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Standard paradigm: single-field inflation + (p)reheating
                                    single fluid dominated FLRW Universe
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More complicated models: hybrid (GUT), vector modes, ...
                            anisotropic (locally or globally)

Bianchi I metric:
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Background: time dependent quantities

Einstein equations + vorticity + integrability 
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ṅ
n

ṡ
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To solve for the metric we use the definition of Hℵ and three of the Einstein equations to evolve {Aℵ, Hℵ} as follows:
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will be used to gauge the accuracy of the numerical solutions. We will also use the exact solutions of (52) as a
measure of the numerical error.

A. Preliminaries: The Exact Matter Solutions

It is useful at this point to apply the results of (52). Considering first the matter we can write
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The first indicates that the metric coefficients must grow with time if both n → 0 and µ → m (the conditions for
cooling); that is, we can be sure that our model allows for both expansion and cooling. The second therefore shows
that Vn → 0 with time.

As for the entropy fluid, obtaining a similar analysis is more difficult because the associated chemical potential
(i.e. temperature) goes to zero. In particular, it is not clear a priori that the entropy fluid velocity
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This shows that at the very least AzT does not go to zero. As to whether it grows, that depends on the behaviour
of Az/A. If it is the case that Az/A is bounded from above, then Vs → const. In fact, we see in Fig. 1 that this is
precisely the case. There we show that solutions exist where A(t) = Az(t) and Vs does approach a constant. The
bottom line is that this form of model is such that the expansion can be isotropic, and damp out the three-velocities
of each fluid.
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With that in mind, we will assume a master function of the form

Λ = −m∗n − κss
4/3 . (43)

Here we have placed a polytropic coupling to the entropy in an effective mass m∗ for the matter; namely,
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There are a few comments to be made about this construction. In order to have a model that cools as it expands,
we see that n → 0 and s → 0 which also means m∗ → m. As well, this also insures that the dust limit µ → m and
cn → 0 is achieved. Finally, we recover the usual radiation result of s ∝ T 3 and c2

s → 1/3. In fact, if we eliminate
the second term in (50) using (47) we find
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It is also worthwhile to consider the other direction of the evolution, which is that back to the past, where the universe
contracts and heats up to the point where temperature scale is much higher than that of the mass scale.

IV. z-INDEPENDENT BACKGROUND

Assuming that the background is only time-dependent, then the two matter equations (21) and (22) imply (for
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Equation (52) allows, in principle, to write nx and Vx in terms of Aℵ, which can be put into the Einstein equations
to get a closed system of equations. But, since we will be solving the equations numerically, it is actually easier to
use the original differential equations, which can be shown to take the form
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Ḣx = −H2
x + HyHz − 4π

[

µn
(

1 + 2V 2
n

)

+ Ts
(

1 + 2V 2
s

)]

Ḣy = −H2
y + HxHz − 4π

[

µn
(

1 + 2V 2
n

)

+ Ts
(

1 + 2V 2
s

)]

Ḣz = −H2
z + HxHy − 4π (µn + Ts)

Ȧℵ = HℵAℵ (56)

The so-called Hamiltonian constraint Gt
t = 8πT t

t, i.e.

HxHy + HxHz + HyHz = 8π
(

−Λ + µnV 2
n + TsV 2

s

)

(57)

will be used to gauge the accuracy of the numerical solutions. We will also use the exact solutions of (52) as a
measure of the numerical error.

A. Preliminaries: The Exact Matter Solutions

It is useful at this point to apply the results of (52). Considering first the matter we can write

n =
1

AxAyAz

Nn
√

1 + M2
n/ (Azµ)2

,

Vn =
Mn

Azµ
. (58)

The first indicates that the metric coefficients must grow with time if both n → 0 and µ → m (the conditions for
cooling); that is, we can be sure that our model allows for both expansion and cooling. The second therefore shows
that Vn → 0 with time.

As for the entropy fluid, obtaining a similar analysis is more difficult because the associated chemical potential
(i.e. temperature) goes to zero. In particular, it is not clear a priori that the entropy fluid velocity

Vs =
Ms

AzT
(59)

remains finite, i.e. whether or not AzT grows with time. Actually, the entropy relation

s =
1

AxAyAz

Ns
√

1 + M2
s/ (AzT )2

(60)

shows that s → 0 even if AzT → 0. In fact, we see that

0 ≤ AxAyAzs ≤ Ns. (61)

As for the behaviour of AzT , we can show that substituting (60) into (51) results in a quadratic for (AzT )2, the
solution of which leads to

AzT =

√
2

2
Ms

√

√

√

√

1 +

√

1 +

(

2Ns

σMs

)2 (

Az

A

)4

. (62)

This shows that at the very least AzT does not go to zero. As to whether it grows, that depends on the behaviour
of Az/A. If it is the case that Az/A is bounded from above, then Vs → const. In fact, we see in Fig. 1 that this is
precisely the case. There we show that solutions exist where A(t) = Az(t) and Vs does approach a constant. The
bottom line is that this form of model is such that the expansion can be isotropic, and damp out the three-velocities
of each fluid.
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where Mx and Nx are constants and we have introduced Vx = Azuz
x. One can also show that T z

t = 0 is automatically
guaranteed by (??), provided that the integration constants satisfy

