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Teleparallel Gravity

Standard Gravity Theory

m General Relativity

m Einstein equation
1
Guw =81GT,, with G, = Rﬂu—iRguu

(Einstein, Nov. 25, 1915)

m Hilbert action
-1
— /d4x\/ng+ Sm
2K

(Hilbert, Nov. 20, 1915)

m “Spacetime tells matter how to move; matter tells spacetime how
to curve.” — John Wheeler.
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Teleparallel Gravity

Absolute Parallelism

m Introducing the orthonormal frame e; = e;#0,, in Weitzenbock
geometry Ty:

glei,ej) =mn;;  with n;; = diag(+1,—-1,—1,-1)
= 0, —e; =¢;"0, and I?,, —w'j, =e,[”,,e;"+e,0,e;7.

m Parallel vectors (absolute parallelism) (Cartan, 1922/Eisenhart, 1925)

Ve, = dz"(0,e;” + e fv‘pw)ap =dz"(V, €e;”)0, =0.

w .
= Weitzenbock connection: I'?,,, = ¢;”0,e*,, +— w;j, =0.
m Curvature-free  R7,,,(I') = €;7¢7 R, (w) = 0.

m Torsion tensor T°,, =T",, —T",, = 0u€', — Oy€",,.

Ti=K A9 with K'y= K0k,

@' :==w'; — K'; the torsion-free connection form (Decomposition) .
m Contorsion tensor K7, = f%(TPW —T,°, —T,°,) =—K,",.

Ling-Wei Luo CosPA2017@Kyoto, Japan 3/33



Teleparallel Gravity

Teleparallel Equivalent to GR in T}

Weitzenbdck connection FPW ={L}+ K .
Teleparallel Equivalent to GR (GR| or TEGR):

R(T) = R(e)+T—2V,T"' =0 = |—R(e)=T -2V, T" | (T,:=T"

T =K",, K", — K°,, K",

1 v 1 v v o 1 i v
==Y " +§TPWT Py = 1Ty T = §TWSi“

4

Syt = KM, + 0y T% 5 — 0, 1", = —S,"" is superpotential .

m TEGR action

1
Srecn = o [ el (e=v=9).

m New General Relativity (NGR): (i, %,71) — (a,b,¢)
(Hayashi & Shirafuji, 1979)
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Teleparallel Gravity

Motivation

m Fundamental fields in GR:
m Metric tensor g,

= Levi-Civita connection {/{,} = %gp” (ap.ga'u + OvGuo — 3og;w)

m Fundamental field in Teleparallelism:

m Veierbein fields ¢,
= Weitzenbdck connection I'?,,, = e;?0,€e",..

What will be arised from the extra dimensions?

(i) Any new interaction different from GR?
(ii) New classes of gravity theory in Teleparallelism?
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Five-Dimensional Geometry

5D Teleparallelism

m Embedding: T, — T5.
m 5D metric is given by

_ L — K2P*A LA,
IMN = <g“ nqb;il,, :

_¢2

m The coframes in Ty are

0" =e', dat
9° = ¢° pdzt +e° 5dx =—k¢pA,dz" + ody.

The torsion components in 75

Tijk = Tijk + KA (85eiu)(ej“ek” —epte;”),

k@2 A

T 55 — ¢(85€ )

= K

T5ij = —5 ¢6i“€jy F'L”/ A :‘i2 ¢AH(85AV>(€Z'VCJ‘H —
—e 1 1

T5i5 = gei“(au(b) + aﬁ? Auei”(85¢) + ﬁei“(85A

u>.

= dy=krA, ei“ei—&—l

ej”ei“),

nE

)

0° .

