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Motivation
Ostrogradsky stable scalar-tensor theories

(EOMs are at most ¢ ) N (single field)
L= ﬁ(vuvv(ba vu¢a ®; 8paog/ﬂ/a 8pguw g,uu)
— generally, EOMs are higher derivatives

But some theories’ EOMs ~ ¢ : degenerate theory

classify degenerate theories into 2 types:

[ “trivially degenerate” : EOMs~ VV¢

e.g.) Horndeski [Horndeski 1970]
[Kobayashi, et al. 2011]

{ “nontrivially degenerate” : EOMs are higher, but at most qb

e.g.) GLPV [Gleyzes, et al. 2014]
\ DHOST [Langlois, Noui 2015]

--swe have been talking about single-scalar theories.

Can we construct some degenerate
multi-scalar-tensor theories?




fields’ number

Setup

L = C(VMV,,qu, vuﬁbl, le; apaag,uua apg,ul/a g,ul/) (I — 17 ooy N)
we consider Lagrangians which contain

(VV6!)?, (VVe), .,

the most general Lagrangian(+ Einstein-Hilbert term) IS:

4) R
£= V73 |5 Aot X190V 67V, Tk
arbitrary function: Aqnx = Aunk
1

kinetic term: x77 .= —§gﬂyvﬂ¢f vV, ¢’

if you don’t do anything, this EOMs ~ VVVe!

— find degeneracy conditions
(restrict A x and make EOMs degenerate)

after that, we see how these conditions
are appeared in the EOMs



Degeneracy conditions

For single-scalar theories: det(kinetic matrix) = 0

For multi-scalar theories E?;”;?;‘;Q?;?:; St 22%1167]]

L(¢", ¢, 0", 4% q*) = L(A", A", ¢", 4%, q®) + (¢ — AT)

¢! can be removed(degenerate) «— Si;; =0
where Spji=0iLy aras + Vi0iLy g as + 0iLo,a1gsVy + Vi'0iLo,qoqs V)
+0,VP (Lai arge + Dirg g0 + 2v,an(aaiqm)
+ <LAIAJ - LAIAJ) +Vr (anAJ — L aAJ)
+ <LAIq5 - LAIq'B) VJB +Vr <Lq‘"qﬁ L go qﬁ) VB

oL
(LAIAJ::—. — VP i=—L, . L, 1)
I J Iq,B Q,Bqa

0AT0A

In our case,
Sira = 2(Ak 1 — A(KI)J)Af + (

OAkLy  OAKL)I (K 4L 1M
oxs  oxmr ) A =0

(Al « ¢! is arbitrary)

— degeneracy conditions:
OA kL  OAKL)J
G L

Akt = A,



EOMs

E contains VVqu

. \/—7Vo</5 [(QA(IJ)K — A(JK)I> VMVUV“¢K - A(JK)IVUVHv“(bK]
—> Ay (for Agnk = Auk)r)
= V=9Ve0' A1 (V,V7 = VV,) VHeh
= V=9Vs¢’ A R,TVP N

OAM NI - 0AmMNK

. /—_gvungvangv ¢J aXKJ Vav(sv,ugbK aXIJ V5VUVN¢K
OAmnmr  OAmN K \ OAMN)I oo K
It oxkr = oxis oxKs 10 VO

degeneracy conditions — all VVV¢’' are removed

(EOMs ~ VV¢!)
“trivially degenerate”

There are no “nontrivially degenerate” case
in linear order of VV¢'



Quadratic order?

As the next case, we focus on:
L= »C(Y,uvu¢la vu¢la ¢I§ 8paag;u/7 8pg,u1/a g,uv)

- I I\2 I\3 A(IJ)(KL) = A(KL)(IJ)
vv¢ ’&vvf )) (vv¢ )  eee gHak2ts — 3'5[#15#2553]
(4)R P MN Ix~—ovq 1 J vo 1 K vy L
L=v=g|—F +A(IJ)(KL)(¢ , X)o7V, V29V, V3 ¢
\' = N\ 207 Ky + 2FP VI Ky + KM K + 26V = U
ADM form +A(¢f — NAL — N'D;¢") Al ~ ol VI~ Al
/’C”“ 2(7 Erdl — Ayt yM) \
+ Ay | (AL AT — ALAT) {AK AL (994 = 5i04D7) 4 Af AT 4 Al AT}
_|_{(2 AJ AL kl A( AJ)AKAL kl) () (kl)}
+; ALA] M S 4 (i ) + (AKALAJA“ D4 (i )
\ (AJALAJA R)i | z<—>j)) —zAIA’fA;{Al] /

degeneracy condition: S, 3 (K*)™" - difficult to calculate

— we are nhow trying another approach
to get some restrictions



Quadratic order?