MxNx + MyNy = 0 . (28)

Equation (??) allows, in principle, to write nx and Vx in terms of A and Az, which can be put into the Einstein
equations to get a closed system of equations. But, since we will be solving the equations numerically, it is actually
easier to use the original differential equations, which can be shown to take the form
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−CyxV 2
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ṅx

nx

ṅy

ny



 = −







Hx + Hy + Hz
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y
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 , (30)

for the velocities, where (following [? ]) we have introduced the “bare” sound speed

c2
x ≡ ∂ lnµx

∂ lnnx
, (31)

the (modified) cross-constituent coupling

Cxy ≡ ∂ lnµx

∂ lnny
=

µyny

µxnx
Cyx , (32)

and because the entrainment is zero

µx ≡ −uν
xµx

ν = Bxnx . (33)

To solve for the metric we use three of the Einstein equations to evolve Hℵ as follows:

Ḣx = −H2
x + HyHz − 4π

[

µxnx

(

1 + 2V 2
x

)

+ µyny

(

1 + 2V 2
y

)]

,

Ḣy = −H2
y + HxHz − 4π

[

µxnx

(

1 + 2V 2
x

)

+ µyny

(

1 + 2V 2
y

)]

,

Ḣz = −H2
z + HxHy − 4π (µxnx + µyny) . (34)

The so-called Hamiltonian constraint Gt
t = 8πT t

t, i.e.

HxHy + HxHz + HyHz = −8π (Λ − µxnx − µyny) , (35)

will be used to gauge the accuracy of the numerical solutions. We will also use the exact solutions of (??) as a
measure of the numerical error.

In the introduction, we mentioned that one cannot have a coordinate system where the radiation is at rest, and
simultaneously maintain the synchronous gauge. Let us return to the form of the metric given in Eq. (??), and
consider a coordinate transformation to the rest-frame of the radiation. A simple choice will suffice, which is

t̄ = t , x̄ = x , ȳ = y , z̄ = z + f(t) . (36)

From the condition that ūz
s = 0, we find that

ḟ(t) = − uz
s

√

1 + (Azuz
s )

2
, (37)

so that the line interval is now

ds2 = − dt2

1 + (Az(t)uz
s (t))

2 +
2A2

z(t)u
z
s (t)

√

1 + (Az(t)uz
s (t))

2
dtdz̄ + A2

x(t)dx2 + A2
y(t)dy2 + A2

z(t)dz̄2 . (38)

The lapse is no longer constant, and the shift is no longer zero.
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ṅy

ny



 = −







Hx + Hy + Hz

1+V 2
x

Hx + Hy + Hz

1+V 2
y






, (29)

for the densities and






V̇x

Vx

V̇y

Vy






= −





c2
x Cxy

Cyx c2
y









ṅx
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Ḣx = −H2
x + HyHz − 4π

[

µxnx

(

1 + 2V 2
x

)

+ µyny

(

1 + 2V 2
y

)]

,
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s = 0, we find that
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Linear perturbations around the Radiation/Matter background

Perturbative expansion

{

f(x, t) = fback(t) + δf(z, t) + · · ·

σi(t) → 0

ρrad " ρmat

σi = β̇ie
2βi

Λ = −
(

m + τnσn−1sσs

)

n − κs4/3

A2
z(t)

1

6

B. The Matter Variations

When linearizing the matter equations it is useful to note that the general variations of Λ, Ψ, n2
xy, µx

t , µx
z , and Bx

are

δΛ = −µxδnx − µyδny (39)

δΨ = n2
xδBx + n2

yδBy − nxu
t
xµ

x
t

(

δnx

nx
+

δut
x

ut
x

)

− nxu
z
xµ

x
z

(

δnx

nx
+

δuz
x

uz
x

+
δAz

Az

)

−nyu
t
yµ

y
t

(

δny

ny
+

δut
y

ut
y

)

− nyu
z
yµ

y
z

(

δny

ny
+

δuz
y

uz
y

+
δAz

Az

)

(40)

δµx
t = µx

t

(

δnx

nx
+

δut
x

ut
x

+
δBx

Bx

)

(41)

δµx
z = µx

z

(

δnx

nx
+

δuz
x

uz
x

+
δBx

Bx
+ 2

δAz

Az

)

(42)

δBx = Bx

[

(

c2
x − 1

) δnx

nx
+ Cxy

δny

ny

]

(43)

From (39) we can see that µx is the usual chemical potential. Because there are two fluids we have the well-
established result of two modes of “sound” propagation. The cx is “bare” in the sense that it only equals the mode
speed when there are no interactions between the fluids [? ].