Ling-Wei Luo
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Ezxtending to 5D

m NGR torsion scalar in 4D is given by

Tnor = aTije TY* 4 0Ty TF 4 ¢ T9;, T, = 5 T DL
where
Sk =2 TF + b (T4, — T%) 4 ¢ (38 T, — 67 T'%)).

m Extending to a 5D torsion scalar theory

Extended torsion scalar

G — o Ty p nTEMN 4 0Ty nTVME + ¢ TE TV M

m Decomposition (1z: = n® = -1)
O = Tygr + 2aTg ;T + a Ty, T + b Ty, T + 20 Ty, T
+ (2a + b+ C) Tsisfgig =+ 2CTjjiT55i + CTiisfjjs .
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Five-Dimensional Geometry

Tnor = Tner + 4ar TiP7 A, (9s€ ) — 2ark (9" A A,) (9" ni(0s€' ) (O5e' )

Ling-Wei Luo

— 2aw%1 (9" Ay (35¢')) (9" A (D5€'5)) + 20KT7P Ay (D5¢* )
— 20KT*7 1 A, (95e" ) + br? (9" A, A )(356iy)(856k0)6kueig
—Qbﬁz(g““Au(%ekg))( Ci P)(0se', er

+ b (Aer’) (Apei”) (9" (Ds¢'y) (D5e" )

+ 20KT7 ;7 (Aper) (D5e* 5) — 2ekT ;P A e (D5 )

+ er?(Aue) (Aper”) (977 (05e7 ) (95€"5))

*26”2(/1#6] )(05€",)ex” (9”7 (35ejl,))

+ ck?(g"" AL A,) (05€7,)e " (DseF ,)er”
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Five-Dimensional Geometry

57 ¢2 n nszW(ase )(856 V)7
T3y T = 0™n539"°9" Fu Foo + 2629 1559"7 9" A (05 AL) Fop

+ 2676755 (9" A Ap) (977 (05A0) (05 A,))
= 2% %185 (9" Au(0545)) (97 (95 41) Ap)

i 1 & i
Ty, T7° =?n55(85e ) (057, )ejtes”

Ty, T7% = 2o (0se7,) — k2 (Aye;?) (97 (05 4,) (05¢7 )
T R2(A,0") (954,)(Dse e,
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Five-Dimensional Geometry

TysT°° = dfznssn (9" (0.:9)(8r$)) +%ngsngs(am)(g“”(@m)&)

2

+ %"nggn% (6" (908) 0542)) + S35 (056)° (6" 4, )

2k2

+ 717557755<a5¢><g“”Au<a5Au>> + K255 (0" (D5 AL) (D5 AL))

—_

T9T% = — —TP(8,0) — TPA p(050) — KT?(D5A,)

@

(Auej“)(g”p(aseju)(apaﬁ)) + g(ej”(aseju))(g“pflu (9p))

=

~ (050)(Ayes") (g Ap (5¢1)) + %<a5¢>(ase%>ef(gWAHAp>

(Aues™) (g7 (95€7 ) (05 A,)) + 1°(05€” . )e;” (9" Au(054,))
(85eiu)ei“(85ej,,)ej".

‘ =,

|
Ty o

T 5 _ 1
T l5T] ¢2 77
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Kaluza-Klein Theory

Kaluza-Klein (KK) Theory

m KK ansatz: MxG
m Cylindrical condition (no y dependency) Qﬁ

. 1 .
m Compactification: G = S* and only consider ] Kaluza-Kiein

zero KK mode /\/
M

m The manifold is M, x S* (y = r0)

m Harmonic expansions

_ Zei'&n) (1,) einy/27‘ — g/_w T y Zg zny/'r’

Au(a,y) = D0 AD @) eI pay) =Y 60 () e

n
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KK Zero mode

m n = 0 mode

TnGr = T,\(IOG)R ,

po

2
T513T5U _ 0 ¢(0) 2 nggg”ngF(O)F(O)

T 7545 1 55 v
Ty T = W%SW%(QM (0.0 )(0,6')) |

TjjiTE’si:—WT(o 20,0 ”).

m Ty T59 = Ty 195 = Ty, 9% = T, T9 5 =

Zero KK mode in 4D effective extended gravity in teleparallism

1 a
Seff Z/d4$€<—¢TNGR = §¢3 979" Fu Fpo

2a+b+cl e 8
St 0,00,6 - £T40,0).
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Kaluza-Klein Theory

m By considering 5D matter Lagrangian (Universal Extra Dimensions,
UED) ®)£,, = ®e Ly (el ar, ¥, D)

m The n-mode harmonic expansion of W is given by

Z\II zny/r

m For the massless zero mode, the matter field U9 is assumed to be
localized on the T hypersurface, the resulting effective matter
Lagrangian is

Lm,eff = eA(bLm(eiu, A;u ¢7 v, DH\I}) .

