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1.Searches continue for particle DM, in Direct detection, 
indirect evidence, and collider experiments, until we find 
something, somewhere.

2. Once we see signals from multiple sources, it’s 
important to determine the properties of the observed 
state(s). e.g. Mass precisely, if there are (nearly) 
degenerate states in the spectrum

3. Lepton collider with sufficient vs will still be the 
optimal machine

DM Searches and Measurements
3
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Antler Topology at e-e+ Collider
4

X, as depicted in Fig. 20. In e+e� collisions, it is realized as

e+e� ! B1 +B2, (4.2)

B1 ! a1 +X1, B2 ! a2 +X2.

For simplicity, we further assume that B1 and B2 (X1 and X2) are identical particles to each

other:

mB1 = mB2 ⌘ mB, mX1 = mX2 = mX . (4.3)

We review the kinematic cusps and endpoints of antler processes in Appendix B. There we

present the general analytic expressions for six kinematic variables in terms of the masses.

For the massless observable particles a1 and a2 in this section, we present the feature

based on the previous discussions and demonstrate the observable aspects for the missing

mass measurements at the ILC. Throughout the chapter, we choose to show the results for

the c. m. energy
p
s = 500GeV.

4.2.1 The kinematics of cusps and endpoints

A lepton collider is an ideal place to probe the charged slepton sector of the MSSM.

To illustrate the basic features of cusps and endpoints at the ILC, we consider smuon pair

production. In principle, the scalar nature of the smuon can be determined by the shape

of the total cross section near threshold and the angular distributions of the final muons

[105]. There are two kinds of smuons, µ̃L and µ̃R, scalar partners of the left-handed and

right-handed muons respectively. A negligibly small mass of the muon suppresses the left-

right mixing and thus makes µ̃L and µ̃R the mass-eigenstates. The smuon pair production

in e+e� collisions is via s-channel diagrams mediated by a photon or a Z boson. Since the

exchanged particles are vector bosons, the helicities of e+ and e� are opposite to each other,

and only two kinds of pairs, µ̃+
Rµ̃

�
R and µ̃+

L µ̃
�
L , are produced. If the lightest neutralino �̃0

1 has

a dominant Bino component, µ̃R predominantly decays into µ�̃0
1. The decay of µ̃L ! µ�̃0

1
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Cusps and Endpoints
Singular kinematic structures: 

cusps and endpoints in distributions of 

http://www.sps.ch/en/articles/nobel-prizes/the-2013-nobel-prize-in-physics/

5

maa, mrec, cos⇥, Ea, Eaa

and µ̃Lµ̃L in Fig. 21(b) are of the shape of a sharp triangle. This is attributed to the massive

X. For W+W� production, the missing particles are massless neutrinos, therefore, the maa

distribution is the same as the mrec distribution.

The cos⇥ distributions of µ̃Rµ̃R, µ̃Lµ̃L, and W+W� in Fig. 21(c) present the same

functional behavior, proportional to 1/ sin3 ⇥. There are two sharp points where the cusp

and the maximum merge, which correspond to ±| cos⇥|max. The µ̃Rµ̃R and µ̃Lµ̃L processes

have similar values of | cos⇥|max, while the W+W� process peaks at a considerably larger

value. Figure 21(d) shows the energy distribution of one visible particle µ. The distributions

for the smuon signals are flat due to their scalar nature, while the flat distribution for the

W+W� channel is artificial due to the neglect of spin correlation. We will include the full

spin e↵ects from section 4.2.3 and on.

In principle, the two measurements of Emin
µ and Emax

µ can determine the two unknown

masses mB and mX . However the minimum of Ea can be below the detection threshold

as in the µ̃R case of Emin
µ ' 5.8GeV. One may thus need another independent observable

to determine all the masses. In addition, over-constraints on the involved masses are very

useful in establishing the new physics model.

The distribution of Eµµ(⌘ Eµ++Eµ�) in Fig. 21(e) is di↵erent from the individual energy

distribution: the former is triangular while the latter is rectangular. For µ̃Rµ̃R and µ̃Lµ̃L, the

Eaa distributions are localized so that the pronounced cusp is easy to identify. For W+W�,

however, the Eaa distribution is widespread.

In order to further understand the singular structure, we examine four representative

configurations in terms of (cos ✓1, cos ✓2), where ✓1 and ✓2 are the polar angle of a1 and a2 in

the rest frame of their parent particles B1 and B2, respectively. The correspondence of each

corner to a singular point is as follows:

1D configuration maa mrec Eaa EXX

(i)
a2(= B2 � e+e�• B1�! a1=) max min max min

(ii)
a2=) B2 � e+e�• B1�! a1(= cusp max min max

(iii)
a2=) B2 � e+e�• B1�! a1=) min cusp cusp cusp

(iv)
a2(= B2 � e+e�• B1�! a1(= min cusp cusp cusp

(4.6)

70
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R
1

: ⌘B < ⌘a
2

R
2

: ⌘a
2

< ⌘B < ⌘a R
3

: ⌘a < ⌘B

mmin

aa 2ma 2ma cosh(⌘B � ⌘a)

mcusp

aa 2ma cosh(⌘B � ⌘a) 2ma cosh ⌘B

mmax

aa 2ma cosh(⌘B + ⌘a)

TABLE I: The cusp and endpoints of the invariant mass distribution maa in the three regions of

c.m. energy and parameter space.

II. CUSPS AND ENDPOINTS OF THE ANTLER PROCESS

We start from a state with a fixed c.m. energy
p

s, which produces two massive particles

B
1

and B
2

, followed by each B’s decay into a visible particle a and an invisible heavy particle

X, as depicted in Fig. 1. In e+e� collisions, it is realized as

e+e� ! B
1

+ B
2

, (2)

B
1

! a
1

+ X
1

, B
2

! a
2

+ X
2

.

For simplicity, we further assume that B
1

and B
2

(X
1

and X
2

) are identical particles to each

other:

mB1 = mB2 ⌘ mB, mX1 = mX2 = mX . (3)

The kinematics is conveniently expressed by the rapiditiies ⌘j (equivalent to the speed � =

|~p |/E), which specifies the four-momentum of a massive particle j from a two-body decay

of i ! j + k in the rest frame of the parent particle i as p(i)
j = mj

⇣
cosh ⌘j, p̂(i)

j sinh ⌘j

⌘
.

In general, the kinematics of Eq.(2) is determined by three rapidities of the intermediate

particle B, the visible particle a, and the missing particle X, given by

cosh ⌘B =

p
s

2mB
, cosh ⌘a =

m2

B � m2

X + m2

a

2mamB
, cosh ⌘X =

m2

B � m2

W + m2

X

2mXmB
. (4)

Note that in the massless visible particle case (ma = 0) the rapidity ⌘a goes to infinity.

We find the distributions of the following six kinematic variables informative:

maa, m
rec

, cos ⇥, Ea, Eaa, EXX . (5)

(i) maa distribution: maa is the invariant mass of the two visible particles. This distribution

accommodates three singular points: a minimum, a cusp, and a maximum. Their positions

5

Massive and Massless `a` case.

are not uniquely determined by the involved masses. They di↵er according to the relative

scales of masses. There are three regions [16]

R
1

: ⌘B <
⌘a

2
, R

2

:
⌘a

2
< ⌘B < ⌘a, R

3

: ⌘a < ⌘B. (6)

The cusps and endpoints in the three regions are given in Table I. The minimum endpoint

is the same for R
1

and R
2

but di↵erent for R
3

. The cusp is the same for R
2

and R
3

, which

is di↵erent for R
1

. The maximum endpoints are the same for all three regions. The absence

of a priori knowledge of the masses gives us ambiguity among R
1

, R
2

, and R
3

. For example

we do not know whether the measured mmin

aa is 2ma or 2ma cosh(⌘B � ⌘a).

In the massless visible particle case, however, three singular positions are uniquely deter-

mined as

mmin

aa = 0 , (7)

mcusp

aa = mB

✓
1 � m2

X

m2

B

◆
e�⌘B ,

mmax

aa = mB

✓
1 � m2

X

m2

B

◆
e⌘B .

According to the analytic function for the maa distribution [15], the maa cusp is sharp only

when the B pair production is near threshold, i.e., when 0.443
p

s < mB < 0.5
p

s.

(ii) m
rec

distribution: The invariant mass of two invisible particles, denoted by m
rec

, can be

measured through the relation

m2

rec

⌘ m2

XX = s � 2
p

s (Ea1 + Ea2) + m2

aa. (8)

The m
rec

distribution is related to the invariant mass distribution of massive visible particles

because of the symmetry of the antler decay topology. It also has three singular points,

mmin

rec

, mcusp

rec

, and mmax

rec

. Their positions are as in Table I, with replacement of ma ! mX

and ⌘a ! ⌘X .