To linear order in {δA, δAz, δuz
x, δnx}, the flux conservation (21) is

∂

∂t

[

A2Aznxu
t
x

(

δnx

nx
+

δut
x

ut
x

+ 2
δA

A
+

δAz

Az

)]

+
∂

∂z

[

A2Aznxu
z
x

(

δnx

nx
+

δuz
x

uz
x

+ 2
δA

A
+

δAz

Az

)]

= 0 , (44)

the Euler equation (22) becomes

∂δµx
t

∂z
=

∂δµx
z

∂t
, (45)

and finally, the stress-energy-momentum variations are

δT t
t = δΨ + nxu

t
xµ

x
t

(

δnx

nx
+

δut
x

ut
x

+
δµx

t

µx
t

)

+ nyu
t
yµ

y
t

(

δny

ny
+

δut
y

ut
y

+
δµy

t

µy
t

)

, (46)

δT x
x = δT y

y = δΨ , (47)

δT z
t = nxu

z
xµ

x
t

(

δnx

nx
+

δuz
x

uz
x

+
δµx

t

µx
t

)

+ nyu
z
yµ

y
t

(

δny

ny
+

δuz
y

uz
y

+
δµy

t

µy
t

)

, (48)

δT z
z = δΨ + nxu

z
xµ

x
z

(

δnx

nx
+

δuz
x

uz
x

+
δµx

z

µx
z

)

+ nyu
z
yµ

y
z

(

δny

ny
+

δuz
y

uz
y

+
δµy

z

µy
z

)

. (49)

C. The Einstein Tensor Variations

The linearized form of the Einstein tensor components is

δGt
t = −2 (H + Hz) δH − 2HδHz +

2

A2
z

δI ′ , (50)

δGx
x = δGy

y = −δḢ − δḢz − (2H + Hz) δH − (H + 2Hz) δHz +
1

A2
z
δI ′ , (51)

δGz
t = − 2

A2
z

[

δİ + (H − Hz) δI
]

, (52)

Matter quantities
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C. The Einstein Tensor Variations

The linearized form of the Einstein tensor components is
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Stress energy tensor
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The linearized form of the Einstein tensor components is

δGt
t = −2 (H + Hz) δH − 2HδHz +

2

A2
z
δI ′ (50)

δGx
x = δGy

y = −δḢ − δḢz − (2H + Hz) δH − (H + 2Hz) δHz +
1

A2
z

δI ′ (51)

δGz
t = − 2

A2
z

[

δİ + (H − Hz) δI
]

(52)

δGz
z = −2

(

δḢ + 3HδH
)

(53)

where

δH =
δȦ

A
− H

δA

A
(54)

and likewise for the others. Of course, only two of these Einstein tensor components (and associated equations) are
independent.

V. TWO-STREAM INSTABILITY: LOCAL ANALYSIS

It is quite useful to first consider a local, spacetime analysis. This means that we are considering time- and length-
scales for the oscillations that are much less than those of the cosmological background (say, 1/H and 1/J). Hence,
any derivatives of the background will be ignored. But furthermore, we will also set to zero the metric perturbations.
The main point is to demonstrate the two-stream instability for the simplest possible case. In the following section
we will then see how the dynamics of the background, and metric variations impact the instability.

The main part of the strategy is to analyze plane-wave propagation, meaning that we write for the variations

δnx = Nxe
ikµxµ

, δuµ
x = Aµ

xeikνxν

, (55)

where kµ = (kt, 0, 0, kz) is the constant wave-vector for the modes and Nx and Aµ
x = (At

x, 0, 0, Az
x) their constant

wave-amplitudes. In this case, (45) and (44) become

0 = −ikzBxnxu
t
x

(

δnx

nx
+

δut
x

ut
x

+
δBx

Bx

)

+ iktBxnxu
t
x

(

δnx

nx
+

δut
x

ut
x

+
δBx

Bx

)

, (56)

0 = iktu
t
x

(

δnx

nx
+

δut
x

ut
x

)

+ ikzu
z
x

(

δnx

nx
+

δuz
x

uz
x

)

. (57)

These can finally be reduced to the matrix equation





(uxσz − 1)2 c2
x − (σz − ux)

2 Cxy (uxσz − 1)2

Cyx (uyσz − 1)2 (uyσz − 1)2 c2
y − (σz − uy)

2











δnx

nx

δny

ny






=





0

0



 , (58)

where ux = Azuz
x/ut

x and σz = −Azkt/kz. The only way to get a non-trivial solution is for the dispersion relation,
i.e.

[

(uxσz − 1)2 c2
x − (σz − ux)

2
] [

(uyσz − 1)2 c2
y − (σz − uy)

2
]

− CxyCyx (uxσz − 1)2 (uyσz − 1)2 = 0 , (59)

to vanish.
This is of the same form as the dispersion relation obtained by Samuelsson et al [? ] [cf. their Eq. (69)], except that

the mode-speed here acquires the factor of Az , and our choice of gauge precludes setting uz
x = 0 (hence preventing

rewriting solely in terms of the relative three-velocity). It is a simple matter to analyze (59) numerically, and reveal
the presence of two-stream instability. To assist this effort we will re-scale the variables in a way as close to [? ] as
possible:

x ≡ σz

cy
, b2 ≡

(

cx

cy

)2

, a2 ≡ CxyCyx

c4
y

, yx ≡ ux

cy
, yy ≡ uy

cy
. (60)

7

The linearized form of the Einstein tensor components is

δGt
t = −2 (H + Hz) δH − 2HδHz +

2

A2
z
δI ′ (50)

δGx
x = δGy

y = −δḢ − δḢz − (2H + Hz) δH − (H + 2Hz) δHz +
1

A2
z

δI ′ (51)

δGz
t = − 2

A2
z

[

δİ + (H − Hz) δI
]

(52)

δGz
z = −2

(

δḢ + 3HδH
)

(53)

where

δH =
δȦ

A
− H

δA

A
(54)

and likewise for the others. Of course, only two of these Einstein tensor components (and associated equations) are
independent.

