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 Effective theory of superstring theory   (heterotic string, Metsaev & Tseytlin 87)

 - Superstring theory is the “fundamental theory”. How are the black holes and the early
universe described in such theory?

 - Can the unsolved problem such as the singularity and dark energy are resolved in 
such theory?

 - Will the string theory be verified by the observation and/or experiments?
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I. INTRODUCTION

II. DILATONIC EINSTEIN-MAXWELL-GAUSS-BONNET THEORY

A. Action and basic equations

We consider the following low-energy effective action for a heterotic string in one scheme [12–14]:
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where κ2
10 is a D-dimensional gravitational constant, φ a dilaton field, F gauge field, H a 3-form, α2 = α′/8 is a

numerical coefficient given in terms of the Regge slope parameter, and R2
GB = RµνρσRµνρσ−4RµνRµν +R2 is the GB

correction. After we transform this into the Einstein frame [Einstein frameが良い理由は？], reduce to D dimensions,
and use the field redefinition ambiguity [field redefinitionはどんなかんじなのか？], we get, up to higher derivative
terms,
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where γ = 1/2 and we have set H = 0 because we look for solutions in which this field is zero. The constant µ is
introduced to see the difference of the solutions with and without the higher order term of the dilaton field. We have
also included a cosmological term with the dilaton coupling λ though we study asymptotically flat solutions in this
paper.

In the above process, higher order terms are dropped. This is allowed because the effective low-energy action can
be determined up to field redefinition when it is read off from the scattering amplitudes computed in string theories.
Also note that the effective action was originally computed in the Einstein frame. All this means that there is no
absolutely preferred form of the action if they are related this way, and one cannot claim which system is better. We
study the system (2.2).

Let us consider the metric and field strength

ds2
D = −Be−2δdt2 + B−1dr2 + r2hijdxidxj , F0r = f ′, (2.3)

where hijdxidxj represents the line element of a (D − 2)-dimensional hypersurface with constant curvature (D −
2)(D − 3)k and volume Σk for k = ±1, 0.
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Introduction
 We will study ...

 - the black hole solution in the effective string theory with

 　■ Gauss-Bonnet term ＋ dilaton（higher order term）

 - and compare them with the previously known solutions such as

 　■ Boulware-Deser solution（　　　）
 　■ the solution with the model without higher order term of the dilaton

（Guo, Ohta & Torii, 2008）

φ ≡ 0 (1.11)

φ(rH) (1.12)

M̃0 ∝ |Λ̃|γ/(γ−λ) r̃ D−1
H (1.13)

ds2
D = −Be−2δdt2 + B−1dr2 + r2hijdxidxj (1.14)

B = k − 2Gm(r)

rD−3
+ b2r

2, Be−2δ = k − 2Gmg(r)

rD−3
+ b2r

2 (1.15)

D, α2, Λ, γ, λ (1.16)

k (1.17)

rH , M0 (1.18)

D = 4, 5, 6, 10 (1.19)






b̃2 > 0 (adS) λΛ < 0

b̃2 < 0 (dS) λΛ > 0
(1.20)

&̃ =

√
b̃2 (1.21)

&̃ = b̃−1/2
2 (1.22)

B(r̃) = k +
1

2(D − 3)4

(
1∓

√
1− 4(D − 4)Λ̃ +

8(D − 3)4M̄

r̃D−1

)
r̃2, (1.23)

δ(r̃) ≡ 0 (1.24)

3

 We find that ...

 - The dilaton field affects the structure of the black hole solutions much.

 - There is the lower limit for the mass (and the horizon radius) of the BH solution in 
D=4, 5.

 - The fat singularity appears at non-zero radius in D=4, 5.

 - The higher order term of the dilaton field does not affect the solutions so much 
except for the 5-dim case.