(iii) Ea distribution: The energy distribution of one visible particle in the lab frame also

provides important information about the masses. If the intermediate particle B is a scalar

particle like a slepton, its decay is isotropic and thus produces a flat rectangular distribution.

Two end points, Emin

a and Emax

a , are determined by the masses:

Emax,min

a =

p
s

4

✓
1 � m2

X � m2

a

m2

B

◆ 
1 ± �B

s

1 � 4m2

am
2

B

(m2

B + m2

a � m2

X)2

!
, (9)

6

⌘B : rapidity of B in the c.m. frame

⌘a : rapidity of a in the B rest frame

Cusps and Endpoints
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Label µ̃R µ̃L �̃0

1

�̃0

2

�̃0

3

�̃0

4

�̃±
1

�̃±
2

Case-A (Case-B) 158 636 (170) 141 529 654 679 529 679

Case-C � � 139 235 504 529 235 515

TABLE II: Illustrative SUSY mass spectrum for Case-A, Case-B (as introduced in Sec. III A) and

Case-C (as introduced in Sec. IV). All of the masses are in units of GeV.

section of µ̃Rµ̃R production is compatible with that of µ̃Lµ̃L production. This is because

the left-chiral and right-chiral couplings of the smuon to the Z boson, say gL
µ̃µ̃Z and gR

µ̃µ̃Z

respectively, are accidentally similar in size:

gL
µ̃µ̃Z =

�1 + 2 sin2 ✓W

2 sin ✓W cos ✓W
⇡ �0.64, gR

µ̃µ̃Z =
sin ✓W

cos ✓W
⇡ 0.55. (16)

In Case-B, three signals from µ̃Rµ̃R, µ̃Lµ̃L, and W+W� all have the same antler decay

topology. The goal is to disentangle the information and achieve the mass measurements of

µ̃R, µ̃L, and �̃0

1

.

It is noted that the LHC searches for slepton direct production does not reach enough

sensitivity with the current data yet [26] and would be very challenging in Run-II as well

for the parameter choices under consideration, due to the small signal cross section, large

SM backgrounds, and the disfavored kinematics of the small mass di↵erence. On the other

hand, once crossing the kinematical threshold at a lepton collider, the slepton signal could

be readily established.

In Table III, we list the values of various kinematic cusps and endpoints for the five

variables discussed above. The mass spectra of the µ̃Rµ̃R antler and the W+W� antler

apply to both Case-A and Case-B, while that of µ̃Lµ̃L applies only to Case-B. With the

given masses, all of the minimum, cusp, and maximum positions are determined. They

are considerably di↵erent from each other, indicating important complementarity of these

kinematic variables.

In Fig. 2, we show the normalized distributions of (a) mµµ, (b) m
rec

, (c) cos ⇥, (d) Eµ,

and (e) Eµ+ + Eµ� for µ̃Rµ̃R, µ̃Lµ̃L, and W+W� production at the ILC with a c.m. energy

of 500 GeV. To appreciate the striking features of the distributions, we have only considered

the kinematics here. The full results including spin correlations, initial state radiation (ISR),

beamstrahlung, and detector smearing e↵ects will be shown, beginning in section 3.3. First,

the maa distributions for µ̃Rµ̃R, µ̃Lµ̃L, and W+W� production do not show a clear cusp.

9

Benchmark scenario from MSSM, vs = 500 GeV

* SUSY spectra chosen, while preferring the interested antler 
process of the study, or dominating over other SUSY processes.

Cusps and Endpoints
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realistic effects: spin correlation, acceptance cuts, detector etc.

p
s 500 GeV

Production channel µ̃Rµ̃R µ̃Lµ̃L W+W�

input (mB, mX) (158, 141) (170, 141) (mW , 0)

| cos ⇥|
max

0.77 0.73 0.95

(mmin

µµ , mcusp

µµ , mmax

µµ ) (0, 12, 91) (0, 21, 137) (0, 13, 487)

(mmin

rec

, mcusp

rec

, mmax

rec

) (408, 445, 488) (363, 413, 479) (0, 13, 487)

(Emin

µ , Emax

µ ) (6, 46) (11, 69) (7, 243)

(Emin

µµ , Ecusp

µµ , Emax

µµ ) (12, 52, 92) (21, 79, 137) (13, 250, 487)

TABLE III: The values of various kinematic cusps and endpoints as seen in Fig. 2, for the mass

parameters in Table II. All of the masses and energies are in units of GeV.

This is because the c.m. energy is too high compared with the intermediate mass to reveal

the maa cusp, which would become pronounced when mB > 0.44
p

s [15]. For B = µ̃R, a

sharp maa cusp requires
p

s <⇠ 360 GeV. On the contrary, the m
rec

distributions for µ̃Rµ̃R

and µ̃Lµ̃L in Fig. 2(b) are of the shape of a sharp triangle. This is attributed to the massive

X. For W+W� production, the missing particles are massless neutrinos, therefore, the maa

distribution is the same as the m
rec

distribution.

The cos ⇥ distributions of µ̃Rµ̃R, µ̃Lµ̃L, and W+W� in Fig. 2(c) present the same func-

tional behavior, proportional to 1/ sin3 ⇥. There are two sharp points where the cusp and

the maximum merge, which correspond to ±| cos ⇥|
max

. The µ̃Rµ̃R and µ̃Lµ̃L processes have

similar values of | cos ⇥|
max

, while the W+W� process peaks at a considerably larger value.

Figure 2(d) shows the energy distribution of one visible particle µ. The distributions for the

smuon signals are flat due to their scalar nature, while the flat distribution for the W+W�

channel is artificial due to the neglect of spin correlation. We will include the full spin e↵ects

from section III C and on.

In principle, the two measurements of Emin

µ and Emax

µ can determine the two unknown

masses mB and mX . However the minimum of Ea can be below the detection threshold

as in the µ̃R case of Emin

µ ' 5.8 GeV. One may thus need another independent observable

to determine all the masses. In addition, over-constraints on the involved masses are very

useful in establishing the new physics model.

10
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realistic effects: spin correlation, acceptance cuts, detector etc.
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p

s [15]. For B = µ̃R, a
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p
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and µ̃Lµ̃L in Fig. 2(b) are of the shape of a sharp triangle. This is attributed to the massive

X. For W+W� production, the missing particles are massless neutrinos, therefore, the maa

distribution is the same as the m
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distribution.

The cos ⇥ distributions of µ̃Rµ̃R, µ̃Lµ̃L, and W+W� in Fig. 2(c) present the same func-

tional behavior, proportional to 1/ sin3 ⇥. There are two sharp points where the cusp and

the maximum merge, which correspond to ±| cos ⇥|
max

. The µ̃Rµ̃R and µ̃Lµ̃L processes have

similar values of | cos ⇥|
max

, while the W+W� process peaks at a considerably larger value.

Figure 2(d) shows the energy distribution of one visible particle µ. The distributions for the

smuon signals are flat due to their scalar nature, while the flat distribution for the W+W�

channel is artificial due to the neglect of spin correlation. We will include the full spin e↵ects

from section III C and on.

In principle, the two measurements of Emin

µ and Emax

µ can determine the two unknown

masses mB and mX . However the minimum of Ea can be below the detection threshold

as in the µ̃R case of Emin

µ ' 5.8 GeV. One may thus need another independent observable

to determine all the masses. In addition, over-constraints on the involved masses are very

useful in establishing the new physics model.

10
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realistic effects: spin correlation, acceptance cuts, detector etc.
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the maa cusp, which would become pronounced when mB > 0.44
p

s [15]. For B = µ̃R, a

sharp maa cusp requires
p

s <⇠ 360 GeV. On the contrary, the m
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distributions for µ̃Rµ̃R
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X. For W+W� production, the missing particles are massless neutrinos, therefore, the maa

distribution is the same as the m
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Figure 2(d) shows the energy distribution of one visible particle µ. The distributions for the

smuon signals are flat due to their scalar nature, while the flat distribution for the W+W�
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µ can determine the two unknown

masses mB and mX . However the minimum of Ea can be below the detection threshold
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useful in establishing the new physics model.
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Another substantial SM background is from e+e� ! e+e�µ+µ� where the outgoing e+

and e� go down the beam pipe and are missed by the detectors. It is mainly generated by

Bhabha scattering with the incoming electron and positron through a t-channel diagram.

This background could be a few orders of magnitude larger than the signal. However, a

cut on the missing transverse momentum can e↵ectively remove it. The maximum missing

transverse momentum in this background comes from the final electron and positron, each

of which retains the full energy (
p

s/2 each) and moves within an angle of 1� with respect

to the beam pipe (at the edge of the end-cap detector coverage). As a result, most of these

background events lie within

(/pT )
beam line e+e� . 3 ⇥ 250 GeV ⇥ sin (1�) ' 15 GeV. (18)

We thus design our basic acceptance cuts for the event selection

Basic cuts: Ea � 10 GeV, /pT � 15 GeV, (19)

| cos ✓cm

` |  0.9962, maa � 1 GeV, m
rec

� 1 GeV.

