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Introduction

Scalar-tensor theory (gµν , φ): Brans-Dicke theory, f (R) gravity,
Einstein-dilaton-Gauss-Bonnet gravity (EdGB), Horndeski theory...

Effective stress-energy tensor: flat background

Nordtvedt effect: violation of Strong Equivalence Principle (vSEP)

Shapiro time delay

Gravitational Waves (GWs) detected:

NS-NS GW170817 (GRB 170817A: | vGW−c
c
| . 10−15 [3])

Previous constraints:
1 Creminelli & Vernizzi [4]: ∂G5/∂X = 0 and 2∂G4/∂X + ∂G5/∂φ = 0

(Effective Field Theory of Dark Energy)
2 Ezquiaga & Zumalacárregui [5]: ∂G4/∂X ≈ 0 and G5 ≈ constant
3 and other constraints on subclasses [6, 7, 8, 9, 10, 11, 12, 13, 14]...
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Horndeski Theory

Action [15]:

S =

∫
d4x
√
−g(L2 + L3 + L4 + L5) + Sm[gµν , ψm],

L2 = G2(φ,X ), L3 = −G3(φ,X )�φ,

L4 = G4(φ,X )R + G4X [(�φ)2 − (φ;µν)2],

L5 = G5(φ,X )Gµνφ
;µν − G5X

6
[(�φ)3 − 3(�φ)(φ;µν)2 + 2(φ;µν)3].

φ;µ = ∇µφ,X = −φ;µφ
;µ/2, φ;µν = ∇ν∇µφ, �φ = gµνφ;µν ,

(φ;µν)2 = φ;µνφ
;µν and (φ;µν)3 = φ;µνφ

;µρφ;ν
;ρ

Subclasses:

G2 G3 G4 G5

BD 2ωX/φ 0 φ 0
f (R) f (φ) − φf ′(φ) 0 f ′(φ) 0
EdGB X+8ξ(4)X 2(3−ln X ) 4ξ(3)X (7−3 ln X ) 1

2
+4ξ(2)X (2−ln X ) −4ξ(1) ln X

SSHT G2(X ) G3(X ) G4(X ) G5(X )
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Horndeski Theory: Matter Action for Systems of Stars

Matter action according to Eardley’s prescription [16]:

Sm = −
∑
a

∫
ma(φ)dτa

gµν = ηµν + hµν and φ = φ0 + ϕ

Expand ma(φ):

ma(φ) = ma

[
1 +

ϕ

φ0
sa −

1

2

(
ϕ

φ0

)2

(s ′a − s2
a + sa) + · · ·

]
.

ma = ma(φ0), and sensitivities  vSEP

sa =
d lnma(φ)

d lnφ

∣∣∣
φ0

, s ′a = −d2 lnma(φ)

d(lnφ)2

∣∣∣
φ0

.
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Linearized Equations of Motion

gµν = ηµν + hµν and φ = φ0 + ϕ

At the zeroth order: gµν = ηµν and φ = φ0

⇒ G2(0,0) = 0, G2(1,0) = 0

f(m,n) =
∂m+nf (φ,X )

∂φm∂X n

∣∣∣
φ=φ0,X=0

Linearized EoMs:

�h̃µν = − T
(1)
µν

G4(0,0)
, (�−m2

s )ϕ =
T

(1)
∗

2G4(0,0)ζ
.

h̃µν = hµν −
1

2
ηµνh −

G4(1,0)

G4(0,0)
ηµνϕ

m2
s = −G2(2,0)/ζ, ζ = G2(0,1) − 2G3(1,0) + 3G 2

4(1,0)/G4(0,0)

T (1)
∗ = G4(1,0)T

(1) − 2G4(0,0)

(
∂T

∂φ

)(1)



Introduction Horndeski Theory Effective Stress-energy Tensor Near Zone Solutions Gravitational Radiation Summary

Effective Stress-energy Tensor

The methods to obtain the effective stress-energy tensor for GWs:
Landau-Lifshitz pseudo-tensor [17], the second variation [18], Noether’s
theorem [19], Isaacson [1, 2]...