 - For the charged solution, there is no extreme solution when the dilaton field is 
included.
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 Previous works about stringy b.h.
【Stringy Black Holes with U(1) Gauge Field】
 A) Spherically Symmetric Dilatonic and/or Axionic Black Hole
　   K. Maeda and G. W. Gibbons, NPB298, 741, (1988).
   D. Garfinkle, G. T. Horowitz and A. Strominger, PRD43, 3140, (1991).
   A. Shapere, S. Trived and F. Wilczek, Mod. PLA6, 2677, (1991).
   S. B, Giddings and A. Strominger, PRD46, 627, (1992).
   M. Cvetic and D. Youm, PRL75, 4165, (1995).
   A. Chamorro and K. a. Virbhadra, ???.
 B) Massive Dilaton, Massive Axion or Cosmological Constant
   T. J. Allen, M. J. Bowick and A. Lahili, PLB237, 47, (1990).
   R. Gregory and J. A. Harvey, PRD47, 2411, (1993).
   S. J. Poletti and D. L. Wiltshire, PRD50, 7260, (1994).
   D. L. Wiltshire, gr-qc/9502038, (1995).
   S. J. Poletti, J. Twamley and D. L. Wiltshire, PRD51  5720, (1995).
 C) Rotating Dilatonic and/or Axionic Black Hole
　   B. A. Campbell et al., PLB251, no.1, 34, (1990).
   A. Sen, PRL. 69, no.7, 1006, (1992).
   S. Mignemi and N. R. Stewart, PLB298, 299, (1993).
   A. Garc'ia, D. Galtsov and O. Kechkin, PRL. 74, 1276, (1995).
 D) Superradiance form Dilatonic Black Hole
   K. Shiraishi, ???, (1992).
   J. Koga and K. Maeda, WU-AP/46/95, (1995).

【Stringy Black Holes with Non-Abelian Gauge Field】
 A) SU(2) Dilatonic Black Hole
   G. Lavrelashvili and D. Maison, PLB295, 67, (1992).
   E. E. Donets and D. V. Gal'tsov, PLB302, 411, (1993).
   G. Lavrelashvili and D. Maison, NPB410, 407, (1993).
   T. Torii and K. Maeda, PRD48, no.4, 1643, (1993).
   Y. M. Cho et al., PLB308, no.1,2, 23, (1993).
 B) SU(3) Dilatonic Black Hole
   E. E. Donets and D. V. Gal'tsov, PLB312, 391, (1993).
   B. Kleihaus, J, Kunz and A. Sood, PLB372, no.3,4, 204, (1996).
 C) Massive Dilation and Axion
   C. M. O'Neill, PRD50, no.2, 865, (1994).

【Stringy Black Holes with Higher Curvature Term】
 A) analytic solutions (non-dilatonic)
   D. G. Boulware and S. Deser, PRL. 55, 2656, (1985).
  ■topological black holes
   R. G. Cai, Phys. Rev.  D  65 (2002) 084014
   R. G. Cai, Y. S. Myung and Y. Z. Zhang, PRD65 (2002) 084019
   R. G. Cai, PLB  582 (2004) 237
  ■時空構造
   T. Torii and H. Maeda, PRD71 (2005) 124002
   T. Torii and H. Maeda, PRD72 (2005) 064007
 B) approximated soltuions (dilatonic)
   D. G. Boulware and S. Deser, PLB175, no.4, 409, (1986).
   V. G. Callan, R. C. Myers and M. J. Perry, NPB311, 673,
 　   S. Mignemi and N. R. Stewart, PRD47, no.12, 5259, (1993).
   B. A. Campbell, N. Kaloper and K. A. Olive, PLB285, 199, (1992).
   B. A. Campbell et al., NPB399, 137, (1993).
   S. Mignemi, PRD51 no.2, 934, (1995).
   M. Campanelli, C. O. Lousto and J. Audertsch, gr-qc/9412001, (1994).
 C) numerical solutions (dilatonic)
   E. E, Donets and D. V. Gat'tsov, PLB352, 261, (1995).
   P. Kanti et al., PRD54, no.8, 5049, (1996).
   S. O. Alexeyev and M. V. Pomazanov, hep-th/9605106, (1996).
   T. Torii, H. Yajima and K. Maeda, PRD55, no.2, 739, (1997).
   P. Kanti and K Tamvakis, PLB392, 30, (1997).
  ■charged，extreme solution
   C. M. Chen, D. V. Gal'tsov, D. G. Orlov, PRD75, 084030 (2007)
　   C. M. Chen, D. V. Gal'tsov, D. G. Orlov, PRD78, 104013 (2008)
  ■higher dimensions
   Z. K. Guo, N. Ohta and T. Torii, PTP. 120, 581 (2008)
   Z. K. Guo, N. Ohta and T. Torii,, PTP. 121 (2009) 253
   N. Ohta and T. Torii,PTP. 121 (2009) 959
   N. Ohta and T. Torii, PTP. 122 (2009) 1477
   N. Ohta and T. Torii, PTP. 122 (2009) 1477
　   N. Ohta and T. Torii, PTP. 124 (2010) 207
  ■string frame
   K. i. Maeda, N. Ohta and Y. Sasagawa, PRD80 (2009) 104032
  ■1-Loop Effect
   P. Kanti and K. Tamvakis, IOA-316/95, (1995).