The angular cut on ✓cm

` requires that the observed lepton lies within 5� from the beam

pipe. This angular acceptance and the invariant mass cut on the lepton pair regularize

the perturbative singularities. We also find that the /pT cut removes the background from

e+e� ! e+e�⌧+⌧� [29].

In principal, the full SUSY backgrounds should be included in addition to the µ̃R and µ̃L

signal pair production. There are many types of SUSY backgrounds. The dominant ones

are the production of �̃0

1

�̃0

j�2

followed by the heavier neutralino decay of �̃0

j�2

! `+`��̃0

1

.

However, their contributions are negligible with our mass point and event selection.

At the ILC environment, it is crucial to consider the other realistic factors in order to

reliably estimate the accuracy for the mass determination. These include the e↵ects of ISR,

beamstrahlung [30] and detector resolutions. For these purposes, we adopt the ILC-Whizard

setup [31], which accommodates the SGV-3.0 fast detector simulation suitable for the ILC

[36].

2. Case-A: µ̃Rµ̃R pair production

For the mass spectrum in Case-A, Fig. 5 presents a full simulation of the five kinematic

distributions at
p

s = 500 GeV with the basic cuts in Eq. (19). The solid (red) line denotes

16

/pT > 20 GeV

/pT > 10 GeV

no cut mmax

µµ

mcusp

µµ

e+e� ! µ+µ�/E,
p

s = 500 GeV

(a) mµµ (GeV)

1 �

d�

dm
µ
µ

(1
/G

eV
)

100806040200

0.02

0.015

0.01

0.005

0

/pT > 20 GeV
/pT > 10 GeV
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FIG. 3: Case-A for e+e� ! µ̃Rµ̃R ! µ+µ� + /E. E↵ects due to various /pT cuts on (a) mµµ,
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, (c) cos ⇥, (d) Eµ, and (e) Eµ+ + Eµ� distributions without spin-correlation and other

realistic e↵ects at
p

s = 500GeV. Each distribution is normalized by the total cross section. Panel

(f) for the mµµ distribution is set to 350 GeV for comparison.

positions are shifted.

We note that /pT cut does not a↵ect the positions of the variables mmin

µµ , mcusp

rec

, and Ecusp

µµ

appreciably, which all correspond to the kinematical configurations (iii) and (iv) in Eq. (17).

Here the two visible particles (a
1

a
2

) move in the same direction, and two invisible particles

13

Another substantial SM background is from e+e� ! e+e�µ+µ� where the outgoing e+

and e� go down the beam pipe and are missed by the detectors. It is mainly generated by

Bhabha scattering with the incoming electron and positron through a t-channel diagram.

This background could be a few orders of magnitude larger than the signal. However, a

cut on the missing transverse momentum can e↵ectively remove it. The maximum missing

transverse momentum in this background comes from the final electron and positron, each

of which retains the full energy (
p

s/2 each) and moves within an angle of 1� with respect

to the beam pipe (at the edge of the end-cap detector coverage). As a result, most of these

background events lie within

(/pT )
beam line e+e� . 3 ⇥ 250 GeV ⇥ sin (1�) ' 15 GeV. (18)

We thus design our basic acceptance cuts for the event selection

Basic cuts: Ea � 10 GeV, /pT � 15 GeV, (19)

| cos ✓cm

` |  0.9962, maa � 1 GeV, m
rec

� 1 GeV.

The angular cut on ✓cm

` requires that the observed lepton lies within 5� from the beam

pipe. This angular acceptance and the invariant mass cut on the lepton pair regularize

the perturbative singularities. We also find that the /pT cut removes the background from

e+e� ! e+e�⌧+⌧� [29].

In principal, the full SUSY backgrounds should be included in addition to the µ̃R and µ̃L

signal pair production. There are many types of SUSY backgrounds. The dominant ones

are the production of �̃0

1

�̃0

j�2

followed by the heavier neutralino decay of �̃0

j�2

! `+`��̃0

1

.

However, their contributions are negligible with our mass point and event selection.

At the ILC environment, it is crucial to consider the other realistic factors in order to

reliably estimate the accuracy for the mass determination. These include the e↵ects of ISR,

beamstrahlung [30] and detector resolutions. For these purposes, we adopt the ILC-Whizard

setup [31], which accommodates the SGV-3.0 fast detector simulation suitable for the ILC

[36].

2. Case-A: µ̃Rµ̃R pair production

For the mass spectrum in Case-A, Fig. 5 presents a full simulation of the five kinematic

distributions at
p

s = 500 GeV with the basic cuts in Eq. (19). The solid (red) line denotes

16
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, (c) cos ⇥, (d) Eµ, and (e) Eµ+ + Eµ� distributions without spin-correlation and other

realistic e↵ects at
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s = 500GeV. Each distribution is normalized by the total cross section. Panel

(f) for the mµµ distribution is set to 350 GeV for comparison.
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We note that /pT cut does not a↵ect the positions of the variables mmin
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, and Ecusp

µµ

appreciably, which all correspond to the kinematical configurations (iii) and (iv) in Eq. (17).
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) move in the same direction, and two invisible particles
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Another substantial SM background is from e+e� ! e+e�µ+µ� where the outgoing e+

and e� go down the beam pipe and are missed by the detectors. It is mainly generated by

Bhabha scattering with the incoming electron and positron through a t-channel diagram.

This background could be a few orders of magnitude larger than the signal. However, a

cut on the missing transverse momentum can e↵ectively remove it. The maximum missing

transverse momentum in this background comes from the final electron and positron, each

of which retains the full energy (
p

s/2 each) and moves within an angle of 1� with respect

to the beam pipe (at the edge of the end-cap detector coverage). As a result, most of these

background events lie within

(/pT )
beam line e+e� . 3 ⇥ 250 GeV ⇥ sin (1�) ' 15 GeV. (18)

We thus design our basic acceptance cuts for the event selection

Basic cuts: Ea � 10 GeV, /pT � 15 GeV, (19)

| cos ✓cm

` |  0.9962, maa � 1 GeV, m
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� 1 GeV.

The angular cut on ✓cm

` requires that the observed lepton lies within 5� from the beam

pipe. This angular acceptance and the invariant mass cut on the lepton pair regularize

the perturbative singularities. We also find that the /pT cut removes the background from

e+e� ! e+e�⌧+⌧� [29].

In principal, the full SUSY backgrounds should be included in addition to the µ̃R and µ̃L

signal pair production. There are many types of SUSY backgrounds. The dominant ones

are the production of �̃0

1

�̃0

j�2

followed by the heavier neutralino decay of �̃0

j�2

! `+`��̃0

1

.

However, their contributions are negligible with our mass point and event selection.

At the ILC environment, it is crucial to consider the other realistic factors in order to

reliably estimate the accuracy for the mass determination. These include the e↵ects of ISR,

beamstrahlung [30] and detector resolutions. For these purposes, we adopt the ILC-Whizard

setup [31], which accommodates the SGV-3.0 fast detector simulation suitable for the ILC

[36].

2. Case-A: µ̃Rµ̃R pair production

For the mass spectrum in Case-A, Fig. 5 presents a full simulation of the five kinematic

distributions at
p

s = 500 GeV with the basic cuts in Eq. (19). The solid (red) line denotes
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p
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(f) for the mµµ distribution is set to 350 GeV for comparison.
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Another substantial SM background is from e+e� ! e+e�µ+µ� where the outgoing e+

and e� go down the beam pipe and are missed by the detectors. It is mainly generated by

Bhabha scattering with the incoming electron and positron through a t-channel diagram.

This background could be a few orders of magnitude larger than the signal. However, a

cut on the missing transverse momentum can e↵ectively remove it. The maximum missing

transverse momentum in this background comes from the final electron and positron, each

of which retains the full energy (
p

s/2 each) and moves within an angle of 1� with respect

to the beam pipe (at the edge of the end-cap detector coverage). As a result, most of these

background events lie within

(/pT )
beam line e+e� . 3 ⇥ 250 GeV ⇥ sin (1�) ' 15 GeV. (18)

We thus design our basic acceptance cuts for the event selection

Basic cuts: Ea � 10 GeV, /pT � 15 GeV, (19)

| cos ✓cm

` |  0.9962, maa � 1 GeV, m
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� 1 GeV.

The angular cut on ✓cm

` requires that the observed lepton lies within 5� from the beam

pipe. This angular acceptance and the invariant mass cut on the lepton pair regularize

the perturbative singularities. We also find that the /pT cut removes the background from

e+e� ! e+e�⌧+⌧� [29].