Take the second order Einstein’s equation, with the first order equations
substituted in

Take the terms quadratic in h̃µν and ϕ, then average their sums over
several wavelengths

Effective Stress-energy Tensor, gauge invariant:

TGW
µν =

〈 ∼ GR︷ ︸︸ ︷
1

2
G4(0,0)

(
∂µh̃ρσ∂ν h̃

ρσ − 1

2
∂µh̃∂ν h̃ − ∂µh̃νρ∂σh̃σρ − ∂ν h̃µρ∂σh̃σρ

)
+ ζ∂µϕ∂νϕ← the contribution of the scalar field

+G4(1,0)(m
2
sϕh̃µν + ∂µϕ∂

ρh̃ρν + ∂νϕ∂
ρh̃ρµ − ηµν∂σϕ∂ρh̃ρσ)

〉
.
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Near Zone Solutions

Figure 36.3, Page 997,
MTW [20]

�h̃µν = − T
(1)
µν

G4(0,0)
, (�−m2

s )ϕ =
T

(1)
∗

2G4(0,0)ζ
.

ϕ(t, ~x) =
1

8πG4(0,0)ζ

∑
a

maSa

ra
e−ms ra

h00 =
1

8πG4(0,0)

∑
a

ma

ra

(
1 +

G4(1,0)

G4(0,0)ζ
Sae
−ms ra

)
,

hjk =
δjk

8πG4(0,0)

∑
a

ma

ra

(
1−

G4(1,0)

G4(0,0)ζ
Sae
−ms ra

)
,

h0j = 0,

Sa = G4(1,0) −
2G4(0,0)

φ0
sa
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Near Zone Solutions

A single mass M:

g00 = −1 + 2GN(r)
M

r
+ · · · ,

“Newton’s constant”: GN(r) =
1

16πG4(0,0)

(
1 +

G4(1,0)

G4(0,0)ζ
SMe−ms r

)
gjk = δjk

(
1 + 2γ(r)GN(r)

M

r

)
+ · · · ,

“PPN parameter”: γ(r) =
G4(0,0)ζ − G4(1,0)SMe−ms r

G4(0,0)ζ + G4(1,0)SMe−ms r

SM = G4(1,0) −
2G4(0,0)

φ0
sM
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Nordtvedt Effect

The polarization of the moon’s orbit [21, 22, 23, 24]:

The relative acceleration:

ajab ≈−
ma + mb

16πG4(0,0)

r̂ jab
r 2
ab

[
1 +

SaSb

G4(0,0)ζ
(1 + ms rab)e−ms rab

]
− mc

16πG4(0,0)

(
r̂ jac
r 2
ac
−

r̂ jbc
r 2
bc

)

+
Sc

8πG4(0,0)φ0ζ

mc r̂
j
ac

r 2
ac

(sa − sb)(1 + ms rac)e−ms rac ,

“Nordtvedt parameter”:

ηN =
Sc

8πG4(0,0)φ0ζ
(1 + ms rac)e−ms rac
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Nordtvedt Effect - Lunar Laser Ranging Exp.’s

The lunar laser ranging experiment gave [25]

ηobs.
N = (0.6± 5.2)× 10−4 = δ ± ε.

|ηN − δ| < 2ε at 95% confidential level∣∣∣∣G4(1,0)(1 + ms r)

8πG4(0,0)φ0ζ
e−ms r − δ

∣∣∣∣ < 2ε at r = 1 AU.

EdGB:

∣∣∣∣− s�
4πφ2

0

− δ
∣∣∣∣ < 2ε⇒ φ0 > 9.01

√
s�/GN with s� . 10−4

SSHT (covariant Galileon, Fab Four...) trivially satisfies this constraint
since G4(1,0) = 0 and sa = 0 [26]
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Shapiro Time Delay

4 velocity of the photon: uµ = u0(1, ~v)

− 1 + h00 + (δjk + hjk)v jv k = 0,

N̂ · dδ~x
dt

= − M

8πG4(0,0)r(t)
where r(t) = |~x(t)|

Shapiro time delay [27]:

δt =2

∫ tp

te

N̂ · dδ~x
dt

dt

=2GNMK(1 + γ(r)) ln
(re + N̂ · ~xe)(rp − N̂ · ~xp)

r 2
b

,

where re = |~xe |, rp = |~xp| and rb = |N̂ × ~xe | is the impact
parameter of the photon relative to the source.
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Shapiro Time Delay - Cassini Time Delay Data

In 2002, the Cassini spacecraft measured the Shapiro time delay effect in
the solar system by radio tracking [28].

γmeas. = 1 + (2.1± 2.3)× 10−5 = 1 + δ ± ε
At 95% C.L., |γ(r)− γmeas.| < 2ε:

G 2
4(1,0)

G4(0,0)ζ
<

2ε− δ
2 + δ − 2ε

ems r ,

at r = 1 AU.