No. 4



Model
 Action

- This model has the same properties of the Galileon modified gravity
   (Deffayet, Esposito-Farese & Vilman, 2009).

-            , field redefinition
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where κ2
10 is a D-dimensional gravitational constant, φ a dilaton field, F gauge field, H a 3-form, α2 = α′/8 is a

numerical coefficient given in terms of the Regge slope parameter, and R2
GB = RµνρσRµνρσ − 4RµνRµν + R2 is the

GB correction. In the original derivation of the effective action, it was first derived in the Einstein frame from the
S-matrix calculation in string theory and then transformed into the string frame [12]. Also it is convenient to interpret
our results in the Einstein frame. So we transform this into the Einstein frame, reduce to D dimensions, and use
the field redefinition ambiguity δgµν = a1Rµν + a2∇µφ∇νφ + gµν [a3R + a4(∇φ)2 + a5∇2φ] [12, 15], to obtain, up to
higher derivative terms,
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where γ = 1/2 and we have set H = 0 because we look for solutions in which this field is zero. The constant µ is
introduced to see the difference of the solutions with and without the higher order term of the dilaton field. We have
also included a cosmological term with the dilaton coupling λ though we study asymptotically flat solutions in this
paper. ［笹川君の論文の式 (2.5)の Gµν のところは Gµν∇µφ∇νφ？］

In the above process, higher order terms are dropped. This is allowed because the effective low-energy action can
be determined up to field redefinition when it is read off from the scattering amplitudes computed in string theories.
Also note that the effective action was originally computed in the Einstein frame. All this means that there is no
absolutely preferred form of the action if they are related this way, and one cannot claim which system is better. We
study the system (2.2).

Let us consider the metric and field strength

ds2
D = −Be−2δdt2 + B−1dr2 + r2hijdxidxj , F0r = f ′, (2.3)
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- The model in string frame is investigated by Maeda, Ohta & Sasagawa, 2009.
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contrast to four dimensions. This is presented in § 6. We find that properties of the solution

in D = 6 through D = 10 are very similar so that we present results only for D = 6 and 10

cases in § 7 and § 8, respectively. In these sections, we also make detailed comparison with

the non-dilatonic case.

In § 9, we investigate the thermodynamic properties of the dilatonic black holes with the

GB term. Here again, we find that the five-dimensional black holes have quite distinctive

properties from other-dimensional solutions. The heat capacity of the non-dilatonic black

hole is negative for large mass but changes sign to be positive for smaller mass in five-

dimensional solutions. However, it is always negative as the mass is varied if the dilaton

field is added. In dimensions other than five, the heat capacity is always negative for both

the dilatonic and the non-dilatonic black holes. Section 10 is devoted to conclusions.

§2. Dilatonic Einstein-GB theory

We consider the following low-energy effective action for the heterotic string:
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GB = RµνρσRµνρσ − 4RµνRµν + R2 the

GB combination, κ2
D = 8πGD a D-dimensional gravitational constant, and α2 = α′/8 (> 0)

is a numerical coefficient given in terms of the Regge slope parameter α′.

Here γ is the coupling constant of the dilaton field. There is ambiguity in the choice of

this constant. If we first make dimensional reduction of the system in the string frame to D

dimensions and then change to the Einstein frame, we would get γ =
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2/(D − 2). This is

the choice, for example, γ = 1 in Ref. 18) for D = 4. However, if we first go to the Einstein

frame in ten dimensions with γ = 1
2 and then make the dimensional reduction, we get the

value γ = 1
2 in any dimensions. Both choices have their own right, but it is convenient to

take the same value for our analysis of black holes in any dimensions. So in this paper we

take the second viewpoint and choose γ = 1
2 mainly in our following study of the black hole

solutions. In order to see how the results depend on this choice, however, we also examine

the black hole solutions for both the values of γ = 1 and 1
2 in four dimensions in § 5. This

also serves to check the consistency of our results with Ref. 18). In fact we will find that

the solutions exhibit quite similar behaviors although there is some difference in details. In

order to make our formulae valid for any case, we will keep γ wherever possible.