Note:
For 4D localized matter, the Lagrangian can be identified as

(4) = =ely(et,, U, D,U).
Lm Em,eff A=1, Au=0, g1 & m(e wy £y Hp )
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Specific Models

Conformal Transformations

m Considering the conformal transformations Q* with weight A
e,=0e, =1 = Gu=2L@)g. (,=2),
m Transformation of the torsion tensor and vector

Tl = QT + (0,Q) €', — €', (8,9)
T,=T,-30719,9,

m Torsion scalar of NGR,
TNGR = 0? j:NGR + (4 a+2b+6 C) gﬂvTH(Q 8,,9)

+ (6a+3b+9c>§“”6ﬂ§2&,ﬂ.

m Scalar ¢: ¢ = O ¢ with Ay = —2
m Vector A, Aﬂ =A, and ﬁ,“, =F.
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Specific Models

Transformed effective Lagrangian density

Ly, = 62L {¢TNGR+ <4a+2b+2c) 63" T 0w

+ (14a+7b+0)5§"”8ﬂw&,w

_ _¢ ~HP~V”F Fpa + <2a +b+ C) %gwauaaua

— 2057“”%#51,54— <8a+4b— 20) g“”c’)yw&,g}, (*)

with the conformal scalar w := In ).
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Specific Models

The Existence Finstein-Frame

m In general, the Einstein-frame does not exist for the non-minimal
torsion scalar ¢Tngr.

m The non-minimal coupling 5‘“’1:#(9 0,9Q) will be always generated.

m The Einstein-frame is obtained by eliminating the term E’“’fu&,w in
the transformed Lagrangian.

Necessary condition: 2a+b+c¢=0.

m The Lagrangian is reduced to

1 2
Ly=e5— <¢> Tner — 2¢ 9" T, 0,6 — —"Z ¢* gW’g”FWFm> :
Ky
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Specific Models

m The corresponding Einstein-frame

ﬁ(E) 5 1 T‘ € a0 ak® 6w "'Hp"’l/o'ﬁ ﬁ
=€\ 5 =% vp — S € viipo |
g kg NGR T I OuPOY Tl e 99 B

where where ¢ := 1/6/k4 w and the ghost-free condition is ¢ < 0.

Einstein-frame condition

2a+b+c=0 and ¢<O0.

m For a simple choice of ¢ = —1, one gets the minimal coupled
one-parameter family model with 2a + b = 1 in teleparallelism.
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Specific Models

Conformal Invariant Gravity

m Only keeping the terms of ¢~ 5‘“’@58”(75 and " T, o,

4a+2b+2¢=0,
1l4a+ 70+ c=0,
8a+4b—2c=0.

Conformal Invariant condition

2a+b=0 and c=0

m Corresponding to the simple one-parameter conformal invariant
gravity in teleparallelism
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Specific Models

m The gravitational equation of motion
1 1% ¥} pv vp pTJ 124
¢ iei Tpl/ Tj —2T j —4€i Tp,,K j
2¢ v 174 1% 1%
+78,/ e ﬂ# —QTILI +2 E'u —2T’ui 8V¢:O
e

m The equation of motion of ¢

a .. ..
— Ty (TPF — 2Tk = ().
62K/4 ]k( )

m Ti;x = 0 = no gravity = forbidden!!
m 7% = 27T%" — it implies T%* = 27%% = 0, no torsion vector!!
— NO new interaction!!

m The gravitational equation is reduced to

P j Vi
e T, T =0.
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Specific Models

Weyl Gauge Invariance

m The torsion vector 7}, is identified as the gauge field.

m Rewriting the effective Lagrangian
1
Lyg=e—10¢|Iner — kcg""T,T),
2/‘%4

N é <gm/(a# — KT,)$(0, — kT,,)(b)} :

where k = _°c is a fixed ratio.
2a+b+¢

m We need ghost-free 2a +b+ ¢ > 0 and ¢ # 0

m Conformal transformation

Juv —>e2°”g,“,, T, — T, —30uw, b —e o,
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Specific Models

m Under the conformal transformation, the effective Lagrangian
becomes as

PO B e S N TR 1., T v 7
Ly = e4 o {quNGR ked g™ T,T, + (k+2 3k)2¢¢g T, 0w

w

l ~ ~a _ ~ ~
+ (E +2— 3k> 3cpg"’ Ouw Oyw — et “ffgb‘o’g”p?’”FwFpa

v k% {gﬂ” (au — kT, + (2 3k)auw)$ (au — kT, +(2— 3k)8yw)$] } .

e (g“"(au ~ KT, (9 — kTu>¢)

[] % + 2 — 3k = 0 = conformal invariance!!

