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Why modi�ed gravity?f (R) gravityViability onditionsInationary models in f (R) gravityPresent DE models in f (R) gravityCombined models of primordial and present DEConlusions about f (R) osmologial models



Why modi�ed gravity?Why going beyond the pure Einstein gravity (GR) interatingwith dust (baryons + CDM) and radiation? { Existene ofdark energy (DE).Two ases where DE shows itself:1) ination in the early Universe { primordial DE,2) present aelerated expansion of the Universe { present DE.Present view of the history of our Universe in one line:? �! DS=)FRWRD=)FRWMD=)DS �! ?



f (R) gravity
The simplest model of modi�ed gravity (= geometrial darkenergy) onsidered as a phenomenologial marosopi theoryin the fully non-linear regime and non-perturbative regime.S = 116�G Z f (R)p�g d4x + Smf (R) = R + F (R); R � R�� :



Field equations18�G �R�� � 12 Æ��R� = � �T �� (vis) + T �� (DM) + T �� (DE)� ;where G = G0 = onst is the Newton gravitational onstantmeasured in laboratory and the e�etive energy-momentumtensor of DE is8�GT �� (DE) = F 0(R)R���12 F (R)Æ��+�r�r� � Æ��rr�F 0(R) :Beause of the need to desribe DE, de Sitter solutions in theabsene of matter are of speial interest. They are given bythe roots R = RDS of the algebrai equationRf 0(R) = 2f (R) :



Degrees of freedomI. In quantum language: partile ontent.1. Graviton { spin 2, massless, transverse traeless.2. Salaron { spin 0, massive, mass - R-dependent:m2s (R) = 13f 00(R) in the WKB-regime.II. Equivalently, in lassial language: number of free funtionsof spatial oordinates at an initial Cauhy hypersurfae.Six, instead of four for GR { two additional funtions desribemassive salar waves.Thus, f (R) gravity is a non-perturbative generalization of GR.It is equivalent to salar-tensor gravity with !BD = 0 (iff 00(R) 6= 0).



Why R-dependene only?For almost all other geometri invariants {R� �R� �; C� � � �C� � � �; R;�R ;� et. (where C� � � � is the Weyltensor) { ghosts appear if the theory is taken in full, in thenon-perturbative regime.The only known exeption: f (R;G ) with fRRfGG � f 2RG = 0,where G = R� � � �R� � � � � 4R� �R� � + R2 is theGauss-Bonnet invariant, does not possess ghosts but has otherproblems.For fRRfGG � f 2RG 6= 0, a ghost was found very reently(A. de Felie, S. Tsujikawa, arViv:1006.4399).



Possible mirosopi origin of f (R)
1. Quantum-gravitational loop orretions from all quantum�eld of matter inluding gravity itself.Reent development: asymptotially safe gravity (existene ofa �xed UV point).Cannot produe "R-dominane" { orretions depending onC� � ��C� � � � are of the same order as those depending on R.2. Redution from higher-dimensional models.The same problem.



Viable ways.3. A non-minimally oupled salar �eld with a large negativeoupling � (for this hoie of signs, �onf = 16):L = R16�G � �R�22 + 12�;��;� � V (�); � < 0; j�j � 1 :Reent development: Higgs ination (F. Bezrukov andM. Shaposhnikov, 2008). In the limit j�j � 1, the potentialV (�) = �(�2��20)24 just produes f (R) = 116�G �R + R26M2� withM2 = �=24�j�j2G (for this model, j�jG�20 � 1).4. Emergent gravity.Less (not more!) symmetry at a more fundamental level.Appearane of f (R) gravity in the simplest ase:F. R. Klinkhamer and G. E. Volovik, JETP Lett. 88, 289(2008) (arXiv:0807.3896).



Bakground FRW equations in f (R) gravityds2 = dt2 � a2(t) �dx2 + dy 2 + dz2�H � _aa ; R = 6( _H + 2H2)The trae equation (4th order)3a3 ddt �a3df 0(R)dt �� Rf 0(R) + 2f (R) = 8�G (�m � 3pm)The 0-0 equation (3d order)3H df 0(R)dt � 3( _H + H2)f 0(R) + f (R)2 = 8�G�m



Conditions for viable f (R) modelsI. Conditions of lassial and quantum stability:f 0(R) > 0 ; f 00(R) > 0 :Even the saturation of these inequalities should be avoided:1. f 0(R0) = 0: a generi anisotropi spae-like urvaturesingularity forms.2. f 00(R0) = 0: a weak singularity forms, loss of preditabilityof the Cauhy evolution.a(t) = a0 + a1(t � ts) + a2(t � ts)2 + a3jt � ts j5=2 + ::: :The metri in C 2, but not C 3, ontinuous aross thissingularity, and there is no unambiguous relation between theoeÆients a3 for t < ts and t > ts .



