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Introduction

- The primordial fluctuation generated in the inflationary epoch
gives the origin of CMB anisotropy and large-scale structure (LSS).

CMB anisotropy & LSS observation

mmm) primordial curvature fluctuation

* nearly scale-invariant 1 —ns = 0.014 £ 0.022
° sma” amplitude PC = (223 + 016) X 10_9 (WMAP 5)’I")

- However, this is not necessarily the case for small scale
fluctuations.

Many possible behaviors of small scale fluctuations
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- If fluctuations with an amplitude O(1) exist, overdense
regions collapse to black holes. (Hawking 71)

Primordial Black Hole (PBH)

Mass = Horizon mass at the time of formation k/aH ~ 1

Fluctuations of scale k=1 5 PBHs with mass % p(H™1)3|) /=1

@ PBHs with wide range of mass can be produced.

an origin of intermediate mass black holes, dark matter,... ?

Large amplitude

> Non-linear effect

Gravitational wave production
through tensor-scalar mode couplings

- Such a large amplitude can be generated, for example, in an inflation model
where slow-roll conditions are broken temporarily. (No effect to the tensor modes.)

(Lyth & Liddle 01, RS, Yokoyama & Nagata 08...)
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Second-order gravitational waves

(Ananda, Clarkson, and Wands 07, Baumann, Steinhardt, Takahashi, and Ichiki 07, ...)
- Perturbed metric

ds? = a2 [—BQ%TF + e72Y(6;; + hyj/2)(dz' + Vidy)(da? + den)] ,
where
O;V'=0, h{=0, 8hi=0 (k% = 6" hy;).

®, W : scalar mode V' : vector mode h;; : tensor mode

- At linear order of the perturbations, these modes decouple from
each other. = Each mode evolves independently.

- However, this statement is not true at the second order of the
perturbations.
= A mode can be a source of the other two modes. (Tomita67,...)
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- Consider primordial scalar perturbations with a large amplitude, and
gravitational waves (tensor modes) induced by them.

D, W~ O0(e), V' hy~O()

- Transverse, traceless part of (i,Jj) components of Einstein equation
gives evolution equation of GW.

Up to the second order w.rt. € , (87G = 1)
R 4 2HRY — 02K = 4P ST
J J J rypTs?

(’P,ij . projection operator to transverce, traceless part)
where

Sg = —2U9" W — "WV + 0" DO D 4+ 2WO" 0D + 0" PO W
4+ 9"WVo,d — 3’7'-(2(1 + w)u" us.

(ui : ¢ component of 4-velocity)
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At linear order w.r.t. €

i 2 i 1y

W,

b

(we neglect the anisotropic stress for simplicity. cf. Baumann et.al. 07)

- Evolution equation of GW

! ! 211 18 T
i+ 2HhE — 02K = aPisy,
where

4
ST = 20" DI D— O (D+HLdN)o(P+H 1.

Here, P evolves according to the linear-order equation,

1 1
o + AT WL 2=
1+ 3w n
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-We consider the modes which cross the horizon in the radiation-dominated
era(w=1/3).

-Solution of the evolution equation

- 4 M I .
hy;(n) = ;/ dij gy (n — Ma(T@)PL Sk (7).

where

ol =) = 7 sinlk(n — D] (= [K).

In terms of polarization modes, 4, X,

1 m o .
T () = g/ dii g(n — Ma({) ST (@),

and
Sk+(><) —

a3k 10,5 » B
~ [ Gyt 200, - (TR 0 P

(et (k) = F?(1—p?) cos 24y, e*(k) = E*(1—p?)sin2¢, = k-k/kk, ¢y : azimuthal angle)
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- Power spectrum of the induced GW

.3
Palk,m) = o 5 b (0P + R @)%)

8k> - .
= Wfqdm Jlmdrrz a(m)a(m)e(n — m)a(n — 1) [SF ()T n2) + 5 (m)S™ (m)] -
Here,
+(x) +(x) 33 e = _ - - -
S s ) = [k [ an e g P k= Kl £ Rk — Kl ) P ()P (B — KD,

where

flky,ka,m) = 20, (n) P, (n) — [®g, (n) + H DL (M][@p,(0) +H DL ()],

() =

9 = — = s _
SE: |— cos(kn/v/3) + v3sin(kn/v3)/(kn)| (transfer function for ®).
2
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Gravitational waves induced
by peaked primordial scalar fluctuations

- For simplicity, we assumed the form of the power spectrum P (k) to be
the delta-function:

Po (k) = A%6(In(k/kp)).