V. TWO-STREAM INSTABILITY: LOCAL ANALYSIS

It is quite useful to first consider a local, spacetime analysis. This means that we are considering time- and length-
scales for the oscillations that are much less than those of the cosmological background (say, 1/H and 1/J). Hence,
any derivatives of the background will be ignored. But furthermore, we will also set to zero the metric perturbations.
The main point is to demonstrate the two-stream instability for the simplest possible case. In the following section
we will then see how the dynamics of the background, and metric variations impact the instability.

The main part of the strategy is to analyze plane-wave propagation, meaning that we write for the variations

δnx = Nxe
ikµxµ

, δuµ
x = Aµ

xeikνxν

, (55)

where kµ = (kt, 0, 0, kz) is the constant wave-vector for the modes and Nx and Aµ
x = (At

x, 0, 0, Az
x) their constant

wave-amplitudes. In this case, (45) and (44) become

0 = −ikzBxnxu
t
x

(

δnx

nx
+

δut
x

ut
x

+
δBx

Bx

)

+ iktBxnxu
t
x

(

δnx

nx
+

δut
x

ut
x

+
δBx

Bx

)

, (56)

0 = iktu
t
x

(

δnx

nx
+

δut
x

ut
x

)

+ ikzu
z
x

(

δnx

nx
+

δuz
x

uz
x

)

. (57)

These can finally be reduced to the matrix equation





(uxσz − 1)2 c2
x − (σz − ux)

2 Cxy (uxσz − 1)2

Cyx (uyσz − 1)2 (uyσz − 1)2 c2
y − (σz − uy)

2











δnx

nx

δny

ny






=





0

0



 , (58)

where ux = Azuz
x/ut

x and σz = −Azkt/kz. The only way to get a non-trivial solution is for the dispersion relation,
i.e.

[

(uxσz − 1)2 c2
x − (σz − ux)

2
] [

(uyσz − 1)2 c2
y − (σz − uy)

2
]

− CxyCyx (uxσz − 1)2 (uyσz − 1)2 = 0 , (59)

to vanish.
This is of the same form as the dispersion relation obtained by Samuelsson et al [? ] [cf. their Eq. (69)], except that

the mode-speed here acquires the factor of Az , and our choice of gauge precludes setting uz
x = 0 (hence preventing

rewriting solely in terms of the relative three-velocity). It is a simple matter to analyze (59) numerically, and reveal
the presence of two-stream instability. To assist this effort we will re-scale the variables in a way as close to [? ] as
possible:

x ≡ σz

cy
, b2 ≡

(

cx

cy

)2

, a2 ≡ CxyCyx

c4
y

, yx ≡ ux

cy
, yy ≡ uy

cy
. (60)

Plane wave analysis

7

The linearized form of the Einstein tensor components is

δGt
t = −2 (H + Hz) δH − 2HδHz +

2

A2
z
δI ′ (50)

δGx
x = δGy

y = −δḢ − δḢz − (2H + Hz) δH − (H + 2Hz) δHz +
1

A2
z

δI ′ (51)

δGz
t = − 2

A2
z

[

δİ + (H − Hz) δI
]

(52)

δGz
z = −2

(

δḢ + 3HδH
)

(53)

where

δH =
δȦ

A
− H

δA

A
(54)

and likewise for the others. Of course, only two of these Einstein tensor components (and associated equations) are
independent.

V. TWO-STREAM INSTABILITY: LOCAL ANALYSIS

It is quite useful to first consider a local, spacetime analysis. This means that we are considering time- and length-
scales for the oscillations that are much less than those of the cosmological background (say, 1/H and 1/J). Hence,
any derivatives of the background will be ignored. But furthermore, we will also set to zero the metric perturbations.
The main point is to demonstrate the two-stream instability for the simplest possible case. In the following section
we will then see how the dynamics of the background, and metric variations impact the instability.

The main part of the strategy is to analyze plane-wave propagation, meaning that we write for the variations

δnx = Nxe
ikµxµ

δuµ
x = Aµ

xeikνxν

, (55)

where kµ = (kt, 0, 0, kz) is the constant wave-vector for the modes and Nx and Aµ
x = (At

x, 0, 0, Az
x) their constant

wave-amplitudes. In this case, (45) and (44) become

0 = −ikzBxnxu
t
x

(

δnx

nx
+

δut
x

ut
x

+
δBx

Bx

)

+ iktBxnxu
t
x

(

δnx

nx
+

δut
x

ut
x

+
δBx

Bx

)

, (56)

0 = iktu
t
x

(

δnx

nx
+

δut
x

ut
x

)

+ ikzu
z
x

(

δnx

nx
+

δuz
x

uz
x

)

. (57)

These can finally be reduced to the matrix equation





(uxσz − 1)2 c2
x − (σz − ux)

2 Cxy (uxσz − 1)2

Cyx (uyσz − 1)2 (uyσz − 1)2 c2
y − (σz − uy)

2











δnx

nx

δny

ny






=





0

0



 , (58)

where ux = Azuz
x/ut

x and σz = −Azkt/kz. The only way to get a non-trivial solution is for the dispersion relation,
i.e.