Varying the action (2.1) with respect to gµν , we obtain the gravitational equation:
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where γ = 1/2 and we have set H = 0 because we look for solutions in which this field is zero. The constant µ is
introduced to see the difference of the solutions with and without the higher order term of the dilaton field. We have
also included a cosmological term with the dilaton coupling λ though we study asymptotically flat solutions in this
paper. ［笹川君の論文の式 (2.5)の Gµν のところは Gµν∇µφ∇νφ？］

In the above process, higher order terms are dropped. This is allowed because the effective low-energy action can
be determined up to field redefinition when it is read off from the scattering amplitudes computed in string theories.
Also note that the effective action was originally computed in the Einstein frame. All this means that there is no
absolutely preferred form of the action if they are related this way, and one cannot claim which system is better. We
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GB term

contrast to four dimensions. This is presented in § 6. We find that properties of the solution

in D = 6 through D = 10 are very similar so that we present results only for D = 6 and 10

cases in § 7 and § 8, respectively. In these sections, we also make detailed comparison with

the non-dilatonic case.

In § 9, we investigate the thermodynamic properties of the dilatonic black holes with the

GB term. Here again, we find that the five-dimensional black holes have quite distinctive

properties from other-dimensional solutions. The heat capacity of the non-dilatonic black

hole is negative for large mass but changes sign to be positive for smaller mass in five-

dimensional solutions. However, it is always negative as the mass is varied if the dilaton

field is added. In dimensions other than five, the heat capacity is always negative for both

the dilatonic and the non-dilatonic black holes. Section 10 is devoted to conclusions.

§2. Dilatonic Einstein-GB theory

We consider the following low-energy effective action for the heterotic string:
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where R is the scalar curvature, φ a dilaton field, R2
GB = RµνρσRµνρσ − 4RµνRµν + R2 the

GB combination, κ2
D = 8πGD a D-dimensional gravitational constant, and α2 = α′/8 (> 0)

is a numerical coefficient given in terms of the Regge slope parameter α′.

Here γ is the coupling constant of the dilaton field. There is ambiguity in the choice of

this constant. If we first make dimensional reduction of the system in the string frame to D

dimensions and then change to the Einstein frame, we would get γ =
√

2/(D − 2). This is

the choice, for example, γ = 1 in Ref. 18) for D = 4. However, if we first go to the Einstein

frame in ten dimensions with γ = 1
2 and then make the dimensional reduction, we get the

value γ = 1
2 in any dimensions. Both choices have their own right, but it is convenient to

take the same value for our analysis of black holes in any dimensions. So in this paper we

take the second viewpoint and choose γ = 1
2 mainly in our following study of the black hole

solutions. In order to see how the results depend on this choice, however, we also examine

the black hole solutions for both the values of γ = 1 and 1
2 in four dimensions in § 5. This

also serves to check the consistency of our results with Ref. 18). In fact we will find that

the solutions exhibit quite similar behaviors although there is some difference in details. In

order to make our formulae valid for any case, we will keep γ wherever possible.

Varying the action (2.1) with respect to gµν , we obtain the gravitational equation:
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§1. equations

µ = 0, 1 (1.1)

Λ = 0 Λ != 0 (1.2)

φ(rH) (1.3)

M̃0 ∝ |Λ̃|γ/(γ−λ) r̃ D−1
H (1.4)

ds2
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B = k − 2Gm(r)

rD−3
+ b2r

2, Be−2δ = k − 2Gmg(r)

rD−3
+ b2r

2 (1.6)

D, α2, Λ, γ, λ (1.7)

k (1.8)

rH , M0 (1.9)

D = 4, 5, 6, 10 (1.10)






b̃2 > 0 (adS) λΛ < 0

b̃2 < 0 (dS) λΛ > 0
(1.11)

&̃ =

√
b̃2 (1.12)

&̃ = b̃−1/2
2 (1.13)

B(r̃) = k +
1

2(D − 3)4

(
1∓

√
1− 4(D − 4)Λ̃ +

8(D − 3)4M̄

r̃D−1

)
r̃2, (1.14)

δ(r̃) ≡ 0 (1.15)
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I. INTRODUCTION

II. DILATONIC EINSTEIN-MAXWELL-GAUSS-BONNET THEORY

A. Action and basic equations

We consider the following low-energy effective action for a heterotic string in one scheme [12–14]:

S =
1

2κ2
D

∫
d10x

√
−ge−2φ

[
R + 4(∂φ)2 − 1

4
F 2 − 1

12
H2 + α2

{
R2

GB − 16
(
Rµν − 1

2
Rgµν

)
∂µφ∂νφ

+16!φ(∂φ)2 − 16(∂φ)4 − 1
2

(
RµνσρHµναHσρ

α − 2RµνH2
µν +

1
3
RH2

)
+ 2

(
Dµ∂νφH2

µν −
1
3
!φH2

)

+
2
3
H2(∂φ)2 +

1
24

HµνλHν
ραHρσλHσ

µα − 1
8
H2

µνH2µν +
1

144
(H2)2

}]
, (2.1)

where κ2
10 is a D-dimensional gravitational constant, φ a dilaton field, F gauge field, H a 3-form, α2 = α′/8 is

a numerical coefficient given in terms of the Regge slope parameter, and R2
GB = RµνρσRµνρσ − 4RµνRµν + R2 is

the GB correction. In the original derivation of the effective action, it was first derived in the Einstein frame from
the S-matrix calculation in string theory and then transformed into the string frame [12]. Also it is convenient to
interpret our results in the Einstein frame. So we transform this into the Einstein frame, reduce to D dimensions,
and use the field redefinition ambiguity δgµν = α′[a1Rµν + a2∇µφ∇νφ + gµν{a3R + a4(∇φ)2 + a5∇2φ}] and δφ =
α′[b1R + b2(∂φ)2 + b3∇2φ] [12, 15], to obtain, up to higher order terms,

S =
1

2κ2
D

∫
dDx

√
−g

[
R− 1

2
(∂φ)2 − 1

4
e−γφF 2 + α2e

−γφ
{

R2
GB +

3
16

µ(∂φ)4
}]

, (2.2)

where γ = 1/2 and we have set H = 0 because we look for solutions in which this field is zero. Note that H = 0 is
a solution of the field equations so this procedure is legitimate. The constant µ is introduced to see the difference of
the solutions with and without the higher order term of the dilaton field. We have also included a cosmological term
with the dilaton coupling λ though we study asymptotically flat solutions in this paper.

In the above process, higher order terms are dropped. This is allowed because the effective low-energy action can
be determined up to field redefinition when it is read off from the scattering amplitudes computed in string theories.
Also note that the effective action was originally computed in the Einstein frame. All this means that there is no
absolutely preferred form of the action if they are related this way, and one cannot claim which system is better. We
study the system (2.2).

Let us consider the metric and field strength

ds2
D = −Be−2δdt2 + B−1dr2 + r2hijdxidxj , F0r = f ′, (2.3)
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 - 
where

Gµν ≡ Rµν −
1

2
gµνR, (2.3)

Hµν ≡ 2
[
RRµν − 2RµρR

ρ
ν − 2RρσRµρνσ + R ρσλ

µ Rνρσλ

]
− 1

2
gµνR

2
GB, (2.4)

Pµνρσ ≡ Rµνρσ + 2gµ[σRρ]ν + 2gν[ρRσ]µ + Rgµ[ρgσ]ν . (2.5)

Pµνρσ is the divergence free part of the Riemann tensor, i.e.

∇µP
µ
νρσ = 0. (2.6)

The equation of the dilaton field is

φ− α2γe−γφR2
GB = 0, (2.7)

where is the D-dimensional d’Alembertian.

To derive black hole solutions in this system, let us consider the line element in D-

dimensional static spacetime

ds2 = −e2u(r)dt2 + e2v(r)dr2 + r2hijdxidxj , (2.8)

where hijdxidxj represents the line element of a (D − 2)-dimensional hypersurface with

constant curvature of signature k and volume Σk for k = ±1, 0. We consider k = 1 for

the black hole solutions in this paper, but keep k wherever possible. The solutions with

k = 1 is spherically symmetric in four-dimensional spacetime, but the (D − 2)-dimensional

hypersurface can have rich structure and is not necessarily homogeneous.19)–21)

Our basic equations then give ∗)

F ≡ (D − 2)3A(r)− 2(D − 2)
u̇

r
+

1

2
φ̇2 + α2e

−2v−γφ(D − 2)3

[
(D − 4)5A

2(r)

−4(D − 4)A(r)
u̇− γφ̇

r
+ 4γ

e2v

r2
(k − 3e−2v)u̇φ̇

]
= 0, (2.9)

