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Motivation
Ostrogradsky stable scalar-tensor theories

(single field)
L = L(rµr⌫�,rµ�,�; @⇢@�gµ⌫ , @⇢gµ⌫ , gµ⌫)

Can we construct some degenerate 
multi-scalar-tensor theories?

(EOMs are at most �̈ )

generally, EOMs are higher derivatives

“trivially degenerate” :

“nontrivially degenerate” :

EOMs⇠ rr�
e.g.) Horndeski [Horndeski 1970]

[Kobayashi, et al. 2011]

EOMs are higher
e.g.) GLPV [Gleyzes, et al. 2014]

DHOST [Langlois, Noui 2015]
{ , but at most �̈

degenerate theoryBut some theories’ EOMs ⇠ �̈ :

classify degenerate theories into 2 types:

�

…we have been talking about single-scalar theories.



Setup

rr�I , (rr�I)2, (rr�I)3, …

L = L(rµr⌫�
I ,rµ�

I ,�I ; @⇢@�gµ⌫ , @⇢gµ⌫ , gµ⌫)

L =
p
�g

 (4)R
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�A(IJ)K(�L, XMN )rµ�

Ir⌫�Jr⌫rµ�K

�

find degeneracy conditions

(I = 1, ..., N)

fields’ number

after that, we see how these conditions

we consider Lagrangians which contain

are appeared in the EOMs

the most general Lagrangian(+ Einstein-Hilbert term) is:

(restrict and make EOMs degenerate)A(IJ)K

A(IJ)K = A(JI)Karbitrary function:
XIJ := �1

2
gµ⌫rµ�

Ir⌫�
Jkinetic term:

EOMs ⇠ rrr�Iif you don’t do anything, this 



[Crisostomi, et al. 2017]For multi-scalar theories

Degeneracy conditions

L(�̈I , �̇I ,�I , q̇↵, q↵) = L(ȦI , AI ,�I , q̇↵, q↵) + �I(�̇
I �AI)

in our case,

where
can be removed(degenerate) S[IJ] = 0

...
�I
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, V ↵

I := �LȦI q̇�
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For single-scalar theories: det(kinetic matrix) = 0

= 0

[Motohashi, et al. 2016]



EOMs
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There are no “nontrivially degenerate” case 
in linear order of 
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“trivially degenerate”

all are removedrrr�Idegeneracy conditions
(EOMs ⇠ rr�I )
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Quadratic order?

… difficult to calculateS[IJ] 3
�
Kij,kl

��1

rr�I , (rr�I)2, (rr�I)3, …
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As the next case, we focus on:

ADM form

degeneracy condition:
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to get some restrictions



Quadratic order?
cosmological perturbation  (work in progress)

L =
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h
f (4)R+ Cµ⌫⇢�

IJ rµr⌫�
Ir⇢r��

J
i

scalar perturbations

some restrictions on -s?↵

in the same way to the quadratic DHOST,

Cµ⌫⇢�
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( (

we restrict the arbitrary functions
in order not to propagate extra scalar modes,

spatially flat gauge: N = 1 + �N, �ij = a2�ijNi = @i�,

scalar fields: �I(t,x) = �̄I(t) +QI(t,x){ N+2 scalars



Summary

A(IJ)K = A(JK)I ,
@A(MN)I

@XKJ
=

@A(MN)K

@XIJwith

(rr�I)1 the most general degenerate Lagrangian is

(rr�I)2 difficult to calculate
cosmological perturbation 
(work in progress)

⇠ rr�I
There are no “nontrivially degenerate” case 
in linear order of 

Can we construct some degenerate 
multi-scalar-tensor theories?

L =
p
�g

 (4)R

2
�A(IJ)K(�L, XMN )rµ�

Ir⌫�Jr⌫rµ�K

�

(EOMs ⇠ rr�I )

S[IJ] = 0

①

②



back up



The linear Lagrangian
linear of⇠ rr�I : rµr⌫�

I ⇤�Ior

Lagrangian is a scalar

⇤�I

scalar

rµr⌫�
Iµ⌫
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G3I(�
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integration by parts
the most general form



Hamiltonian analysis
physical DOFs =

 (canonical variables) 
-2×(1st-class constraints) 
-(2nd-class constraints){ {

canonical variables:

1st-class constraints:

2nd-class constraints:

(�ij ,⇡
ij), (N,⇡N ), (N i,⇡i), (�I , pI), (AI

⇤, B
⇤
I ), (�I ,⇤

I)

H0 ⇡ 0, Hi ⇡ 0,⇡N ⇡ 0, ⇡i ⇡ 0,

�(1)
I ⌘ pI � �I ⇡ 0, �(2)

I ⌘ B⇤
I � 2

p
�CI ⇡ 0⇤I ⇡ 0,

 I ⇡ 0

8

3N+N

10+3N

physical DOFs = 2×(10+3N)-2×8-(3N+N)
= N+2 stable owing to  I ⇡ 0

#

degeneracy conditions
another 2nd-class



Hamiltonian analysis (1)
new variables:
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Hamiltonian analysis (2)
primary constraints:
⇡N ⇡ 0, ⇡i ⇡ 0, ⇤I ⇡ 0,

�(1)
I ⌘ pI � �I ⇡ 0, �(2)
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physical DOFs =
 (canonical variables) 
-2×(1st-class constraints) 
-(2nd-class constraints)

={ {
 I ⇡ 0owing tostable

N + 2

�̇(2)
I 3 {�(2)

I ,�(2)
J }

consistency conditions of �̇(2)
I ⇡ 0�(2)

I ⇡ 0 :

“satisfied on the
constraint surface”