— cosmological perturbation (work in progress)

scalar perturbations
spatially flat gauge: N =1+6N, N; =iy, 7Vij = a°0;;

{scalar fields: ¢'(t,z) = ¢'(t) +HQ' (¢, z) N+2 scalars

in order not to propagate extra scalar modes,

we restrict the arbitrary functions

in the same way to the quadratic DHOST,
L==g [ FOR ¢ Cﬁjp"vuvygbfvpvaﬂ

vVpo 1 vo o UV 1% o 1 174 g (o2 1%
Cr/"7 = 5,17 (9"7g"" + "7 9"") + az,179" 9" + S ¥3.IIKL (V“qbKV pl P + VP TV Pl gH )

1
+ gea ke (VI VIghg" + VYol VIohgh? + VIRV gl + VY Vgl gh?

1
+(K < L))+ OB IIKLMN (VM¢KVV¢LVP¢MVO’¢N + VBV pM P gLy gN
+VM¢KVV¢NVP¢MVU¢L + vu¢MvV¢va¢Kva¢L + vu¢LvV¢va¢Kvo‘¢M
M~—v L K~xy0 /N
YA VAR R VIR VASUR a = a(e!, X7K)

— some restrictions on (v-s?



Summary

Can we construct some degenerate
multi-scalar-tensor theories?

® [(VVe!)!| the most general degenerate Lagrangian is

(4) R
foV [T — Ak (68, XMV ,,01 V7 6TV, Tk

OAmNyT  OAN K
OXKJ —  9x1J

with Aank = Aurr,

(EOMs ~ VV¢!)
There are no “nontrivially degenerate” case
in linear order of VV¢'

@ |(VVe')?| difficult to calculate Sirs) =0
— cosmological perturbation
(work in progress)




back up



The linear Lagrangian

linear of VV¢!: VMVVW or [o'

Lagrangian is a scalar

1%
§> o O VLV
scalar Owcan be only VM¢JV,,¢K
Gsr(¢”, X" 1)Og! [A(IJ)K(CbL,XMN)VucbIV”chVuV“ch]

N 7 the most general form

integration by parts



Hamiltonian analysis

[ (canonical variables)
physical DOFs = < -2x(1st-class constraints) ;
-(2nd-class constraints) |

\

canonical variables:
(Yij, ), (N,7ww), (N, mi), (¢',p1). (AL B), (Ar,A") | T0+3N
1st-class constraints:
v ~0, m;~0, Ho=0, H; =0 S
2nd-class constraints:
M0, o =p — A ~0, &% =B —2,/7C; ~0

degeneracy conditions
— another 2nd-class V; ~ 0 3N+N

physical DOFs = 2x(10+3N)-2x8-(3N+N)
= N+2 stable owing to V; = 0



Hamiltonian analysis (1)

new variables:

09" = A, — Al = %(Ag — NAD ~ ¢!
Vi= %(Ai — A'D;N — N'D;Al) ~ ¢!
rewriting Lagrangian:
Vi Vij Vi Al

L=Ny[2CTK;; + KTF K Ky + 20V — U] + M(¢" — NAL — N'D;¢")

[ 207 = A1y kv (D¢ Dyp? AKX — 2Dy,¢7 Dy Al
g 1 . g
ICzj,kl — 5(,yzk,yjl . ’}/w"}/kl)
{ 20k = —AqnxALA]
R

U= =5+ Aux (v*~7 D¢’ Dy¢” D; D" — 29/ D;¢7 ALD; AF)

canonical variables:

(/Vijaﬂ-ij)a (N77TN)7 (Niaﬂ-i% (leapl): (AiaB;)a ()‘IaAI)



Hamiltonian analysis (2)

rimary constraints: ‘e
i TN %)6, m =~ 0, A =0, Satls}ledccc))r;\;?faint surface”
oM =p, A ~0, P =B —2,4C; ~0
consistency conditions of ®'* ~0: ¢ ~0
o 5 {2V, 2}
— {07, 07} =2,/ lz(A(IK)J — Aryr) ALY

OAwkys QALK (K (L 4
+( ST X )A* A*A*] — 0

secondary constraints: J
Ho~0, H;, =0, V; =0
[ (canonical variables)
physical DOFs = { -2x(1st-class constraints) ¢ = N + 2
-(2nd-class constraints) |
stable owing to V; ~ 0

\