[

(uxσz − 1)2 c2
x − (σz − ux)

2
] [

(uyσz − 1)2 c2
y − (σz − uy)

2
]

− CxyCyx (uxσz − 1)2 (uyσz − 1)2 = 0 , (59)

to vanish.
This is of the same form as the dispersion relation obtained by Samuelsson et al [? ] [cf. their Eq. (69)], except that

the mode-speed here acquires the factor of Az , and our choice of gauge precludes setting uz
x = 0 (hence preventing

rewriting solely in terms of the relative three-velocity). It is a simple matter to analyze (59) numerically, and reveal
the presence of two-stream instability. To assist this effort we will re-scale the variables in a way as close to [? ] as
possible:

x ≡ σz

cy
, b2 ≡

(

cx

cy

)2

, a2 ≡ CxyCyx

c4
y

, yx ≡ ux

cy
, yy ≡ uy

cy
. (60)

7

The linearized form of the Einstein tensor components is

δGt
t = −2 (H + Hz) δH − 2HδHz +

2

A2
z

δI ′ (50)

δGx
x = δGy

y = −δḢ − δḢz − (2H + Hz) δH − (H + 2Hz) δHz +
1

A2
z
δI ′ (51)

δGz
t = − 2

A2
z

[

δİ + (H − Hz) δI
]

(52)

δGz
z = −2

(

δḢ + 3HδH
)

(53)

where

δH =
δȦ

A
− H

δA

A
(54)

and likewise for the others. Of course, only two of these Einstein tensor components (and associated equations) are
independent.

V. TWO-STREAM INSTABILITY: LOCAL ANALYSIS

It is quite useful to first consider a local, spacetime analysis. This means that we are considering time- and length-
scales for the oscillations that are much less than those of the cosmological background (say, 1/H and 1/J). Hence,
any derivatives of the background will be ignored. But furthermore, we will also set to zero the metric perturbations.
The main point is to demonstrate the two-stream instability for the simplest possible case. In the following section
we will then see how the dynamics of the background, and metric variations impact the instability.

The main part of the strategy is to analyze plane-wave propagation, meaning that we write for the variations

δnx = Nxe
ikµxµ

δuµ
x = Aµ

xeikνxν

, (55)

where kµ = (kt, 0, 0, kz) is the constant wave-vector for the modes and Nx and Aµ
x = (At

x, 0, 0, Az
x) their constant

wave-amplitudes. In this case, (45) and (44) become

0 = −ikzBxnxu
t
x

(

δnx

nx
+

δut
x

ut
x

+
δBx

Bx

)

+ iktBxnxu
t
x

(

δnx

nx
+

δut
x

ut
x

+
δBx

Bx

)

(56)

0 = iktu
t
x

(

δnx

nx
+

δut
x

ut
x

)

+ ikzu
z
x

(

δnx

nx
+

δuz
x

uz
x

)

(57)

These can finally be reduced to the matrix equation





(uxσz − 1)2 c2
x − (σz − ux)

2 Cxy (uxσz − 1)2

Cyx (uyσz − 1)2 (uyσz − 1)2 c2
y − (σz − uy)

2















δnx

nx

δny

ny











=





0

0



 , (58)

where ux = Azuz
x/ut

x and σz = −Azkt/kz. The only way to get a non-trivial solution is for the dispersion relation,
i.e.

[

(uxσz − 1)2 c2
x − (σz − ux)

2
] [

(uyσz − 1)2 c2
y − (σz − uy)

2
]

− CxyCyx (uxσz − 1)2 (uyσz − 1)2 = 0 , (59)

to vanish.
This is of the same form as the dispersion relation obtained by Samuelsson et al [? ] [cf. their Eq. (69)], except that

the mode-speed here acquires the factor of Az , and our choice of gauge precludes setting uz
x = 0 (hence preventing

rewriting solely in terms of the relative three-velocity). It is a simple matter to analyze (59) numerically, and reveal
the presence of two-stream instability. To assist this effort we will re-scale the variables in a way as close to [? ] as
possible:

x ≡ σz

cy
, b2 ≡

(

cx

cy

)2

, a2 ≡ CxyCyx

c4
y

, yx ≡ ux

cy
, yy ≡ uy

cy
. (60)

7

The linearized form of the Einstein tensor components is

δGt
t = −2 (H + Hz) δH − 2HδHz +

2

A2
z

δI ′ (50)

δGx
x = δGy

y = −δḢ − δḢz − (2H + Hz) δH − (H + 2Hz) δHz +
1

A2
z
δI ′ (51)

δGz
t = − 2

A2
z

[

δİ + (H − Hz) δI
]

(52)

δGz
z = −2

(

δḢ + 3HδH
)

(53)

where

δH =
δȦ

A
− H

δA

A
(54)

and likewise for the others. Of course, only two of these Einstein tensor components (and associated equations) are
independent.

