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Methods for the 2-Body Problem
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Extreme Mass Ratio Inspiral (EMRI)

-
w~1—100 Mg : “Satellite” BH/NS,

M ~ 10°-10" M : SMBH.

=G
10%-10° cycles for LISA observations
. " Y & =
Probe of BH spacetimes
B 7 CIYY J

10°-10° events for 2 years mission [Babak et al. 2017]
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Gravitational Self-Force (GSF)

* Expand equations in the mass ratio:
e=pu/M <1,
Juv = 95’5 + shE}V) sty 52h£23 s
* Valid even if v/c ~ 1 <mp PN regime.

Al

e HoM for the “satellite”
2# — () s gF(l)M mE 82F(2)H + ...

e Formal expressions of GSF 1s known up to 0(52)
[Pound, 2012].



Why the Second Order?

o If neglect the second-order self-force O(e?),
’ error in acceleration is 63" ~ e /M.

e Error in position is 6z ~ e*7% /M .

o After inspiral time 7 ~ M /e,
error 1n position becomes §z* ~ M.

e The second-order perturbation h(?) gives
detectable effects on GW phasel!



Second-Order Vacuum Equations

» We expand equations in the mass ratio:
Guv = G+l +h3) + -+
* The field equations to the second-order are
5G* [eh(M) + e2hD] = —52GH [eh™M), e ()],

where 0G*,[h] & §2G* [h, h] ate
linear & quadratic in h .



2 'Types ot Divergences Near Horizon

* Physical & spurious divergence in frequency domain
* Secular changes of mass §M & spin da of BG BH.
e Unphysical pure gauge degrees of freedom

* Need to identify and
remove by the boundary conditions.

v The singular behavior can be seen
from the lL.h.s. of Finstein equations
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Origin of the Spurious Divergence

* The origin ot the physical & spurious divergence is
slowly growing perturbations in time domain:

fl) = / T h(w)e= v du,

— OO
* The secular growth would be caused by “constant source”

Oyh(v) = “const.” » h(v

» Since the source is O(e?), h ) at each time.
o After inspiral time v = (1/5), we have h(v) = O(e).

e Consider h(v) — R (9) with the “slow time” ¥ = ew.



The Eddington-Finkelstein Coordinates

* The Schwarzschild background metric 1s
ds? = — fdv? + 2dvdr + r2d#? + 2 sin® Od¢p?

in the ingoing Eddington-Finkelstein coordinates,
where v =t + r,.

v No singularity appears on the BH horizon.

v Ingoing GWs propagate along a null line,

on which the “time coordinate” v is constant.



Near-Horizon Expansion

* Expand the perturbations near the horizon

RS (8,7, 0) = hoy, ™(3,0) + fhi,y™(5,60) + O(f).

Ouv luv

* Since Uh,, = gaBV&V5fLMV andg'" =0onr = 2M,
d? /dr® does not appear in the Lorenz gauge.

e d%/dr®(f*) = O(1) does not exist near the horizon.

v O(f?%)in h(Z)Sta’(v r,0) 1s not necessary.



Second-Order Finstein Tensor

e At the second order 1n ¢,
4 components of 0G*, NOT containing h?) are

] 9 Sta sta sta
sin§ 5GP, =E 05 (ARG, + higy™ + higs” )

(1 — SM Ovv Opp
in ¢ sta sta sta
0[S0 (2 + k2 — aMaohiy ) |
0
: (2)star Sl 0 - (1)sta (1)sta

=3
S111 H 1 sta . Sta
+ 00 | =00 (i) +sin00unGy |



Abbott & Deser’s Quantities

e We find

1
87/¢Tgsin95(}<2>stag dodg| = -8 (M*P)| _ |

'=—Th

1
8 / V=gsing G dode| = -8 (LAP)| _ .