Conformal Invariant condition

2a+b+4c=0 fork:—%
or with 2a +b+c¢c>0and c#0
2a+b=0 fork=1
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Specific Models

m Weyl derivative for general field :
O\ = 0, + 25T,

m Weyl derivative for ¢, e, and Jup

9\ ¢ = (au + A’QP’“TM>¢ with Ay = —

et = (

00 g, = (aﬂ + Angu> Gup With Ay = 2

e kTﬂ>e L with A, =1

m Define an invariant connection *T'2, = e;” 9\l = L0, + 5007,

X - Agk
- al(tg)gl/p - ]-—‘yugap ]-—‘p#glla' =

2
’; 02 (0T — 0,T,) #0

= Weyl-Cartan geometry!!!

— Lugvp

— *Rpo'uy:
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Specific Models

m The modified covariant derivative for ¥ given by
VW) = *g®) L7,
m The nonmetricity vanishes

*V,(Jg)gvp - *a}&g)gyp Fougop *Fg”gyo_ — vugl/p =0.

m We define *fp,w = (*T)* ., we have
TPy =T + = (5”T — T, TP =T + = (5”T T,
3 and _ 3
T=(1- §k)Tu: *T#:(lfgk)T#

" *a‘(ﬂ}) in terms of *TM = *al(fp) = 3u - )\ka*Tu.
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m Due to *T”W =17, — (1/2)(800,w — 6£,0,w), we have

€ ¢<TNGR — ke glw TMTU)
=€ ¢<*TNGR — kcg“” *TH*T,,>
:ga(ﬁm ke T:F)

and

*%Lg)@/ﬁ =™ <*V,Etg)9up) =0,

* e * 0 3 e —2w [ *
V@G = [ ) + (5 Aph? —)\¢)8Hw}qb: e ( vgb)(b).

Weyl gauge invariance

L, = -1 {¢(T ke TT) L égnv*wa*wa} ,
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Weak Field Approrimation
m Define a canonical field & := m,
S=5;+5m

1 2,.2
:/d% {e<2 2 Thgr — aﬁ8ﬁ4 P° 9" 9" Fyuu Fpo

+ (4a +2b+2¢) "7 0,20, P — 2cg*" T, (I>3V<I>> + n4A<I>2£m} .

m In the weak field approximation e’), = &7, + h',, (e;* = 6}' — h"),
the tensor h,, contains the anti-symmetric fluctuations:

1 ,
By = P T G and |h',| < 1.
2 __ ~—

. anti-symmetric
symmetric

m The metric tensor g,, = m;je’ e’y ~ 1., + Y, contains no
anti-symmetric part of h,.

Ling-Wei Luo CosPA2017@Kyoto, Japan 25/ 33



Weak Field Approximation

m The torsion tensor and torsion vector are

TP, = 609k, — O,k ) + O(R2),
T, = duh", — d,h + O(h2,).

me=1+h+0(h2,) with h=6/'h?, = h*, = (1/2)y.

Lagrangian in the lowest order

2.2
AK“RKY _g
DO O oy

1
£g ~ 5 (I)2 TNGR —
+ (4a + 2b+ 2¢) N 0,90, ® — 2¢nt"'T,, 0, P

m The current-vector interaction n**T,, 0, ®:

S Ty = (1/2)0,7° 1+ 0paPy — (1/2)0uy
A
N
0,0 y FAVAVAVAVAVAR'LZ — /d4a: —2c0pa’” POLP = d*z c ®? 0v0pa”” — 0
y x symmetric

=> No contribution from a,.
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Weak Field Approximation

<(2a +0)0uyvp 0" — (2a + b)Opyvp 0P
+ €0V 0o77" — 2¢0uy Opy™ + cOuy 3“7)

