The metric-compatible affine connection in Uy is

]_"ZV = {/fl/} + Kpll«l/ ’

which can be decomposed into torsion and torsionless parts.
m Torsion: couple to spin angular momentum in gravity (Elie Cartan 1922.)

m Introducing the orthonormal frame g,,,, = 7;;¢l,e], and the relation
of affine and spin connections in Uy is

v v 7 [ 2N g
IV, =e;0ue, +e; w', el
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Affine Connection and Spin Connection
m Consider noncoordinate basis (orthonormal frame)
/D = el (9, V' +w', V)
= ¢/ [0u(eVP) +wi'y VY]
e/ [(0ue)VP + €L (8, V) + w'jy €l V7
= (€/0,e,)VP + 8,0, VP +e] w'j, e, V7]
8.V
0V" + (ei”aue; +ef wiju ez)V"
o VY +1 VP =V, V7.

P

The relation between affine connection and spin connection

[ Z 7} @ vV, i 7
Ly, =ej0ue, +e] w', e

m We have the definition of the total covariant derivative V,
= Oue, — I}, e, +w'j e, =0

= Ve’ =0 (vielbein postulate).
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Poincaré Gauge Theory (PGT)
m oo = (zw(z) - M +&(x) - P)¢

m Gauge fields are w'; = w';,dz" and 0° = e da"

m Fields strength is
DoD=RYM+T'Pi or [Dy,Dy]=R",;M;—T",,D;

where M;; and D; are rotational and translational generators,
respectively.

m Cartan equations: R'; = dw’; + w'y Aw”; and T = D"

Einstein-Cartan-Sciama-Kibble (ECSK) Theory

The simplest Poincaré gauge theory:

1
Secsk = /d4m e [—%R(e,w)]

m ECSK extension: include supersymmetry and massless
Rarita-Schwinger field (Rarita & Schwinger 1941) — 4D Supergravity.
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PG

jos \
If Riemann-C arlan'
Q<x|3_0 -

\ TR,,/

GR, f Weltzeubock
/ (te]epu'{l]ehsm)

M
Minkowski

SR

Different gravitational theories with geometry (arXiv:9602013[gr-qc]).
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Brief History of 5-Dimensional Theories

m Kaluza-Klein (KK) theory: to unify electromagnetism and gravity by
gauge theory

m Cylindrical condition (Kaluza 1921)
m Compactification to a small scale (Klein 1926)

m Generalization of KK: induced-matter theory
= matter from the 5th-dimension (Wesson 1998)

m Large Extra dimension (Arkani-Hamed, Dimopoulos and Dvali (ADD) 1998)

m Solving hierarchy problem
m SM particles confined on the 3-brane
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m Randall-Sundrum model in AdS5 spacetime (Randall and Sundrum 1999)

m RS-l (UV-brane and SM particles confined on IR-brane)
= solving hierarchy problem

m RS-l (only one UV brane)
= compactification to generate 4-dimensional gravity

m DGP brane model (Dvali, Gabadadze and Porrati 2000)
= accelerating universe

m Universal Extra Dimension (Appelquist, Cheng and Dobrescu 2001)
m Not only graviton but SM particles can propagate to the extra
dimension = low compactification scale: reach to the electroweak
scale
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