EdGB and SSHT trivially satisfy this constraint as G4(1,0) = 0.
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Gravitational Radiation

Energy loss at (massless)

Ė ≈ −
G4(0,0)

2
r 2

∫ 〈
∂0h̃

TT
jk ∂0h̃

jk
TT

〉
dΩ− ζr 2

∫
〈∂0ϕ∂0ϕ〉dΩ

Energy lost through the spin-2 wave:

h̃jk(t, ~x) =
1

8πG4(0,0)r

d2Ijk
dt2

∼ O(v 4),

Effective one-body problem:

aj = − ςm

16πG4(0,0)

r̂ j12

r 2
12

with ς = 1 +
S1S2

G4(0,0)ζ
and m = m1 + m2

Ė2 = −(1− e2)−7/2

(
1 +

73

24
e2 +

37

96
e4

)
32

5

ς3µ2m3

(16πG4(0,0))4a5
with e the

eccentricity, a the semi-major axis and µ the reduced mass
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Gravitational Radiation

�ϕ =
T

(1)
∗

2G4(0,0)ζ
+

G4(1,0)T
(2)

2G4(0,0)ζ
− 1

ζ

(
∂T

∂φ

)(2)

+

[
ϕT

(1)
∗

G4(0,0)ζ
+ (∂µϕ)(∂µϕ)

](
−

G4(1,0)

2G4(0,0)

+
3G 3

4(1,0)

2G 2
4(0,0)ζ

−
G2(1,1)

2ζ
+

G3(2,0)

ζ
− 3

G4(1,0)G4(2,0)

G4(0,0)ζ

)
+

G4(1,0)

G4(0,0)
(∂µϕ)∂µϕ− h̃T

(1)
∗

4G4(0,0)ζ

+
ϕT (1)

2G4(0,0)ζ

(
G4(2,0) −

G 2
4(1,0)

G4(0,0)

)
− ϕ2 G2(3,0)

2ζ
+[

(T
(1)
∗ )2

4G 2
4(0,0)ζ

3
− (∂µ∂νϕ)(∂µ∂νϕ)

ζ

](
G3(0,1) − 3

G4(0,1)G4(1,0)

G4(0,0)
+ 3

G4(1,0)G5(1,0)

G4(0,0)
− 3G4(1,1)

)

+h̃µν∂
µ∂νϕ+

T
(1)
µν ∂

µ∂νϕ

G4(0,0)ζ
(G4(0,1) − G5(1,0))⇒ O(v 6).
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Gravitational Radiation

ϕ =
f0
r

+
f1
r

(n̂ · ~v) +
f2
r

(n̂ · ~v)2 +
f3
r

(n̂ · ~r12)2

r 3
12

+
f4
r
v 2 +

f5
rr12

+ f6
r12

r

f0 =
m1S1 + m2S2

8πG4(0,0)ζ
, f1 = − µ

4πφ0ζ
(s1 − s2), f2 =

µΓ

8πG4(0,0)ζ
,

f3 = − ςµmΓ

128π2G 2
4(0,0)ζ

, f4 = − µΓ

16πG4(0,0)ζ
, f6 = −

µmG2(3,0)S1S2

128π2G 2
4(0,0)ζ

3
,

f5 = − µmΓ′

64π2G 2
4(0,0)ζ

+
µmΓ′

32π2G 2
4(0,0)ζ

2

(
G4(2,0) −

G 2
4(1,0)

G4(0,0)

)
+

µm

64π2G 2
4(0,0)ζ

2
×[(

3G 3
4(1,0)

2G 2
4(0,0)

−
G2(1,1)

2
+ G3(2,0) −

3G4(1,0)G4(2,0)

G4(0,0)

)
2S1S2

ζ
+

S ′1S2 + S ′2S1

φ0

]
,

and

S ′a = G4(1,0)sa −
2G4(0,0)

φ0
(s2

a − sa − s ′a),

Γ = G4(1,0) −
2G4(0,0)

φ0

m2s1 + m1s2

m
, Γ′ = G4(1,0) −

G4(0,0)

φ0
(s1 + s2).
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Gravitational Radiation