In principal, the full SUSY backgrounds should be included in addition to the µ̃R and µ̃L

signal pair production. There are many types of SUSY backgrounds. The dominant ones

are the production of �̃0

1

�̃0

j�2

followed by the heavier neutralino decay of �̃0

j�2

! `+`��̃0
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.

However, their contributions are negligible with our mass point and event selection.

At the ILC environment, it is crucial to consider the other realistic factors in order to

reliably estimate the accuracy for the mass determination. These include the e↵ects of ISR,

beamstrahlung [30] and detector resolutions. For these purposes, we adopt the ILC-Whizard

setup [31], which accommodates the SGV-3.0 fast detector simulation suitable for the ILC

[36].

2. Case-A: µ̃Rµ̃R pair production

For the mass spectrum in Case-A, Fig. 5 presents a full simulation of the five kinematic

distributions at
p

s = 500 GeV with the basic cuts in Eq. (19). The solid (red) line denotes
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FIG. 6: Case-A for e+e� ! µ̃Rµ̃R ! µ+µ� /E. The e↵ect of an additional cut of m
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> 350 GeV

on the (a) mµµ, (b) m
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, (c) cos ⇥, (d) Eµ, and (e) Eµ+ + Eµ� distributions with spin-correlation

and other realistic e↵ects. The c.m. energy is set to
p

s = 500GeV for all distributions. The solid

(red) line denotes our signal of the resonant production of a µ̃R pair. The dashed (blue) line is the

total di↵erential cross section including our signal and the SM backgrounds.

SM background. For example, we apply an additional cut of

m
rec

> 350 GeV, (20)

and present the distributions of the same five kinematic variables in Fig. 6. Our signal,

denoted by the solid (red) lines, remains intact since mmin

rec

= 408 GeV for µ̃Rµ̃R. On the

other hand, a large portion of the SM background is excluded. The antler characteristics of
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• spin correlation
• acceptance cuts
• detector effects
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Beamstrahlung 
etc.
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our signal emerge in the total distributions. We can identify all of the cusp structures.

3. Case-B: production of µ̃Rµ̃R and µ̃Lµ̃L

We now consider the more complex Case-B, where three di↵erent antler processes (µ̃Rµ̃R,

µ̃Lµ̃L, and W+W�) are simultaneously involved. In Fig. 7, we present five distributions for

Case-B at
p

s = 500 GeV. Here, the m
rec

> 350 GeV cut has been applied to suppress the

main SM backgrounds from W+W�. The solid (red) line is the µ̃Rµ̃R signal, the dotted

(purple) line is from µ̃Lµ̃L. Finally, the dashed (blue) line is the total di↵erential cross

section including our two signals and the SM backgrounds. Note that the total rate for

µ̃Rµ̃R is compatible with that for µ̃Lµ̃L.

In Fig. 7(a), we show the mµµ distributions. As expected from the previous analyses, the

µ̃Rµ̃R signal leads to a cusp structure, while µ̃Lµ̃L and W+W� do not due to the specific

mass and energy relations. On the contrary, the m
rec

distribution for µ̃Rµ̃R denoted by the

solid (red) curve and that for µ̃Lµ̃L by the dotted (purple) curve do show a triangle: see

Fig. 7(b). The SM background is well under-control after the stringent cuts. The challenge

is to extract the hidden mass information from the observed overall (dashed blue) curve as

a combination of the twin peaks. It is conceivable to achieve this by a fitting procedure

based on two triangles. Instead, as done below, we demonstrate another approach by taking

advantage of the polarization of the beams.

Figure 7(c) presents the cos ⇥ distribution. The visible cos ⇥ cusp is usually attributed to

the lighter intermediate particles (µ̃R in our case). A larger | cos ⇥|
max

comes from a smaller

mB with a given c.m. energy. We see that, with our parameter choice, µ̃Rµ̃R and µ̃Lµ̃L lead

to a similar value of | cos ⇥|
max

, which di↵er by about 5%.

The Eµ distribution, with the energy endpoint in Fig. 7(d), is known to be one of the

most robust variables. Two box-shaped distributions are added to create a two-step stair.

Although ISR and beamstrahlung smear the sharp edges, the observation of the two maxima

should be quite feasible. On the other hand, the determination of Emin

µ could be more

challenging if the acceptance cut for the lepton lower energy threshold overwhelms Emin

µ for

µ̃Rµ̃R, and makes it marginally visible for µ̃Lµ̃L.

Finally, we present the energy sum distribution of two visible particles in Figs. 7(e). The

individual distribution from µ̃Rµ̃R and µ̃Lµ̃L production leads to impressive sharp triangles,
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FIG. 2: The normalized distributions of (a) mµµ, (b) m
rec

, (c) cos⇥, (d) Eµ and (e) Eµ+ + Eµ�

for the three cases in Table III, i.e., for µ̃Rµ̃R, µ̃Lµ̃L and W+W� production at
p

s = 500 GeV.

Here we consider only the kinematics without spin correlations.

The distribution of Eµµ(⌘ Eµ+ +Eµ�) in Fig. 2(e) is di↵erent from the individual energy

distribution: the former is triangular while the latter is rectangular. For µ̃Rµ̃R and µ̃Lµ̃L, the

Eaa distributions are localized so that the pronounced cusp is easy to identify. For W+W�,

however, the Eaa distribution is widespread.

In order to further understand the singular structure, we examine four representative

configurations in terms of (cos ✓
1

, cos ✓
2

), where ✓
1

and ✓
2

are the polar angle of a
1

and a
2

11

Similar masses  
Similar left/right-chiral couplings  
Compatible cross section 

µ̃Lµ̃LZ & µ̃Rµ̃RZ
Another substantial SM background is from e+e� ! e+e�µ+µ� where the outgoing e+

and e� go down the beam pipe and are missed by the detectors. It is mainly generated by

Bhabha scattering with the incoming electron and positron through a t-channel diagram.

This background could be a few orders of magnitude larger than the signal. However, a

cut on the missing transverse momentum can e↵ectively remove it. The maximum missing

transverse momentum in this background comes from the final electron and positron, each

of which retains the full energy (
p

s/2 each) and moves within an angle of 1� with respect

to the beam pipe (at the edge of the end-cap detector coverage). As a result, most of these

background events lie within

(/pT )
beam line e+e� . 3 ⇥ 250 GeV ⇥ sin (1�) ' 15 GeV. (18)

We thus design our basic acceptance cuts for the event selection

Basic cuts: Ea � 10 GeV, /pT � 15 GeV, (19)

| cos ✓cm

` |  0.9962, maa � 1 GeV, m
rec

� 1 GeV.

The angular cut on ✓cm

` requires that the observed lepton lies within 5� from the beam

pipe. This angular acceptance and the invariant mass cut on the lepton pair regularize

the perturbative singularities. We also find that the /pT cut removes the background from

e+e� ! e+e�⌧+⌧� [29].

In principal, the full SUSY backgrounds should be included in addition to the µ̃R and µ̃L

signal pair production. There are many types of SUSY backgrounds. The dominant ones

are the production of �̃0

1

�̃0

j�2

followed by the heavier neutralino decay of �̃0

j�2

! `+`��̃0

1

.

However, their contributions are negligible with our mass point and event selection.

At the ILC environment, it is crucial to consider the other realistic factors in order to

reliably estimate the accuracy for the mass determination. These include the e↵ects of ISR,

beamstrahlung [30] and detector resolutions. For these purposes, we adopt the ILC-Whizard

setup [31], which accommodates the SGV-3.0 fast detector simulation suitable for the ILC

[36].

2. Case-A: µ̃Rµ̃R pair production

For the mass spectrum in Case-A, Fig. 5 presents a full simulation of the five kinematic

distributions at
p

s = 500 GeV with the basic cuts in Eq. (19). The solid (red) line denotes

16
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our signal emerge in the total distributions. We can identify all of the cusp structures.

3. Case-B: production of µ̃Rµ̃R and µ̃Lµ̃L

We now consider the more complex Case-B, where three di↵erent antler processes (µ̃Rµ̃R,

µ̃Lµ̃L, and W+W�) are simultaneously involved. In Fig. 7, we present five distributions for

Case-B at
p

s = 500 GeV. Here, the m
rec

> 350 GeV cut has been applied to suppress the

main SM backgrounds from W+W�. The solid (red) line is the µ̃Rµ̃R signal, the dotted

(purple) line is from µ̃Lµ̃L. Finally, the dashed (blue) line is the total di↵erential cross

section including our two signals and the SM backgrounds. Note that the total rate for

µ̃Rµ̃R is compatible with that for µ̃Lµ̃L.