V. TWO-STREAM INSTABILITY: LOCAL ANALYSIS

It is quite useful to first consider a local, spacetime analysis. This means that we are considering time- and length-
scales for the oscillations that are much less than those of the cosmological background (say, 1/H and 1/J). Hence,
any derivatives of the background will be ignored. But furthermore, we will also set to zero the metric perturbations.
The main point is to demonstrate the two-stream instability for the simplest possible case. In the following section
we will then see how the dynamics of the background, and metric variations impact the instability.

The main part of the strategy is to analyze plane-wave propagation, meaning that we write for the variations

δnx = Nxe
ikµxµ

δuµ
x = Aµ

xeikνxν

, (55)

where kµ = (kt, 0, 0, kz) is the constant wave-vector for the modes and Nx and Aµ
x = (At

x, 0, 0, Az
x) their constant

wave-amplitudes. In this case, (45) and (44) become

0 = −ikzBxnxu
t
x

(

δnx

nx
+

δut
x

ut
x

+
δBx

Bx

)

+ iktBxnxu
t
x

(

δnx

nx
+

δut
x

ut
x

+
δBx

Bx

)

(56)

0 = iktu
t
x

(

δnx

nx
+

δut
x

ut
x

)

+ ikzu
z
x

(

δnx

nx
+

δuz
x

uz
x

)

(57)

These can finally be reduced to the matrix equation





(uxσz − 1)2 c2
x − (σz − ux)

2 Cxy (uxσz − 1)2

Cyx (uyσz − 1)2 (uyσz − 1)2 c2
y − (σz − uy)

2















δnx

nx

δny

ny











=





0

0



 (58)

where ux = Azuz
x/ut

x and σz = −Azkt/kz. The only way to get a non-trivial solution is for the dispersion relation,
i.e.

[

(uxσz − 1)2 c2
x − (σz − ux)

2
] [

(uyσz − 1)2 c2
y − (σz − uy)

2
]

− CxyCyx (uxσz − 1)2 (uyσz − 1)2 = 0 , (59)

to vanish.
This is of the same form as the dispersion relation obtained by Samuelsson et al [? ] [cf. their Eq. (69)], except that

the mode-speed here acquires the factor of Az , and our choice of gauge precludes setting uz
x = 0 (hence preventing

rewriting solely in terms of the relative three-velocity). It is a simple matter to analyze (59) numerically, and reveal
the presence of two-stream instability. To assist this effort we will re-scale the variables in a way as close to [? ] as
possible:

x ≡ σz

cy
, b2 ≡

(

cx

cy

)2

, a2 ≡ CxyCyx

c4
y

, yx ≡ ux

cy
, yy ≡ uy

cy
. (60)

Matrix equation
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7

The linearized form of the Einstein tensor components is

δGt
t = −2 (H + Hz) δH − 2HδHz +

2

A2
z

δI ′ (50)

δGx
x = δGy

y = −δḢ − δḢz − (2H + Hz) δH − (H + 2Hz) δHz +
1

A2
z
δI ′ (51)

δGz
t = − 2

A2
z

[

δİ + (H − Hz) δI
]

(52)

δGz
z = −2

(

δḢ + 3HδH
)

(53)

where

δH =
δȦ

A
− H

δA

A
(54)

and likewise for the others. Of course, only two of these Einstein tensor components (and associated equations) are
independent.

V. TWO-STREAM INSTABILITY: LOCAL ANALYSIS

It is quite useful to first consider a local, spacetime analysis. This means that we are considering time- and length-
scales for the oscillations that are much less than those of the cosmological background (say, 1/H and 1/J). Hence,
any derivatives of the background will be ignored. But furthermore, we will also set to zero the metric perturbations.
The main point is to demonstrate the two-stream instability for the simplest possible case. In the following section
we will then see how the dynamics of the background, and metric variations impact the instability.

The main part of the strategy is to analyze plane-wave propagation, meaning that we write for the variations

δnx = Nxe
ikµxµ

δuµ
x = Aµ

xeikνxν

, (55)

where kµ = (kt, 0, 0, kz) is the constant wave-vector for the modes and Nx and Aµ
x = (At

x, 0, 0, Az
x) their constant

wave-amplitudes. In this case, (45) and (44) become

0 = −ikzBxnxu
t
x

(

δnx

nx
+

δut
x

ut
x

+
δBx

Bx

)

+ iktBxnxu
t
x

(

δnx

nx
+

δut
x

ut
x

+
δBx

Bx

)

(56)

0 = iktu
t
x

(

δnx

nx
+

δut
x

ut
x

)

+ ikzu
z
x

(

δnx

nx
+

δuz
x

uz
x

)

(57)

These can finally be reduced to the matrix equation





(uxσz − 1)2 c2
x − (σz − ux)

2 Cxy (uxσz − 1)2

Cyx (uyσz − 1)2 (uyσz − 1)2 c2
y − (σz − uy)

2















δnx

nx

δny

ny











=





0

0



 (58)

where ux = Azuz
x/ut

x and σz = −Azkt/kz. The only way to get a non-trivial solution is for the dispersion relation,
i.e.