II. Conditions for the existene of the Newtonian limit:jF j � R; jF 0j � 1; RF 00 � 1for R � Rnow and up to some very large R.The same onditions for smallness of deviations from GR.III. Laboratory and Solar system tests.No deviation from the Newton law up to 50 �.No deviation from the Einstein values of the post-NewtonianoeÆients � and  up to 10�4 in the Solar system.IV. Existene of a future stable (or at least metastable) deSitter asymptote: f 0(RDS)=f 00(RDS) � RDS :Required sine observed properties of DE are lose to that ofa osmologial onstant.



V. Cosmologial tests:among them the anomalous growth of matter perturbationsfor reent redshifts �Æ�� �m / t p33�16at the matter-dominated stage for k � ms(R)a, wherem2s (R) = 1=3F"(R) :Results in apparent disrepany between the linear �8 and theprimordial slope ns estimated from CMB data (assuming GR)and from galaxy/luster data separately.VI. f (R) osmology should not destroy previous suesses ofpresent and early Universe osmology in the sope of GR,inluding the existene of the matter-dominated stage drivenby non-relativisti matter preeded by the radiation-dominatedstage with the orret BBN and, �nally, ination.



Inationary models in f (R) gravity1. The simplest one (Starobinsky, 1980):f (R) = R + R26M2with small one-loop quantum gravitational orretionsproduing the salaron deay.During ination (H � M): H = M26 (tf � t); j _H j � H2.The only parameter M is �xed by observations { by theprimordial amplitude of adiabati (density) perturbations inthe gravitationally lustered matter omponent:M = 3:0� 10�6MPl (50=N) ;where N � (50� 55) is the number of e-folds between the�rst Hubble radius rossing during ination of the presentHubble sale and the end of ination, MPl = pG � 1019 GeV.



Remains viable: ns = 1� 2N � 0:96; r = 12N2 � 0:004 .Observations: ns = 0:963� 0:012; r < 0:24 (95% CL).2. Analogues of haoti ination: F (R) � R2A(R) for R !1with A(R) being a slowly varying funtion of R, namelyjA0(R)j � A(R)R ; jA00(R)j � A(R)R2 :3. Analogues of new ination, R � R1:F 0(R1) = 2F (R1)R1 ; F 00(R1) � 2F (R1)R21 :Thus, all inationary models in f (R) gravity are lose to thesimplest one over some range of R.



Present DE models in f (R) gravityMuh more diÆult to onstrut. An example of the viablemodel satisfying the �rst 5 viability onditions(A. A. Starobinsky, JETP Lett. 86, 157 (2007)):f (R) = R + �R00� 1�1 + R2R20 �n � 11Awith n � 2. Similar models:1. W. Hu and I. Sawiki, Phys. Rev. D 76, 064004 (2007).2. A. Appleby and R. Battye, Phys. Lett. B 654, 7 (2007).



Phantom boundary rossingH. Motohashi, A. A. Starobinsky, J. Yokoyama,Progr. Theor. Phys. 123, 887 (2010).Generi feature: phantom behaviour for z > 1,rossing of the phantom boundary wDE = �1 for z < 1.
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Anomalous growth of perturbationsDeeply in the sub-horizon regime:�Æ + 2H _Æ � 4�Ge� �Æ = 0 ; Ge� = Gf 0 1 + 4k2a2 f 00f 01 + 3k2a2 f 00f 0 :
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Still not the end of the story!