Ther =

N

+ (20 4+ b)0uyp 07 a"? + c 0P ypu 050" — c Dy Bpa’™
+ (2a — b)duau, 0"a”? + (2a — 3b)Opau, 0°a"” + c8”apy O5a’

Note: Tngr becomes the well-known Fierz-Pauli Lagrangian (Fierz and Pauli,
1939) by setting (a,b,c) = (4,4, —1) and a,, = 0.
m Gauge conditions
0uY", = 0 transversed condition,

8Ma“,, =0 transversed condition, = torsion vector T}, vanishes.
v=0 traceless condition.

m We define j, := ®9,®

T . — lT(IW) - _9 OLm
v 2 Vv
and 5
T =Tk = 9 =™
@ dau
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Weak Field Approximation

m EoM of 7,,: %+ b
o

Py 2“: b (av PH | PV
_,E (np”aav‘”’ PO,

c
2

N ePy 4+ 12

( nProYy + nfw,gu,y + " 9pr TP
n c
2

2a+b
2

—|—§ (np“a’am’ + np”aga"”) — et 8ya’P

—@2{2a:bl}y‘“’— 2a8—|—b(8 P 4+ 9,

g (aﬂa AoV 4 a"aﬂf’“) - 2 (a“a"w + 0,00 P
2a +b

)
)
)
dHaP” + a”aw)
}
)
)
)

+on O+ (a D"aP” + 9,0"alt
c [ ov v ou ¢ LV C v 7 P UV 1 2y
+Z OMOza’" + 0¥ 0sa +§8] +§8] —c0p3’n —554)\@ Ty,

where O := n"0,,0,,.

Ling-Wei Luo CosPA2017@Kyoto, Japan



Weak Field Approximation

m EoM of a,,:

2 b
_jp{ a2+ (8“7”” _ 8”7”“) + %(n”"(%'y"” _ 77’”/357‘7“)

—% (np”(’)”’y - 77‘”’8“7) + 2(2a - b) o at”
+ (2(1 — 3b) (a“a”p + 8”a”“> +c (np“aga‘”’ - 77’”’800,”“)}

2% +b
_¢2{% (apa/wp” - apa”w“) + Z (a“aﬂ”" - a”aﬂaﬂ)

24— 3b — 1
+ (2(1 - b) Oa + % (6,,8“(1”” + apa"aw) } = SRIAOPTLY.

m EoM of A,:

oL 2,2
RaAD2OE™ | 30k2k205(9, @) Frv + I Mgy, prv —
3A, 2

m EoM of &:

2,2
3aKk“Kj

PTNGR — BOF,,, FHMY 4 22k O L

5L
+n4xq>25—£ - (Sa +4b+ 4c) 0®+2c99,TH =0.
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Weak Field Approximation

m We consider the case of Weyl gauge invariance
2a+b+4c=0 or 2a+b=0

along with the gauge conditions 9,7v"” =0, du,a” =0 and vy =10
m The EoM of v,, and ay for 2a +b+4c =0

cj,,{?(’?p'y”" — MY — VP 20" a” +26Vap“}
+c<1>2\]'y‘“'+ 3“]"+ 8” it — it = %H4)\‘I’2T,‘;W,
jp{Qc (8“’yp” — 8”7‘”‘) +4(b + 2¢)0”a"”

+4(b+c)<8“a"p+3"ap“>}+2<b+20><1> Oa = 25 ANDZETHY

m Assuming that the scalar field varies slowly

® ~ ®. a constant field, = j,~0,

m The egs. reduce to

A
O pr _ Fad
v o0 17
A
Oghy — 14 ™
T A+ 20)
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Weak Field Approximation

m The EoM of v,, and a,, for 2a +b =10

C  C oy ) 1
5 otjv + 5 0" — 0, = §H4A(I>2Tfy“/,
1

—8aj, [P — 4a ®*T at” = §R4A<I>2T£“’ :
where fPHY := JPaP” + OFa’P + 0¥ aP* is the field strength of a*V.
m Only the anti-symmetric tensor a*” survives!!

m For slowly varying scalar field, the eq. reduce to

0=T,
Ii4A
Oa" = —-—=T".
“ 8a ¢
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Outline Teleparallel Gravit ensional Geom Kaluza-Klein Theor Spe Weak Field Approximation

Summary

Summary

We have summarized the possible choices of the coefficients (a, b, ¢)
on the torsion scalar as shown by TABLE.