[

(uxσz − 1)2 c2
x − (σz − ux)

2
] [

(uyσz − 1)2 c2
y − (σz − uy)

2
]

− CxyCyx (uxσz − 1)2 (uyσz − 1)2 = 0 , (59)

to vanish.
This is of the same form as the dispersion relation obtained by Samuelsson et al [? ] [cf. their Eq. (69)], except that

the mode-speed here acquires the factor of Az , and our choice of gauge precludes setting uz
x = 0 (hence preventing

rewriting solely in terms of the relative three-velocity). It is a simple matter to analyze (59) numerically, and reveal
the presence of two-stream instability. To assist this effort we will re-scale the variables in a way as close to [? ] as
possible:

x ≡ σz

cy
, b2 ≡

(

cx

cy

)2

, a2 ≡ CxyCyx

c4
y

, yx ≡ ux

cy
, yy ≡ uy

cy
. (60)

Vanishing determinant                      quartic equation

7

The linearized form of the Einstein tensor components is

δGt
t = −2 (H + Hz) δH − 2HδHz +

2

A2
z

δI ′ (50)

δGx
x = δGy

y = −δḢ − δḢz − (2H + Hz) δH − (H + 2Hz) δHz +
1

A2
z
δI ′ (51)

δGz
t = − 2

A2
z

[

δİ + (H − Hz) δI
]

(52)

δGz
z = −2

(

δḢ + 3HδH
)

(53)

where

δH =
δȦ

A
− H

δA

A
(54)

and likewise for the others. Of course, only two of these Einstein tensor components (and associated equations) are
independent.

V. TWO-STREAM INSTABILITY: LOCAL ANALYSIS

It is quite useful to first consider a local, spacetime analysis. This means that we are considering time- and length-
scales for the oscillations that are much less than those of the cosmological background (say, 1/H and 1/J). Hence,
any derivatives of the background will be ignored. But furthermore, we will also set to zero the metric perturbations.
The main point is to demonstrate the two-stream instability for the simplest possible case. In the following section
we will then see how the dynamics of the background, and metric variations impact the instability.

The main part of the strategy is to analyze plane-wave propagation, meaning that we write for the variations

δnx = Nxe
ikµxµ

δuµ
x = Aµ

xeikνxν

, (55)

where kµ = (kt, 0, 0, kz) is the constant wave-vector for the modes and Nx and Aµ
x = (At

x, 0, 0, Az
x) their constant

wave-amplitudes. In this case, (45) and (44) become

0 = −ikzBxnxu
t
x

(

δnx

nx
+

δut
x

ut
x

+
δBx

Bx

)

+ iktBxnxu
t
x

(

δnx

nx
+

δut
x

ut
x

+
δBx

Bx

)

(56)

0 = iktu
t
x

(

δnx

nx
+

δut
x

ut
x

)

+ ikzu
z
x

(

δnx

nx
+

δuz
x

uz
x

)

(57)

These can finally be reduced to the matrix equation





(uxσz − 1)2 c2
x − (σz − ux)

2 Cxy (uxσz − 1)2

Cyx (uyσz − 1)2 (uyσz − 1)2 c2
y − (σz − uy)

2















δnx

nx

δny

ny











=





0

0



 (58)

where ux = Azuz
x/ut

x and σz = −Azkt/kz. The only way to get a non-trivial solution is for the dispersion relation,
i.e.

[

(uxσz − 1)2 c2
x − (σz − ux)

2
] [

(uyσz − 1)2 c2
y − (σz − uy)

2
]

− CxyCyx (uxσz − 1)2 (uyσz − 1)2 = 0 , (59)

to vanish.
This is of the same form as the dispersion relation obtained by Samuelsson et al [? ] [cf. their Eq. (69)], except that

the mode-speed here acquires the factor of Az , and our choice of gauge precludes setting uz
x = 0 (hence preventing

rewriting solely in terms of the relative three-velocity). It is a simple matter to analyze (59) numerically, and reveal
the presence of two-stream instability. To assist this effort we will re-scale the variables in a way as close to [? ] as
possible:

x ≡ σz

cy
, b2 ≡

(

cx

cy

)2

, a2 ≡ CxyCyx

c4
y

, yx ≡ ux

cy
, yy ≡ uy

cy
. (60)
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The linearized form of the Einstein tensor components is

δGt
t = −2 (H + Hz) δH − 2HδHz +

2

A2
z

δI ′ (50)

δGx
x = δGy

y = −δḢ − δḢz − (2H + Hz) δH − (H + 2Hz) δHz +
1

A2
z
δI ′ (51)

δGz
t = − 2

A2
z

[

δİ + (H − Hz) δI
]

(52)

δGz
z = −2

(

δḢ + 3HδH
)

(53)

where

δH =
δȦ

A
− H

δA

A
(54)

and likewise for the others. Of course, only two of these Einstein tensor components (and associated equations) are
independent.

V. TWO-STREAM INSTABILITY: LOCAL ANALYSIS

It is quite useful to first consider a local, spacetime analysis. This means that we are considering time- and length-
scales for the oscillations that are much less than those of the cosmological background (say, 1/H and 1/J). Hence,
any derivatives of the background will be ignored. But furthermore, we will also set to zero the metric perturbations.
The main point is to demonstrate the two-stream instability for the simplest possible case. In the following section
we will then see how the dynamics of the background, and metric variations impact the instability.