Struture of orretions to GRR = R(0) + ÆRind + ÆRos ;R(0) = 8�GTm / a�3 ;ÆRind = (RF 0(R)� 2F (R)� 3r�r�F 0(R))R=R(0) ;R � R0; ÆRind � onst = �F (1) = 4�(1) :No Dolgov-Kawasaki instability.MD : ÆRos / t�(3n+4) sin �1t�(2n+1) + 2� ;RD : ÆRos / t�3(3n+4)=4 sin �3t�(3n+1)=2 + 4� :



Æa=a is small but ÆRos=R(0) diverges for t ! 0.ÆRos should be very small just from the beginning { aproblem for those f (R) models whih do not let R beomenegative due to rossing of the f 00(R) = 0 point.The "salaron overprodution" problem.



Three new problemsIn the early Universe:I Unlimited growth of ms(R) for t ! 0: when ms(R)exeeds MPl , quantum-gravitational loop orretionsinvalidate the use of an e�etive quasi-lassial f (R)gravity.I Unlimited growth of the amplitude of ÆR osillations fort ! 0 (the "salaron overprodution" problem).I "Big Boost" singularity before the Big Bang:a(t) = a0+a1(t�t0)+a2jt�t0jk+:::; 1 < k = 2n + 1n + 1 < 2 ;if jF (R)� F (1)j / R�2n for R !1, so f 00(1) = 0.



Curing all three problemsS. A. Appleby, R. A. Battye and A. A. Starobinsky,JCAP 1006, 005 (2010).Add R26M2 to f (R) with M not less than the sale of ination.Then the �rst and and third problems go away. The seondproblem still remains, but (any) ination an solve it.However, in all known inationary models R may be negativeduring reheating after ination (e.g. when V (�) = 0).Neessity of an extension of f (R) to R < 0 keeping f 00(R) > 0.As a result, a non-zero g-fator (0 < g < 1=2) arises:g = f 0(R)� f 0(�R)2f 0(R) ; R0 � R � M2 :



An example satisfying all 6 viability onditions: the g -extendedR2-orreted AB modelf (R) = (1� g)R + g� log �osh (R=�� b)osh b �+ R26M2 :ms � M = onst for �m � 10�27 g/m3 {no "hameleon" behaviour in laboratory and Solar systemexperiments.



Combined models of primordial and present DE
If M � 3� 10�6MPl , the salaron an play the role of aninaton, too. Then the inationary preditions are formally thesame as for the pure R + R2=6M2 inationary model whihdoes not desribe the present DE:ns = 1� 2N ; r = 12N2 :



However, N is di�erent, N � 70 for the uni�ed model (versusN � (50� 55) for the purely inationary one) beause thestage if reheating after ination beomes ompletely di�erent:it onsists of unequal periods with a � onst and a / t1=2.Duration of the periods in terms of ln t:� ln (1� 2g) and �2 ln (1� 2g) respetively.So, a(t) / t1=3 on average for a long time after the end ofination, in ontrast toa(t) / t2=3 �1 + 23Mt sinM(t � t1)�for the pure inationary f (R) = R + R2=6M2 model.Observable predition whih is, however, degenerate with otherinationary models in f (R) gravity.
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Reheating { due to gravitational partile reation whih oursmainly at the end of ination. Less eÆient than in the pureinationary f (R) = R + R2=6M2 model,t = treh � M�4M3Pl � 10�18 s :
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Conlusions about f (R) osmologial modelsI The simplest pioneer inationary f (R) model remainsviable. Critial test: measurement of the low value for thetensor-to-salar ratio of primordial metri perturbationsr � 0:4%.I Muh more problems with models of present DE. Still anarrow lass among all f (R) model s of present DEremains viable: it is possible to onstrut preditivemodels satisfying all existing osmologial, Solar systemand laboratory data, and distinguishable from �CDM.I To ahieve this, previously onstruted viable f (R) DEmodels should be extended to large R with the � R2asymptoti behaviour and to negative R keepingf 0(R) > 0; f 00(R) > 0 at least up to the sale of ination.



I Combined desription of primordial DE produingination and present DE in the sope of f (R) gravity ispossible for the spei� hoie of M: M � 3� 10�6MPl .I Combined inationary { DE f (R) models have asigni�antly di�erent reheating stage after ination asompared to pure inationary f (R) models, with stronglynon-linear osillations of the sale fator a(t).I The most ritial test for all f (R) models of present darkenergy: anomalous growth of density perturbations in thematter omponent at reent redshifts z � 1� 3 (see alsothe talk by H. Motohashi about the possibility to raise thesum of neutrino masses to � 0:5 eV).
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