Ė0 =− (1− e2)−7/2

{
ζς3m3

120(16π)2G 3
4(0,0)a

5

[
15(e2 + 4)e2f 2

4 + 10(e2 + 4)e2f2f4

+ (6e4 + 36e2 + 8)f 2
2

]
+

ζς2m2

1920πG 2
4(0,0)a

5

[
− 5a(1− e2)(2 + e2)f 2

1

+ (3e4 + 36e2 + 16)f2f3 − 5(e2 + 4)e2f2f5 + 20a2e2(1− e2)2f2f6

− 5e2(e2 + 4)f3f4 − 15e2(e2 + 4)f4f5 + 60a2e2(1− e2)2f4f6
]

+
ζςm

480G4(0,0)a5

[
(15e4 + 108e2 + 32)f 2

3 + 15e2(e2 + 4)f 2
5

+ 10e2(e2 + 4)f3f5 − 120a4(1− 1/
√

1− e2)(1− e2)4f 2
6

− 120a2e2(1− e2)2f5f6 − 40a2e2(1− e2)2f3f6
]}
.
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Gravitational Radiation

Ṫ

T
=− 3

2

Ė0 + Ė2

E

=− (1− e2)−7/2

{(
1 +

73

24
e2 +

37

96
e4

)
96

5

ς2µm2

(16πG4(0,0))3a4

+
ζς2m2

640πµG 2
4(0,0)a

4

[
15(e2 + 4)e2f 2

4 + 10(e2 + 4)e2f2f4

+ (6e4 + 36e2 + 8)f 2
2

]
+

ζςm

40µG4(0,0)a4

[
− 5a(1− e2)(2 + e2)f 2

1

+ (3e4 + 36e2 + 16)f2f3 − 5(e2 + 4)e2f2f5 + 20a2e2(1− e2)2f2f6

− 5e2(e2 + 4)f3f4 − 15e2(e2 + 4)f4f5 + 60a2e2(1− e2)2f4f6
]

+
πζ

10µa4

[
(15e4 + 108e2 + 32)f 2

3 + 15e2(e2 + 4)f 2
5

+ 10e2(e2 + 4)f3f5 − 120a4(1− 1/
√

1− e2)(1− e2)4f 2
6

− 120a2e2(1− e2)2f5f6 − 40a2e2(1− e2)2f3f6
]}
,
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Gravitational Radiation

A binary system, in circular motion:

Ė2 = −32

5

ς3µ2m3

(16πG4(0,0))4r 5
12

, r12 = distance between two stars

Ė0 = − 1

12π

ς2µ2m2(s1 − s2)2

(16πG4(0,0))2φ2
0ζr

4
12

− 16

15

ς3µ2m3Γ2

(16π)4G 5
4(0,0)ζr

5
12

The fractional period derivative is

Ṫ

T
= − ςµm(s1 − s2)2

64π2G4(0,0)φ2
0ζr

3
12

− 16

5

ς2µm2Γ2

(16π)3G 4
4(0,0)ζr

4
12

− 96

5

ς2µm2

(16πG4(0,0))3r 4
12

.
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Gravitational Radiation

|Ṫpred. − Ṫobs.| < 2σ at 95% C.L. with σ the uncertainty in Tobs.

PSR J1738+0333 [29]:

Eccentricity e (3.4± 1.1)× 10−7

Orbital period T (days) 0.354 790 739 8724(13)

Period derivative Ṫobs (−25.9± 3.2)× 10−15

Pulsar mass m1(M�) 1.46+0.06
−0.05

Companion mass m2(M�) 0.181+0.008
−0.007

EdGB: S =
∫
d4x
√
−g [R/2 + X + ξ(φ)G] with

G = R2 − 4RµνR
µν + RµνρσR

µνρσ

φ0 > 29.8/
√
GN

SSHT: Gi = Gi (X ), i = 2, 3, 4, 5. E.g., covariant Galileon, Fab Four

3.00× 10−10/GN < G4(0) < 4.07× 10−10/GN

with G4(0) = G4|X=0
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Summary

Effective stress-energy tensor

Nordtvedt effect:

∣∣∣∣G4(1,0)(1 + ms r)

8πG4(0,0)φ0ζ
e−ms r − δ

∣∣∣∣ < 2ε

Shapiro time delay:
G 2

4(1,0)

G4(0,0)ζ
<

2ε− δ
2 + δ − 2ε

ems r

EdGB: φ0 > 29.8/
√
GN

SSHT: 3.00× 10−10/GN < G4(0) < 4.07× 10−10/GN
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