- Power spectrum of the GW from peaked Pg, (k)
2
k2 k o
() | o2 1o

kp-
Ay sinlk(n—i)]a(@) f (Bp, kp, 7).

Pr(k,m) = A*

where
4

I(k, kp,m) = m
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- The function af(k, k,n) has a peak at k7 ~ O(1)

0 0 L 1
P, 77_2 kn < 17 77¢'flc ~ 77_1 n < ’ )
n kn>1 n kn>1

(In radiation-dominated era, n = H~ 1 xca) o

-1
7 kn <1
= a k: k) X ) -2
f(kyEym) {n‘l k> 1
-3
. . k
- GWs are generated instantaneously at the time of o1 1 10 o0

horizon cross of the mode ky, .

Time evolution of af(k, k,n)

- After the time, GWs evolves according to the - amplitude
linear-order evolution equation (evolution equation
without sources)

(At the scale k& ~ 2k,/+/3 , resonant amplification occurs.
The amplitude of GW decays as 77" In(n) . In the matter-

I
I
dominated era, the amplification doesn’t occurs.) ! GW
|
|
- Although the sources don’t decay in the matter- | Source
dor'nlnated era., these are.|n5|gn|f|cant at the scales ar, aj ke, In(a)
which we are interested in.

Evolution of GWs
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- Energy density of GW

1 dpgw
3H2dInk

Qaw(k,n) =

1
= g(]gn)z’Ph(lc, n). (at subhorizon scales)

For the GWs induced by peaked P4 (k) ,

2

a 2 = 2 [
QGw(keﬂ)=1—6A4(A) [1— (L) ] 9(1—;’ )f‘(k/kwpn)?,

where

—~ k’;ﬂ' ] —~ —~ .
I(k/kp, kpn) = f nd("f-pﬁ) sin[k(n—m)](kpn) f (kp, kp, 7).
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Constraints
on the amplitude of scalar perturbations

- At the scale & ~ 2k,/+/3 where resonant amplification occurs, 72 ~ 30[log(k,n)]? for large kp1 .

-In the matter-dominated era, the energy density of GVVs evolves at the same rate as
that of radiation.

96 A*[In(kpn)]? < neq

Qew/Qrad = |

- msec pulsar

h3Q2Gw < 4.8 x 1078 (f = 4.4 x 107°Hz)

—~ A<13x107% (k,=12.8pc!)

- Binary pulsars

h3Qaw < 2.7x107%  (f=1.0x10"11-4.4x107"Hz)

= A< (1.4-12)x107! (k,=6.5%x10">-2.8pc™ 1)
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Abundance of primordial black holes

- Abundance of PBHs

PPBH(M)
3H?

B(M) =

1 1
~ 2 exp (8P¢(kM)> : (Radiation-dominated era)

- In the radiation-dominated era, the relation between the mass o PBHs and the scale
of the scalar perturbations is given by

e -2
M =7 x 10%9g (—M) .
keq
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Constraint
on the primordial black hole abundance

- msec pulsar

A<13x1072 (kp=12.8 pc1)
= )8 < 10_1'7X103 ~ 0 (MPBH = 8 X 10339)

- Binary pulsars

A< (1.4-1.2)x1071  (k, =6.5x1073-2.8 pc™ 1)
= B<42x107°-42x10"% (Mpgy = 2x1032-8x10339g)
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Direct detection of the indeced GWs

- For optimal frequency of ground-based interferometers ~ 100Hz ,

Qawh? = 2.04%,
The frequency ~ 100HZz corresponds to the mass ~ 1013g.

For typical amplitude of the scalar perturbations which lead to large number
of PBHs, A2 ~ 0(1073),

Qowh? =2.0x 10",

= The energy density of GWs induced by the scalar perturbations is large enough
to be detected by ground-based interferometers (sensitivity ~ 10=7 —107°)
if a large number of PBHs with mass ~ 1013g were generated .
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Summary

» The primordial scalar perturbations with large amplitude
generate gravitational waves through tensor-scalar mode
couplings.

» The induced gravitational waves can be used to constrain the
abundance of primordial black holes.

» The induced gravitational waves can be detected by ground-
based interferometers if a large number of PBHs with mass

~ 1013g were generated.
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