The Einstein-frame can be achieved by taking 2a + b + ¢ = 0 with
c<0.

We have obtained new classes of conformal invariant theories of
gravity without the electromagnetic field A,,.

We provide a conformal invariant gravity in teleparallelism with the
condition 2a + b = 0 with ¢ = 0, which gives rise to the existence of
the Einstein-frame.

The Weyl gauge theory under the ghost-free constraints
2a+ b+ c> 0 and ¢ # 0 can be obtained with the requirements
either 2a +b+4c=0o0r2a+b=0.

For the conformal invariant models with 2a + b = 0, we found that
only the anti-symmetric tensor field is allowed rather than the
symmetric one.
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End

Thank Youl!!!
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Backup Slides

Geometrical Meaning of Torsion

m Torsion free: a tangent vector does not rotate when we parallel
transport it. (P.371, John Baez and Javier P. Muniain, “Gauge Fields, Knots and
Gravity,” 1994)

m T(u,v) = Vv — Vyu— [u,v]

vanished in coordinate space

,' Geodesic
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Notation in 5D

m In orthonormal frame, 5D metric is gy n = 715 el e N,
fir; = diag(+1,—-1,-1,—1,¢) with e = —1.

m Coordinate frame
M,N=0,1,2,3,5, pup,v=0,1,2,3, «a,6=1,2,3.

m Orthonormal frame (anholonomic frame)

ABI,J,K=01,235 ijk=01,23 ab=1,2,3.
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Backup Slides

Affine Connection and Lorentz Connection

m Consider noncoordinate basis (orthonormal frame)

6iVD#Vi = 61‘”(8”Vi + wiju VJ)
e’ (@L(eipvp) + Wiju Vj)

e ((a#eip)vf’ e (BuVP) +wiine, V")
(ei"0ue’ p) VP + 850, VP +ei” w'jué , VP
——
8, Vv
=9, V" + (ei"0u€ )+ e W' e VP
= 9V ATV, VP =V, V.

The relation between affine connection and Lorentz connection

v _ v ) v J
Iop=e"0ue’p+e wiue,

m We can define the total covariant derivative V,
Oue'y =TV ppe'y +w'jue’, =0
—V,e', = 0 (vielbein postulate).
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Brief History of 5-Dimensional Theories

m Kaluza-Klein (KK) theory: to unify electromagnetism and gravity by
gauge theory

m Cylindrical condition (Kaluza, 1921)
m Compactification to a small scale (Klein, 1926)

m Generalization of KK: induced-matter theory
—> matter from the 5th-dimension (Wesson, 1998)

m Large Extra dimension (Arkani-Hamed, Dimopoulos and Dvali (ADD), 1998)

m Solving hierarchy problem
m SM particles confined on the 3-brane
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m Randall-Sundrum model in AdS5 spacetime (Randall and Sundrum, 1999)

m RS-l (UV-brane and SM particles confined on IR-brane)
= solving hierarchy problem

m RS-l (only one UV brane)
= compactification to generate 4-dimensional gravity

m DGP brane model (Dvali, Gabadadze and Porrati, 2000)
= accelerating universe

m Universal Extra Dimension (Appelquist, Cheng and Dobrescu, 2001)

m Not only graviton but SM particles can propagate to the extra
dimension = low compactification scale: reach to the electroweak
scale
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5D TEGR without Vector

m In Gauss normal coordinate

(9w (M y) 0
s = ("G )

m The 5D torsion scalar in the orthonormal frame

I I U
5 15 5% i 5 kb5
G)p— T +§(Ti5jT I Ty, T5) 42790 T g — 195, T

induced 4D torsion scalar

m The non-vanishing components of vielbein are ¢’,, and ¢°5

Projection of the torsion tensor

T°,, =T",, (purely 4-dimensional object)
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i — p (O)
5 — p (X)
5 — 5 (O

m The 5D torsion scalar in the coordinate frame

R _ _ _ _ _
G =T+ 3 (Tps0 TP + Ty TV°P) + 2T M T 5 — T35, T .