In Fig. 7(a), we show the mµµ distributions. As expected from the previous analyses, the

µ̃Rµ̃R signal leads to a cusp structure, while µ̃Lµ̃L and W+W� do not due to the specific

mass and energy relations. On the contrary, the m
rec

distribution for µ̃Rµ̃R denoted by the

solid (red) curve and that for µ̃Lµ̃L by the dotted (purple) curve do show a triangle: see

Fig. 7(b). The SM background is well under-control after the stringent cuts. The challenge

is to extract the hidden mass information from the observed overall (dashed blue) curve as

a combination of the twin peaks. It is conceivable to achieve this by a fitting procedure

based on two triangles. Instead, as done below, we demonstrate another approach by taking

advantage of the polarization of the beams.

Figure 7(c) presents the cos ⇥ distribution. The visible cos ⇥ cusp is usually attributed to

the lighter intermediate particles (µ̃R in our case). A larger | cos ⇥|
max

comes from a smaller

mB with a given c.m. energy. We see that, with our parameter choice, µ̃Rµ̃R and µ̃Lµ̃L lead

to a similar value of | cos ⇥|
max

, which di↵er by about 5%.

The Eµ distribution, with the energy endpoint in Fig. 7(d), is known to be one of the

most robust variables. Two box-shaped distributions are added to create a two-step stair.

Although ISR and beamstrahlung smear the sharp edges, the observation of the two maxima

should be quite feasible. On the other hand, the determination of Emin

µ could be more

challenging if the acceptance cut for the lepton lower energy threshold overwhelms Emin

µ for

µ̃Rµ̃R, and makes it marginally visible for µ̃Lµ̃L.

Finally, we present the energy sum distribution of two visible particles in Figs. 7(e). The

individual distribution from µ̃Rµ̃R and µ̃Lµ̃L production leads to impressive sharp triangles,
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FIG. 7: Case-B for e+e� ! µ̃Lµ̃L, µ̃Rµ̃R ! µ+µ� /E. The additional cut of m
rec

> 350 GeV

is included. We show the (a) mµµ, (b) m
rec

, (c) cos ⇥, (d) Eµ, and (e) Eµ+ + Eµ� distributions

with spin-correlation and other realistic e↵ects. The c.m. energy is set
p

s = 500GeV for all

distributions. The solid (red) line corresponds to µ̃+

Rµ̃�
R, the dotted (purple) line to µ̃+

L µ̃�
L . The

dashed (blue) line is the total di↵erential cross section including our signal and the SM backgrounds.

as those in Fig. 7(b). The challenge is, once again, to extract the two unknown masses

from the observed summed distribution. We next discuss beam polarization as a way to

accomplish this.
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FIG. 7: Case-B for e+e� ! µ̃Lµ̃L, µ̃Rµ̃R ! µ+µ� /E. The additional cut of m
rec

> 350 GeV

is included. We show the (a) mµµ, (b) m
rec

, (c) cos ⇥, (d) Eµ, and (e) Eµ+ + Eµ� distributions

with spin-correlation and other realistic e↵ects. The c.m. energy is set
p

s = 500GeV for all

distributions. The solid (red) line corresponds to µ̃+

Rµ̃�
R, the dotted (purple) line to µ̃+

L µ̃�
L . The

dashed (blue) line is the total di↵erential cross section including our signal and the SM backgrounds.

as those in Fig. 7(b). The challenge is, once again, to extract the two unknown masses

from the observed summed distribution. We next discuss beam polarization as a way to

accomplish this.
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our signal emerge in the total distributions. We can identify all of the cusp structures.

3. Case-B: production of µ̃Rµ̃R and µ̃Lµ̃L

We now consider the more complex Case-B, where three di↵erent antler processes (µ̃Rµ̃R,

µ̃Lµ̃L, and W+W�) are simultaneously involved. In Fig. 7, we present five distributions for

Case-B at
p

s = 500 GeV. Here, the m
rec

> 350 GeV cut has been applied to suppress the

main SM backgrounds from W+W�. The solid (red) line is the µ̃Rµ̃R signal, the dotted

(purple) line is from µ̃Lµ̃L. Finally, the dashed (blue) line is the total di↵erential cross

section including our two signals and the SM backgrounds. Note that the total rate for

µ̃Rµ̃R is compatible with that for µ̃Lµ̃L.

In Fig. 7(a), we show the mµµ distributions. As expected from the previous analyses, the

µ̃Rµ̃R signal leads to a cusp structure, while µ̃Lµ̃L and W+W� do not due to the specific

mass and energy relations. On the contrary, the m
rec

distribution for µ̃Rµ̃R denoted by the

solid (red) curve and that for µ̃Lµ̃L by the dotted (purple) curve do show a triangle: see

Fig. 7(b). The SM background is well under-control after the stringent cuts. The challenge

is to extract the hidden mass information from the observed overall (dashed blue) curve as

a combination of the twin peaks. It is conceivable to achieve this by a fitting procedure

based on two triangles. Instead, as done below, we demonstrate another approach by taking

advantage of the polarization of the beams.

Figure 7(c) presents the cos ⇥ distribution. The visible cos ⇥ cusp is usually attributed to

the lighter intermediate particles (µ̃R in our case). A larger | cos ⇥|
max

comes from a smaller

mB with a given c.m. energy. We see that, with our parameter choice, µ̃Rµ̃R and µ̃Lµ̃L lead

to a similar value of | cos ⇥|
max

, which di↵er by about 5%.

The Eµ distribution, with the energy endpoint in Fig. 7(d), is known to be one of the

most robust variables. Two box-shaped distributions are added to create a two-step stair.

Although ISR and beamstrahlung smear the sharp edges, the observation of the two maxima

should be quite feasible. On the other hand, the determination of Emin

µ could be more

challenging if the acceptance cut for the lepton lower energy threshold overwhelms Emin

µ for

µ̃Rµ̃R, and makes it marginally visible for µ̃Lµ̃L.

Finally, we present the energy sum distribution of two visible particles in Figs. 7(e). The

individual distribution from µ̃Rµ̃R and µ̃Lµ̃L production leads to impressive sharp triangles,
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FIG. 7: Case-B for e+e� ! µ̃Lµ̃L, µ̃Rµ̃R ! µ+µ� /E. The additional cut of m
rec

> 350 GeV

is included. We show the (a) mµµ, (b) m
rec

, (c) cos ⇥, (d) Eµ, and (e) Eµ+ + Eµ� distributions

with spin-correlation and other realistic e↵ects. The c.m. energy is set
p

s = 500GeV for all

distributions. The solid (red) line corresponds to µ̃+

Rµ̃�
R, the dotted (purple) line to µ̃+

L µ̃�
L . The

dashed (blue) line is the total di↵erential cross section including our signal and the SM backgrounds.

as those in Fig. 7(b). The challenge is, once again, to extract the two unknown masses

from the observed summed distribution. We next discuss beam polarization as a way to

accomplish this.
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FIG. 7: Case-B for e+e� ! µ̃Lµ̃L, µ̃Rµ̃R ! µ+µ� /E. The additional cut of m
rec

> 350 GeV

is included. We show the (a) mµµ, (b) m
rec

, (c) cos ⇥, (d) Eµ, and (e) Eµ+ + Eµ� distributions

with spin-correlation and other realistic e↵ects. The c.m. energy is set
p

s = 500GeV for all

distributions. The solid (red) line corresponds to µ̃+

Rµ̃�
R, the dotted (purple) line to µ̃+

L µ̃�
L . The

dashed (blue) line is the total di↵erential cross section including our signal and the SM backgrounds.

as those in Fig. 7(b). The challenge is, once again, to extract the two unknown masses

from the observed summed distribution. We next discuss beam polarization as a way to

accomplish this.
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our signal emerge in the total distributions. We can identify all of the cusp structures.

3. Case-B: production of µ̃Rµ̃R and µ̃Lµ̃L

We now consider the more complex Case-B, where three di↵erent antler processes (µ̃Rµ̃R,

µ̃Lµ̃L, and W+W�) are simultaneously involved. In Fig. 7, we present five distributions for

Case-B at
p

s = 500 GeV. Here, the m
rec

> 350 GeV cut has been applied to suppress the

main SM backgrounds from W+W�. The solid (red) line is the µ̃Rµ̃R signal, the dotted

(purple) line is from µ̃Lµ̃L. Finally, the dashed (blue) line is the total di↵erential cross

section including our two signals and the SM backgrounds. Note that the total rate for

µ̃Rµ̃R is compatible with that for µ̃Lµ̃L.

In Fig. 7(a), we show the mµµ distributions. As expected from the previous analyses, the

µ̃Rµ̃R signal leads to a cusp structure, while µ̃Lµ̃L and W+W� do not due to the specific

mass and energy relations. On the contrary, the m
rec

distribution for µ̃Rµ̃R denoted by the

solid (red) curve and that for µ̃Lµ̃L by the dotted (purple) curve do show a triangle: see

Fig. 7(b). The SM background is well under-control after the stringent cuts. The challenge

is to extract the hidden mass information from the observed overall (dashed blue) curve as

a combination of the twin peaks. It is conceivable to achieve this by a fitting procedure

based on two triangles. Instead, as done below, we demonstrate another approach by taking

advantage of the polarization of the beams.