"=—Tn
where
1 1
AD _ — v)aS AD oY
e /F< R e, — 5/FW >

1 == e B
v/P) _ v/d)a T (1)sta v/d)a 1)sta v 1)sta:q
Fi/9 = —— [e@/®p g/ FLsa y co/9)fDstasal

Q7 o] AN




Energy & Angular Momentum Fluxes

* Ingoing GW’s E & L across the hotizon are
= Bl = 1 2, o
= Q7 / vV —9 (5 G ag(v)) do d¢7
e V=g (6°G" £%,) dfd
e L ( a§<¢>) 2

o F & L are “stationary” for the first-order GWss,
which calculated from a geodesic motion.




Physical Secular Growth

* {rv} & {r¢} components of
[ v=ascn avdo = [ v=g(-5*c") avds,

determine the secular growth.

e The secular growth

= the secular change of
the BH’s mass/spin
oM =E? & da= L.




Counter Term of Secular Growth

* We have found the secular growth 0M & oa

BG BG
h/(})éM,cSL = 09,1 SM - 09,0 5o
= OM da :

which reproduces the spurious divergence.

 Therefore, the etfective source term,

Sffyf = —0°G e A e p() —0c, B e

is “regularized.”
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2nd-Order Field Eq. in EF Coordinates

* In this coordinates, we obtain the tield eq. as

1 3 1 5)
SGEFC(2) _ : (2hEFC(1) hEFC(l)) == : pEFC(1) 4 = 3 EFC(1) 29, L EFC(1)
va 4Ma VU T 00 f a 2M VU T M vr -+ 8 * iy 4M Tr
e 5 1 EFC(2) , 1 EFC(2) 1 Ero(2) EFC
+§ ar* —l_—aT* e h’rr —l_—a h ) +O(f) —|_va )

4M 4M? A=t A4M?2 Y
1 3 1 1 . Erc@)
5GEFC(2) J 8 aﬁ _hEFC(l) ! 87“ - hEFC(l) e
ur AT _|_2 *+27\[ i IM 00

1 1
EFC(2) EFC(2) EFC(2) EFC
) hrr + 2M87’*hvr " 4M2hvv +Sv7’ _I_O(f)?

[ Naml = 5 1
" (87,* o e
1 el
SGEFC® — —20, [OGHEFC) 4 7 (1 + 0, ) KEFO®) 1 O(f)| + SEFC,

EFC(2) 1  4M?
s -

0. (20;WE5°0) 18, hEFC®) 1 0(1)) + §7,



Singular Behavior of Homogeneous Sols.

 Tirst, we obtain singular asymptotic sols. as

(2)
e = I+ D+ o) ey FOLS

2f 2vr
(2) (2)
2
= C}Zr C}W | Cﬁr = Cé?r + O(f),

2 .
where each c.(..) 1S a4 constant.

* We can remove such singularities

by an appropriate gauge choice cg)r = cﬁ)r — (0%



Residual Gauge Degrees of Freedom

* The residual gauge degrees of freedom

e @7T*)7€T(53 Ui O) ,

which must satisty

£r =0,

We obtain the asymptotic solutions as
Wi == f 201 Sl M2 +le_|_0(f ),

e o duo M = o
W R R

25 M dv SM
fro+f (cS +2ffcf;Mdv” — ) + O(f?).




# of DoF

* # of d.o.f regarding the singularities 1s 2:
(2) & 6(2)

Clvr Lo

# of the residual gauge d.o.f 1s 4:

g o J oM dv 2
2M = f cl 5 M2 NE le = O(f )7
£ tfc§5ﬂlchJ5A4 Lfc%&ﬂ%fhjéﬂl =
e y .
oM~ AT TeMdv M CszT TI\e T 2T e ) T OV

* use 2 of them to remove the singularities.
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Summary

* Need the second-order metric perturbations
for EMRI observations by LISA.

* IR & gauge divergences appear near the BH horizon.

e We have

* 1dentified the IR divergence even for the Kerr BG.
 found the appropriate gauge choice for SSS pert.

e What about gauge d.o.f for general pert. & Kerr?
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