Note:
In general, the induced torsion is 1%, =17, + C”,,,, where

CPuy =T, =T = WA W) T\ ~ wy,y s related to the extrinsic
torsion or twist wy,.
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KK Reduction

m The metric is reduced to

_ (G (aH) 0
JMN = ( 0 _¢2(x,u) :
m The residual components are 77, and T5/L5 = %quﬁ.

m The 5D torsion scalar with k4 = k5/(277)

OV =T 42T ,*T° 5

Effective action of 5D TEGR

1
Seff = 5— / d*ze(¢T +2T"0,0)
2/4,4

(C.Q. Geng, LWL, H.H. Tseng, 2014)
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Minimal and Non-Minimal Coupling

Minimal coupled case
T ~—-R (TEGR).

m TEGR in 5D KK scenario with the metric given by

2
JMN = (g‘u” kkAA”A” k_Al”) with k2 = ky,

The effective Lagrangian is

1 1
Lgg=e|—T——F, F" (coincides with the form of GR).
2/~€4 4

(de Andrade, Guillen, Pereira, 2000)

Non-minimal coupled case
¢T » —p R

Remark: ~ B
The curvature-torsion relation in TEGR: —R(e) =T — 2V, T".

Ling-Wei Luo CosPA2017@Kyoto, Japan



59D GR vs. 5D TEGR in KK Scenario

The dimensional reduction of 5D GR

m Brans-Dicke theory with wgp = 0

~V-0gOR — —H(¢R—D¢>
~—~—

surface term

Remark:
Brans-Dicke theory (Brans & Dicke, 1961):

/d‘le{ ¢R+‘*’;D “”amayqﬁ}
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The dimensional reduction of 5D TEGR

®e®p e<¢T—|— 27" am) .
N——

no analogue

m Substituting the relation —R(e) =T — 2V, T" into the 4D effective
Lagrangian

Equivalence

2_—;4 /d“xe(qsé(e) -2 6M(¢T“)> .

surface term
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FEinstein-frame

m By conformal transformation (g, = Q%(x) g ):

T = OT—-4Q3"T,8,Q+ 63" 9,00,9,
T, = T,+30719,0.

m Choosing ¢ = Q2, the action reads
Seff = /d4x€ [2 T + = Nuua/ﬂ/} &ﬂb
R4
(C.Q. Geng, Chang Lai, LWL, H.H. Tseng, 2014)

where 1) = (6/k4)"/?In ) is the dilaton field.

m There exists an Einstein-frame for such a non-minimal coupled
effective Lagrangian in teleparallel gravity.
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Equation of Motion of the TEGR Effective Action

m The gravitational equation of motion

% e’ (qu +277 ag(b) — e’ <¢Tﬂ'pu Sjl“’)
—e” <8U¢> T",° +0,6TH + 0"¢ Ty)
+ é o0y (6 (@ S" + el 0"p—e” 3“@) = K4 OF
with ©# = diag(p, —P, —P, —P)
m The modified Friedmann equations in flat FLRW universe are

3pH?> +3H ¢ =ryp,
S3OH?>+20H +2¢0H +d=—r4 P,

where H = a/a is the Hubble parameter (here p=P =0is
assumed.)
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m The equations of motion of scalar field ¢ in the

T — 2(9#TM _ QTNFZ# + eLm -0 absence of matter ai+ d2 —0.

¥, =T 00=3 &

Suppose the solution of a(t) is proportional to ¢, the solution is
a(t) = as +bVt.

The constraint of the coefficient: asb =10

b =0 case:
m a(t) = as = the static universe.

m a; = 0 case:
m The Hubble parameter H =1/(2t) >0
m The the acceleration of scale factor & = —b/(4t*%) > 0 for b < 0
= accelerated expanding universe.
m In general relativity, the equation of motion of ¢ is R(e) = 0
= the same solution for the scale factor in vacuum.
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m Assuming that w = w(¢) under the conformal transformation
Due to d/d¢p = o’ exp(Agw) (1 + Agw’d) with w' := dw/dep

p=0(0) = w(9)

By setting 0w = 0, In a
Lagrangian density (x) without A, becomes

L, = 62i {(;STNGR—i- (4a+2b> G T, 0,6

+ (24a + 12b) (% 7" 0,0 aua} .