Figure 7(c) presents the cos ⇥ distribution. The visible cos ⇥ cusp is usually attributed to

the lighter intermediate particles (µ̃R in our case). A larger | cos ⇥|
max

comes from a smaller

mB with a given c.m. energy. We see that, with our parameter choice, µ̃Rµ̃R and µ̃Lµ̃L lead

to a similar value of | cos ⇥|
max

, which di↵er by about 5%.

The Eµ distribution, with the energy endpoint in Fig. 7(d), is known to be one of the

most robust variables. Two box-shaped distributions are added to create a two-step stair.

Although ISR and beamstrahlung smear the sharp edges, the observation of the two maxima

should be quite feasible. On the other hand, the determination of Emin

µ could be more

challenging if the acceptance cut for the lepton lower energy threshold overwhelms Emin

µ for

µ̃Rµ̃R, and makes it marginally visible for µ̃Lµ̃L.

Finally, we present the energy sum distribution of two visible particles in Figs. 7(e). The

individual distribution from µ̃Rµ̃R and µ̃Lµ̃L production leads to impressive sharp triangles,
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FIG. 7: Case-B for e+e� ! µ̃Lµ̃L, µ̃Rµ̃R ! µ+µ� /E. The additional cut of m
rec

> 350 GeV

is included. We show the (a) mµµ, (b) m
rec

, (c) cos ⇥, (d) Eµ, and (e) Eµ+ + Eµ� distributions

with spin-correlation and other realistic e↵ects. The c.m. energy is set
p

s = 500GeV for all

distributions. The solid (red) line corresponds to µ̃+

Rµ̃�
R, the dotted (purple) line to µ̃+

L µ̃�
L . The

dashed (blue) line is the total di↵erential cross section including our signal and the SM backgrounds.

as those in Fig. 7(b). The challenge is, once again, to extract the two unknown masses

from the observed summed distribution. We next discuss beam polarization as a way to

accomplish this.
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FIG. 7: Case-B for e+e� ! µ̃Lµ̃L, µ̃Rµ̃R ! µ+µ� /E. The additional cut of m
rec

> 350 GeV

is included. We show the (a) mµµ, (b) m
rec

, (c) cos ⇥, (d) Eµ, and (e) Eµ+ + Eµ� distributions

with spin-correlation and other realistic e↵ects. The c.m. energy is set
p

s = 500GeV for all

distributions. The solid (red) line corresponds to µ̃+

Rµ̃�
R, the dotted (purple) line to µ̃+

L µ̃�
L . The

dashed (blue) line is the total di↵erential cross section including our signal and the SM backgrounds.

as those in Fig. 7(b). The challenge is, once again, to extract the two unknown masses

from the observed summed distribution. We next discuss beam polarization as a way to

accomplish this.
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our signal emerge in the total distributions. We can identify all of the cusp structures.

3. Case-B: production of µ̃Rµ̃R and µ̃Lµ̃L

We now consider the more complex Case-B, where three di↵erent antler processes (µ̃Rµ̃R,

µ̃Lµ̃L, and W+W�) are simultaneously involved. In Fig. 7, we present five distributions for

Case-B at
p

s = 500 GeV. Here, the m
rec

> 350 GeV cut has been applied to suppress the

main SM backgrounds from W+W�. The solid (red) line is the µ̃Rµ̃R signal, the dotted

(purple) line is from µ̃Lµ̃L. Finally, the dashed (blue) line is the total di↵erential cross

section including our two signals and the SM backgrounds. Note that the total rate for

µ̃Rµ̃R is compatible with that for µ̃Lµ̃L.

In Fig. 7(a), we show the mµµ distributions. As expected from the previous analyses, the

µ̃Rµ̃R signal leads to a cusp structure, while µ̃Lµ̃L and W+W� do not due to the specific

mass and energy relations. On the contrary, the m
rec

distribution for µ̃Rµ̃R denoted by the

solid (red) curve and that for µ̃Lµ̃L by the dotted (purple) curve do show a triangle: see

Fig. 7(b). The SM background is well under-control after the stringent cuts. The challenge

is to extract the hidden mass information from the observed overall (dashed blue) curve as

a combination of the twin peaks. It is conceivable to achieve this by a fitting procedure

based on two triangles. Instead, as done below, we demonstrate another approach by taking

advantage of the polarization of the beams.

Figure 7(c) presents the cos ⇥ distribution. The visible cos ⇥ cusp is usually attributed to

the lighter intermediate particles (µ̃R in our case). A larger | cos ⇥|
max

comes from a smaller

mB with a given c.m. energy. We see that, with our parameter choice, µ̃Rµ̃R and µ̃Lµ̃L lead

to a similar value of | cos ⇥|
max

, which di↵er by about 5%.

The Eµ distribution, with the energy endpoint in Fig. 7(d), is known to be one of the

most robust variables. Two box-shaped distributions are added to create a two-step stair.

Although ISR and beamstrahlung smear the sharp edges, the observation of the two maxima

should be quite feasible. On the other hand, the determination of Emin

µ could be more

challenging if the acceptance cut for the lepton lower energy threshold overwhelms Emin

µ for

µ̃Rµ̃R, and makes it marginally visible for µ̃Lµ̃L.

Finally, we present the energy sum distribution of two visible particles in Figs. 7(e). The

individual distribution from µ̃Rµ̃R and µ̃Lµ̃L production leads to impressive sharp triangles,
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FIG. 8: Case-B for e+e� ! µ̃Lµ̃L, µ̃Rµ̃R ! µ+µ� /E. E↵ects of an additional cut of m
rec

>

350 GeV and polarizations Pe� = +80% and Pe+ = �30% on the (a) mµµ, (b) m
rec

, (c) cos⇥,

(d) Eµ, and (e) Eµ+ + Eµ� distributions with spin-correlation and other realistic e↵ects. The

c.m. energy is set to
p

s = 500GeV for all distributions. The solid (red) line corresponds to µ̃+

Rµ̃�
R,

the dotted (purple) line to µ̃+

L µ̃�
L . The dashed (blue) line is the total di↵erential cross section

including our signal and the SM backgrounds.

All of the distributions show that the two entangled new physics signals as well as the SM

backgrounds limit the precise measurements of the cusps and endpoints. The polarization

22

our signal emerge in the total distributions. We can identify all of the cusp structures.

3. Case-B: production of µ̃Rµ̃R and µ̃Lµ̃L

We now consider the more complex Case-B, where three di↵erent antler processes (µ̃Rµ̃R,

µ̃Lµ̃L, and W+W�) are simultaneously involved. In Fig. 7, we present five distributions for

Case-B at
p

s = 500 GeV. Here, the m
rec

> 350 GeV cut has been applied to suppress the

main SM backgrounds from W+W�. The solid (red) line is the µ̃Rµ̃R signal, the dotted

(purple) line is from µ̃Lµ̃L. Finally, the dashed (blue) line is the total di↵erential cross

section including our two signals and the SM backgrounds. Note that the total rate for

µ̃Rµ̃R is compatible with that for µ̃Lµ̃L.

In Fig. 7(a), we show the mµµ distributions. As expected from the previous analyses, the

µ̃Rµ̃R signal leads to a cusp structure, while µ̃Lµ̃L and W+W� do not due to the specific

mass and energy relations. On the contrary, the m
rec

distribution for µ̃Rµ̃R denoted by the

solid (red) curve and that for µ̃Lµ̃L by the dotted (purple) curve do show a triangle: see

Fig. 7(b). The SM background is well under-control after the stringent cuts. The challenge

is to extract the hidden mass information from the observed overall (dashed blue) curve as

a combination of the twin peaks. It is conceivable to achieve this by a fitting procedure

based on two triangles. Instead, as done below, we demonstrate another approach by taking

advantage of the polarization of the beams.

Figure 7(c) presents the cos ⇥ distribution. The visible cos ⇥ cusp is usually attributed to

the lighter intermediate particles (µ̃R in our case). A larger | cos ⇥|
max

comes from a smaller

mB with a given c.m. energy. We see that, with our parameter choice, µ̃Rµ̃R and µ̃Lµ̃L lead

to a similar value of | cos ⇥|
max

, which di↵er by about 5%.

The Eµ distribution, with the energy endpoint in Fig. 7(d), is known to be one of the

most robust variables. Two box-shaped distributions are added to create a two-step stair.

Although ISR and beamstrahlung smear the sharp edges, the observation of the two maxima

should be quite feasible. On the other hand, the determination of Emin

µ could be more

challenging if the acceptance cut for the lepton lower energy threshold overwhelms Emin

µ for

µ̃Rµ̃R, and makes it marginally visible for µ̃Lµ̃L.