The main part of the strategy is to analyze plane-wave propagation, meaning that we write for the variations

δnx = Nxe
ikµxµ

δuµ
x = Aµ

xeikνxν

, (55)

where kµ = (kt, 0, 0, kz) is the constant wave-vector for the modes and Nx and Aµ
x = (At

x, 0, 0, Az
x) their constant

wave-amplitudes. In this case, (45) and (44) become

0 = −ikzBxnxu
t
x

(

δnx

nx
+

δut
x

ut
x

+
δBx

Bx

)

+ iktBxnxu
t
x

(

δnx

nx
+

δut
x

ut
x

+
δBx

Bx

)

(56)

0 = iktu
t
x

(

δnx

nx
+

δut
x

ut
x

)

+ ikzu
z
x

(

δnx

nx
+

δuz
x

uz
x

)

(57)

These can finally be reduced to the matrix equation





(uxσz − 1)2 c2
x − (σz − ux)

2 Cxy (uxσz − 1)2

Cyx (uyσz − 1)2 (uyσz − 1)2 c2
y − (σz − uy)

2















δnx

nx

δny

ny











=





0

0



 (58)

where ux = Azuz
x/ut

x and σz = −Azkt/kz. The only way to get a non-trivial solution is for the dispersion relation,
i.e.

[

(uxσz − 1)2 c2
x − (σz − ux)

2
] [

(uyσz − 1)2 c2
y − (σz − uy)

2
]

− CxyCyx (uxσz − 1)2 (uyσz − 1)2 = 0 , (59)

to vanish.
This is of the same form as the dispersion relation obtained by Samuelsson et al [? ] [cf. their Eq. (69)], except that

the mode-speed here acquires the factor of Az , and our choice of gauge precludes setting uz
x = 0 (hence preventing

rewriting solely in terms of the relative three-velocity). It is a simple matter to analyze (59) numerically, and reveal
the presence of two-stream instability. To assist this effort we will re-scale the variables in a way as close to [? ] as
possible:

x ≡ σz

cy
, b2 ≡

(

cx

cy

)2

, a2 ≡ CxyCyx

c4
y

, yx ≡ ux

cy
, yy ≡ uy

cy
. (60)

k ≡ kz ∈ R & ω ≡ kt

Azu
z
s

ρrad # ρmat

σi = β̇ie
2βi

Λ = −
(

m + τnσn−1sσs

)

n − κs4/3

A2
z(t)

ds2 = −dt2 + a2(t)
[

e2βx(t)dx2 + e2βy(t)dy2 + e2βz(t)dz2
]

1

P4(ω) = ω4 + #3ω
3 + #2ω

2 + #1ω + #0 = 0

k ≡ kz ∈ R & ω ≡ kt

Azu
z
s

ρrad # ρmat

σi = β̇ie
2βi

Λ = −
(

m + τnσn−1sσs

)

n − κs4/3

A2
z(t)

1

Complex solution Unstable mode

δρ

ρ
∝ e!m(ω)t

P4(ω) = ω4 + #3ω
3 + #2ω

2 + #1ω + #0 = 0

k ≡ kz ∈ R & ω ≡ kt

Azu
z
s

ρrad $ ρmat

σi = β̇ie
2βi

Λ = −
(

m + τnσn−1sσs

)

n − κs4/3

1

can grow non linear very rapidely
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!m(ω2)

P4(ω) = ω4 + #3ω
3 + #2ω

2 + #1ω + #0 = 0

k ≡ kz ∈ R & ω ≡ kt

Azu
z
s

ρrad $ ρmat

σi = β̇ie
2βi

Λ = −
(

m + τnσn−1sσs

)

n − κs4/3

1

!m(ω1)

P4(ω) = ω4 + #3ω
3 + #2ω

2 + #1ω + #0 = 0

k ≡ kz ∈ R & ω ≡ kt

Azu
z
s

ρrad $ ρmat

σi = β̇ie
2βi

Λ = −
(

m + τnσn−1sσs

)

n − κs4/3

1
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P4(ω) = ω4 + #3ω
3 + #2ω

2 + #1ω + #0 = 0

k ≡ kz ∈ R & ω ≡ kt

Azu
z
s

ρrad $ ρmat

σi = β̇ie
2βi

Λ = −
(

m + τnσn−1sσs

)

n − κs4/3

1

13

!m(ω1)

P4(ω) = ω4 + #3ω
3 + #2ω

2 + #1ω + #0 = 0

k ≡ kz ∈ R & ω ≡ kt

Azu
z
s

ρrad $ ρmat

σi = β̇ie
2βi

Λ = −
(

m + τnσn−1sσs

)

n − κs4/3

1

Finite duration instability
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Possible observational consequences

Start non linear growth of structure earlier and faster

Priviledged spatial direction in matter structures
correlation functions
low CMB multipoles

Magnetic fields ...

Constraints

δα

α

δρ

ρ
∝ e!m(ω)t

P4(ω) = ω4 + #3ω
3 + #2ω

2 + #1ω + #0 = 0

k ≡ kz ∈ R & ω ≡ kt

Azu
z
s

ρrad $ ρmat

σi = β̇ie
2βi

1

Work in progress, any idea welcome!
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Thank you!

ありがとう!