Comparing with the effective Lagrangian
2a+b=—c, 2a+b=0,
=
24a+12b=2a+b+c, c=0.

Ling-Wei Luo CosPA2017@Kyoto, Japan 48/ 33



Other Conformal Invariant Model

The conformal invariant model investigated by Maluf and Faria is

1 1 1
L= ke [ — ¢’ <4T‘“’6Tab0 + §T“”0cha - 3T“Ta) + K ¢""D,¢D,¢|,

(Maluf and Faria, 2012)

where k = 1/(167G), k' =6 and n.p = (—1,+1,+1,41) as well as
D, :=0,—- %TM, which gives the conformal invariant condition

2a+b+3c=0.

In their discussion, a new arbitrary parameter k' for the scalar kinetic
term is introduced, resulting in a four-parameters model.

Note:

In our model, the coefficient of the kinetic term of ¢ is 2a + b+ ¢ so that
the conformal invariant theory is totally determined by three parameters
only.
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Comparison Table

1
m Minimal coupled models with 2—TNGR
K

Class Addlt.lc?nal Reference
condition
20+b+¢=0, - Einstein, 1929
(a,b,c) = (%,3,-1) - Cho, 1976
2a + b fe= O, - Hehl et al., 1978
c=—1 - Nitsch and Hehl, 1980
- Hayashi and Shirafuji, 1979
2a+b+c¢=0, Static isotropic Hehl et al., 1978
(a,b,¢c) = (3,0,—1)  metric by Scherrer ~ itsch and Hehl, 1980
2a+b+c=0, o ot a1 2014
eng et al.,

(6] = (%’ %’ =) Einstein-frame :
2a+b+c¢c=0,

c<0 v

Ling-Wei Luo
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. 1 . .
m Non-minimal coupled models with 2—¢TNGR (conformal invarience)
K

Additional

Ling-Wei Luo

Class o Reference
condition

K9 D,6D,,
2a+b+3c=0 where D, :=0, — 3T,  Maluf and Faria, 2012

with arbitrary &’
2a_+ b+c=0, i v
c=0
2a+b+4c=0 2a4+b+c>0, v
2a+b=0 c#0
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Equations of Motion of the NGR Effective Action

m Varying the full action S = S, 4 Sy, with respect to ¢’,,, A, and ¢

1 ak> vo
5 e (¢ Ther — Tqu 99" Fr, Fpo +

2a+¢b+ch8A¢>8

¢3 gu)\ vo F)\V Fpo'

2

Av j v G/KQ

—ch T)\ayqb —61") ¢>ijij“ —7
2 b

+Mg“)‘8>\¢

5 0,9 — ¢ (&,cp T, 4+ 0,0 T + 0" ¢ Tp> }

+é8y{e (qSEi’“' —cei? 8"¢+cei"8“¢>} = Kadp ;"

AOLm 1a/-€ 3ak>
Ak P g 20 F* =
o ¢a<e )+2m 60,0 0,

3ak? o g ¢ OLm
TNGR_T¢ FuVFpG+2K4)\ Lm+€6¢
+2a—;72+c (g“”@uqﬁan) —2¢ D¢> + % 0, (eg‘“’T#) =0,
where 01 := 19, (eg""9,) and ©;* := -1 gfgz is the dynamical

energy-momentum tensor with L := eLn,.
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Weyl Geometry

m Parallel transport of the vector V' from point P(= z*) to point
P'(= 2# + dat)
VV =dz"(V,V*)0, = (dV" — V)0, = 0.
m Weyl Geometry (Weyi, 1918): Define the measure [ := g, V#V" of

V#, the variation of the measure [ is proportional to [ with the
1-form factor ¢ = ¢, dz"

dl = —pl = —(p,dz’) g, V'V
m However the variation of [ can be written as
dl = d (g, V'V")
= 0,9, dx’VI'V7dz? — g, IV 5p0dx?VOVY — g, I 5, dx? VIV
= (0pGv = 9oL pip = Guo L %0p)dz? VIVH,
where dV# = §VH = —T'*,,Vodx".

Identity: 0,00 — 9ou L% up — 9ucl'%vp = —0pguv # 0.
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