Finally, we present the energy sum distribution of two visible particles in Figs. 7(e). The

individual distribution from µ̃Rµ̃R and µ̃Lµ̃L production leads to impressive sharp triangles,
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our signal emerge in the total distributions. We can identify all of the cusp structures.

3. Case-B: production of µ̃Rµ̃R and µ̃Lµ̃L

We now consider the more complex Case-B, where three di↵erent antler processes (µ̃Rµ̃R,

µ̃Lµ̃L, and W+W�) are simultaneously involved. In Fig. 7, we present five distributions for

Case-B at
p

s = 500 GeV. Here, the m
rec

> 350 GeV cut has been applied to suppress the

main SM backgrounds from W+W�. The solid (red) line is the µ̃Rµ̃R signal, the dotted

(purple) line is from µ̃Lµ̃L. Finally, the dashed (blue) line is the total di↵erential cross

section including our two signals and the SM backgrounds. Note that the total rate for

µ̃Rµ̃R is compatible with that for µ̃Lµ̃L.

In Fig. 7(a), we show the mµµ distributions. As expected from the previous analyses, the

µ̃Rµ̃R signal leads to a cusp structure, while µ̃Lµ̃L and W+W� do not due to the specific

mass and energy relations. On the contrary, the m
rec

distribution for µ̃Rµ̃R denoted by the

solid (red) curve and that for µ̃Lµ̃L by the dotted (purple) curve do show a triangle: see

Fig. 7(b). The SM background is well under-control after the stringent cuts. The challenge

is to extract the hidden mass information from the observed overall (dashed blue) curve as

a combination of the twin peaks. It is conceivable to achieve this by a fitting procedure

based on two triangles. Instead, as done below, we demonstrate another approach by taking

advantage of the polarization of the beams.

Figure 7(c) presents the cos ⇥ distribution. The visible cos ⇥ cusp is usually attributed to

the lighter intermediate particles (µ̃R in our case). A larger | cos ⇥|
max

comes from a smaller

mB with a given c.m. energy. We see that, with our parameter choice, µ̃Rµ̃R and µ̃Lµ̃L lead

to a similar value of | cos ⇥|
max

, which di↵er by about 5%.

The Eµ distribution, with the energy endpoint in Fig. 7(d), is known to be one of the

most robust variables. Two box-shaped distributions are added to create a two-step stair.

Although ISR and beamstrahlung smear the sharp edges, the observation of the two maxima

should be quite feasible. On the other hand, the determination of Emin

µ could be more

challenging if the acceptance cut for the lepton lower energy threshold overwhelms Emin

µ for

µ̃Rµ̃R, and makes it marginally visible for µ̃Lµ̃L.

Finally, we present the energy sum distribution of two visible particles in Figs. 7(e). The

individual distribution from µ̃Rµ̃R and µ̃Lµ̃L production leads to impressive sharp triangles,
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FIG. 9: Case-B for e+e� ! µ̃Lµ̃L, µ̃Rµ̃R ! µ+µ� /E. E↵ects of an additional cut of m
rec

>

350 GeV and polarizations Pe� = �80% and Pe+ = +30% on the (a) mµµ, (b) m
rec

, (c) cos⇥,

(d) Eµ, and (e) Eµ+ + Eµ� distributions with spin-correlation and other realistic e↵ects. The

c.m. energy is set to
p

s = 500GeV for all distributions. The solid (red) line corresponds to µ̃+

Rµ̃�
R,

the dotted (purple) line to µ̃+

L µ̃�
L . The dashed (blue) line is the total event including our signal

and the SM backgrounds.

cusps appear, which correspond to the µ̃Lµ̃L signal.
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our signal emerge in the total distributions. We can identify all of the cusp structures.

3. Case-B: production of µ̃Rµ̃R and µ̃Lµ̃L

We now consider the more complex Case-B, where three di↵erent antler processes (µ̃Rµ̃R,

µ̃Lµ̃L, and W+W�) are simultaneously involved. In Fig. 7, we present five distributions for

Case-B at
p

s = 500 GeV. Here, the m
rec

> 350 GeV cut has been applied to suppress the

main SM backgrounds from W+W�. The solid (red) line is the µ̃Rµ̃R signal, the dotted

(purple) line is from µ̃Lµ̃L. Finally, the dashed (blue) line is the total di↵erential cross

section including our two signals and the SM backgrounds. Note that the total rate for

µ̃Rµ̃R is compatible with that for µ̃Lµ̃L.

In Fig. 7(a), we show the mµµ distributions. As expected from the previous analyses, the

µ̃Rµ̃R signal leads to a cusp structure, while µ̃Lµ̃L and W+W� do not due to the specific

mass and energy relations. On the contrary, the m
rec

distribution for µ̃Rµ̃R denoted by the

solid (red) curve and that for µ̃Lµ̃L by the dotted (purple) curve do show a triangle: see

Fig. 7(b). The SM background is well under-control after the stringent cuts. The challenge

is to extract the hidden mass information from the observed overall (dashed blue) curve as

a combination of the twin peaks. It is conceivable to achieve this by a fitting procedure

based on two triangles. Instead, as done below, we demonstrate another approach by taking

advantage of the polarization of the beams.

Figure 7(c) presents the cos ⇥ distribution. The visible cos ⇥ cusp is usually attributed to

the lighter intermediate particles (µ̃R in our case). A larger | cos ⇥|
max

comes from a smaller

mB with a given c.m. energy. We see that, with our parameter choice, µ̃Rµ̃R and µ̃Lµ̃L lead

to a similar value of | cos ⇥|
max

, which di↵er by about 5%.

The Eµ distribution, with the energy endpoint in Fig. 7(d), is known to be one of the

most robust variables. Two box-shaped distributions are added to create a two-step stair.

Although ISR and beamstrahlung smear the sharp edges, the observation of the two maxima

should be quite feasible. On the other hand, the determination of Emin

µ could be more

challenging if the acceptance cut for the lepton lower energy threshold overwhelms Emin

µ for

µ̃Rµ̃R, and makes it marginally visible for µ̃Lµ̃L.

Finally, we present the energy sum distribution of two visible particles in Figs. 7(e). The

individual distribution from µ̃Rµ̃R and µ̃Lµ̃L production leads to impressive sharp triangles,
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FIG. 7: Case-B for e+e� ! µ̃Lµ̃L, µ̃Rµ̃R ! µ+µ� /E. The additional cut of m
rec

> 350 GeV

is included. We show the (a) mµµ, (b) m
rec

, (c) cos ⇥, (d) Eµ, and (e) Eµ+ + Eµ� distributions

with spin-correlation and other realistic e↵ects. The c.m. energy is set
p

s = 500GeV for all

distributions. The solid (red) line corresponds to µ̃+

Rµ̃�
R, the dotted (purple) line to µ̃+

L µ̃�
L . The

dashed (blue) line is the total di↵erential cross section including our signal and the SM backgrounds.

as those in Fig. 7(b). The challenge is, once again, to extract the two unknown masses

from the observed summed distribution. We next discuss beam polarization as a way to

accomplish this.
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FIG. 8: Case-B for e+e� ! µ̃Lµ̃L, µ̃Rµ̃R ! µ+µ� /E. E↵ects of an additional cut of m
rec

>

350 GeV and polarizations Pe� = +80% and Pe+ = �30% on the (a) mµµ, (b) m
rec

, (c) cos⇥,

(d) Eµ, and (e) Eµ+ + Eµ� distributions with spin-correlation and other realistic e↵ects. The

c.m. energy is set to
p

s = 500GeV for all distributions. The solid (red) line corresponds to µ̃+

Rµ̃�
R,

the dotted (purple) line to µ̃+

L µ̃�
L . The dashed (blue) line is the total di↵erential cross section

including our signal and the SM backgrounds.

All of the distributions show that the two entangled new physics signals as well as the SM

backgrounds limit the precise measurements of the cusps and endpoints. The polarization
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FIG. 8: Case-B for e+e� ! µ̃Lµ̃L, µ̃Rµ̃R ! µ+µ� /E. E↵ects of an additional cut of m
rec

>

350 GeV and polarizations Pe� = +80% and Pe+ = �30% on the (a) mµµ, (b) m
rec

, (c) cos⇥,

(d) Eµ, and (e) Eµ+ + Eµ� distributions with spin-correlation and other realistic e↵ects. The

c.m. energy is set to
p

s = 500GeV for all distributions. The solid (red) line corresponds to µ̃+

Rµ̃�
R,

the dotted (purple) line to µ̃+

L µ̃�
L . The dashed (blue) line is the total di↵erential cross section

including our signal and the SM backgrounds.

All of the distributions show that the two entangled new physics signals as well as the SM

backgrounds limit the precise measurements of the cusps and endpoints. The polarization
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our signal emerge in the total distributions. We can identify all of the cusp structures.

3. Case-B: production of µ̃Rµ̃R and µ̃Lµ̃L

We now consider the more complex Case-B, where three di↵erent antler processes (µ̃Rµ̃R,

µ̃Lµ̃L, and W+W�) are simultaneously involved. In Fig. 7, we present five distributions for

Case-B at
p

s = 500 GeV. Here, the m
rec

> 350 GeV cut has been applied to suppress the

main SM backgrounds from W+W�. The solid (red) line is the µ̃Rµ̃R signal, the dotted

(purple) line is from µ̃Lµ̃L. Finally, the dashed (blue) line is the total di↵erential cross

section including our two signals and the SM backgrounds. Note that the total rate for

µ̃Rµ̃R is compatible with that for µ̃Lµ̃L.

In Fig. 7(a), we show the mµµ distributions. As expected from the previous analyses, the

µ̃Rµ̃R signal leads to a cusp structure, while µ̃Lµ̃L and W+W� do not due to the specific

mass and energy relations. On the contrary, the m
rec

distribution for µ̃Rµ̃R denoted by the

solid (red) curve and that for µ̃Lµ̃L by the dotted (purple) curve do show a triangle: see

Fig. 7(b). The SM background is well under-control after the stringent cuts. The challenge

is to extract the hidden mass information from the observed overall (dashed blue) curve as

a combination of the twin peaks. It is conceivable to achieve this by a fitting procedure

based on two triangles. Instead, as done below, we demonstrate another approach by taking

advantage of the polarization of the beams.

Figure 7(c) presents the cos ⇥ distribution. The visible cos ⇥ cusp is usually attributed to

the lighter intermediate particles (µ̃R in our case). A larger | cos ⇥|
max

comes from a smaller

mB with a given c.m. energy. We see that, with our parameter choice, µ̃Rµ̃R and µ̃Lµ̃L lead

to a similar value of | cos ⇥|
max

, which di↵er by about 5%.

The Eµ distribution, with the energy endpoint in Fig. 7(d), is known to be one of the

most robust variables. Two box-shaped distributions are added to create a two-step stair.

Although ISR and beamstrahlung smear the sharp edges, the observation of the two maxima

should be quite feasible. On the other hand, the determination of Emin

µ could be more

challenging if the acceptance cut for the lepton lower energy threshold overwhelms Emin

µ for

µ̃Rµ̃R, and makes it marginally visible for µ̃Lµ̃L.

Finally, we present the energy sum distribution of two visible particles in Figs. 7(e). The

individual distribution from µ̃Rµ̃R and µ̃Lµ̃L production leads to impressive sharp triangles,
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FIG. 9: Case-B for e+e� ! µ̃Lµ̃L, µ̃Rµ̃R ! µ+µ� /E. E↵ects of an additional cut of m
rec

>

350 GeV and polarizations Pe� = �80% and Pe+ = +30% on the (a) mµµ, (b) m
rec

, (c) cos⇥,

(d) Eµ, and (e) Eµ+ + Eµ� distributions with spin-correlation and other realistic e↵ects. The

c.m. energy is set to
p

s = 500GeV for all distributions. The solid (red) line corresponds to µ̃+

Rµ̃�
R,

the dotted (purple) line to µ̃+

L µ̃�
L . The dashed (blue) line is the total event including our signal

and the SM backgrounds.

cusps appear, which correspond to the µ̃Lµ̃L signal.
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FIG. 9: Case-B for e+e� ! µ̃Lµ̃L, µ̃Rµ̃R ! µ+µ� /E. E↵ects of an additional cut of m
rec

>

350 GeV and polarizations Pe� = �80% and Pe+ = +30% on the (a) mµµ, (b) m
rec

, (c) cos⇥,

(d) Eµ, and (e) Eµ+ + Eµ� distributions with spin-correlation and other realistic e↵ects. The

c.m. energy is set to
p

s = 500GeV for all distributions. The solid (red) line corresponds to µ̃+

Rµ̃�
R,

the dotted (purple) line to µ̃+

L µ̃�
L . The dashed (blue) line is the total event including our signal

and the SM backgrounds.

cusps appear, which correspond to the µ̃Lµ̃L signal.
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FIG. 7: Case-B for e+e� ! µ̃Lµ̃L, µ̃Rµ̃R ! µ+µ� /E. The additional cut of m
rec

> 350 GeV

is included. We show the (a) mµµ, (b) m
rec

, (c) cos ⇥, (d) Eµ, and (e) Eµ+ + Eµ� distributions

with spin-correlation and other realistic e↵ects. The c.m. energy is set
p

s = 500GeV for all

distributions. The solid (red) line corresponds to µ̃+

Rµ̃�
R, the dotted (purple) line to µ̃+

L µ̃�
L . The

dashed (blue) line is the total di↵erential cross section including our signal and the SM backgrounds.

as those in Fig. 7(b). The challenge is, once again, to extract the two unknown masses

from the observed summed distribution. We next discuss beam polarization as a way to

accomplish this.
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Likelihood Fit on the distributions 
determining

Mass Determination

Massless visible particle (Case-A): 0.5 GeV sensitivity 

Massive visible particle (Case-C): 5 GeV

As comparison to the mono-photon search 
A likelihood fit on the photon spectrum gives ~ 50 GeV 

{�mB , �mX}



The End
Thank you for the attention!

17



/ 17

1.Cross section estimated for signal processes? 
~20fb*100fb-1~2000 SG events
2. To compare with other ILC studies. 
(Comparable to cascade, better than mono-photon)
3. Background: 
• other dominant SUSY background X_1X_j(X_j>ll

+X_1) negligible with our vs, mass choice.
• SM: WW, ZZ, eemm (with ee missing down the 

beam pipe), eetautau

Some Questions
18
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Some Plots
19

FIG. 12: Case-C for e+e� ! jj, jj + /E, the 95% C.L. contours for the precision of the mass

measurement in the parameter space of (�m�̃0
1
, �m�̃±

1
). The additional cuts of m

rec

� 120 GeV

and |mjj � mW | < 5�W are included in the distributions as well as spin-correlation and other

realistic e↵ects. The c.m. energy is set to
p

s = 500 GeV for all distributions and the integrated

luminosity is 100 fb�1.

mmax

WW values in Table IV but are significantly smeared. The mcusp

rec

and mmax

rec

are larger by

about 10 GeV than the expected values. As commented earlier, the cos ⇥ distribution in

Fig. 11(c) does not have a sharp cusp even before including realistic e↵ects.

Figure 11(d) presents the Ejj distribution which is significantly smeared and the sharp

edges are no longer visible due to jet energy resolution e↵ects. The expected values of Emin

W

and Emax

W cannot be read from this distribution. In Fig. 11(e), we show the distribution

of Ejjjj. The expected triangular shapes can be seen but the sharp features are smeared

due to the realistic considerations. Their minimum and maximum positions are moved

to approximately 10 GeV lower and higher values, respectively, while the cusp position

identified with the peaks remains near the expected values.

We perform a log-likelihood analysis for the massive visible particle case and present

the 95% C.L. contours for the mass measurement of �̃0

1

and �̃±
1

in Fig. 12. Remarkable

is that m
rec

leads to the most precise mass measurement, not the commonly considered

variable EW , especially on the missing particle mass. The EW measurement leads to about

30

FIG. 10: For Case-A for e+e� ! µ̃Rµ̃R ! µ+µ� /E, the 95% C.L. contours for the precision of the

mass measurement in the parameter space of (�m�̃0
1
, �mµ̃R). An additional cut of m

rec

> 350 GeV

on the distributions with spin-correlation and other realistic e↵ects are included. The c.m. energy

is set to
p

s = 500GeV for all distributions and the integrated luminosity is 100 fb�1.

in Fig. 10. All the variables are roughly equally good at measuring the two masses, leading

to an accuracy of approximately ±0.5 GeV (for clarity of the presentation, we have left out

the contours for Eµµ and E
rec

).

We also find that our kinematical variables are very sensitive if we vary one mass pa-

rameter with the other fixed. However, the determination for the two masses is correlated,

as seen from Fig. 10 with a linear band rather than a closed ellipse in the plotted region.

This is due to the fact that the cusps and endpoints depend on the masses mainly as a ratio

rather than independently, as can be seen in Eqs. (7), (10), and (12). The ellipse shape of

the contour will become manifest when extending to larger regions.

We have also considered the e↵ect of combining these measurements in a joint test-

statistic including a calculation of the correlation between these variables. The magnitude

of the correlation is quantified by the ratio of the o↵-diagonal term to the diagonal term

of the covariance matrix. We found that the correlation among m
rec

, Eµ and cos ⇥ was

negligible (the o↵-diagonal terms of the covariance matrix was a few percent or smaller
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