G ≡ (D − 2)3A(r) + 2(D − 2)
v̇

r
− 1

2
φ̇2 + α2e

−2v−γφ(D − 2)3

[
(D − 4)5A

2(r)

∗) The system (2.1) was considered in Ref. 22) for application to cosmological model with accelerating
expansion. Time-dependent solutions for p- and q-dimensional external and internal spaces were studied.
The field equations can be derived from the results given there by the replacement

t→ −ir, ds2
p → −dt2, p = 1, σp = 0, q = D − 2, σq = k,

u0 → v(r), u1 → u(r), u2 → ln r.
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 Boundary condition

 - The existence of regular black hole horizon

 - Regularity of the domain of outer communications

 - Asymptotic flatness at spatial infinity (           )

Λ = 0 (1.15)

Λ > 0 (1.16)

Λ < 0 (1.17)

φ′′ =
1

B
× ( ) (1.18)

φ′ = F (φ) (1.19)

( ) = 0 (1.20)

λ = −3 (1.21)

λ = −1 (1.22)

k = 1 (1.23)

k = 0 (1.24)

k = −1 (1.25)

φ′′(rH)→∞ (1.26)

B′(rH)→∞ (1.27)

φ→ 0 (1.28)

φ→ φ∗ (1.29)

3

§1. equations

µ = 0, 1 (1.1)

Gµν −
1

2

[
∇µφ∇νφ−

1

2
gµν(∇φ)2

]

+ α2e
−γφ

[
Hµν + 4(γ2∇ρφ∇σφ− γ∇ρ∇σφ)Pµρνσ − 16µ∇µφ∇νφ(∇φ)2 + 8(∇φ)4

]

=
1

2

(
FµαF α

ν − 1

4
FαβFαβ

)
,

(1.2)

where

Gµν ≡ Rµν −
1

2
gµνR, (1.3)

Hµν ≡ 2
[
RRµν − 2RµρR

ρ
ν − 2RρσRµρνσ + R ρσλ

µ Rνρσλ

]
− 1

2
gµνR

2
GB, (1.4)

Pµνρσ ≡ Rµνρσ + 2gµ[σRρ]ν + 2gν[ρRσ]µ + Rgµ[ρgσ]ν . (1.5)

Pµνρσ is the divergence free part of the Riemann tensor, i.e.

∇µP
µ
νρσ = 0. (1.6)

The equation of the dilaton field is

φ +
1

4
γe−γφF 2 − α2

[
γe−γφR2

GB − 64µe−γφ
(
∇µ∇νφ∇µφ∇µφ− γ(∇φ)4

)]
= 0 (1.7)

where is the D-dimensional d’Alembertian.

∇µ

(√
−ge−γφF µν

)
= 0 (1.8)

Λ = 0 Λ %= 0 (1.9)

φ(rH) (1.10)

M̃0 ∝ |Λ̃|γ/(γ−λ) r̃ D−1
H (1.11)

2

No. 6
§1. equations

µ = 0, 1 (1.1)

Gµν −
1

2

[
∇µφ∇νφ−

1

2
gµν(∇φ)2

]

+ α2e
−γφ

[
Hµν + 4(γ2∇ρφ∇σφ− γ∇ρ∇σφ)Pµρνσ +

3

16
µ∇µφ∇νφ(∇φ)2 + 8(∇φ)4

]

=
1

2

(
FµαF α

ν − 1

4
FαβFαβ

)
,

(1.2)

where

Gµν ≡ Rµν −
1

2
gµνR, (1.3)

Hµν ≡ 2
[
RRµν − 2RµρR

ρ
ν − 2RρσRµρνσ + R ρσλ

µ Rνρσλ

]
− 1

2
gµνR

2
GB, (1.4)

Pµνρσ ≡ Rµνρσ + 2gµ[σRρ]ν + 2gν[ρRσ]µ + Rgµ[ρgσ]ν . (1.5)

Pµνρσ is the divergence free part of the Riemann tensor, i.e.

∇µP
µ
νρσ = 0. (1.6)

The equation of the dilaton field is

φ +
1

4
γe−γφF 2 − α2

[
γe−γφR2

GB +
3

4
µe−γφ

(
∇µ∇νφ∇µφ∇µφ− γ(∇φ)4

)]
= 0 (1.7)

where is the D-dimensional d’Alembertian.

∇µ

(√
−ge−γφF µν

)
= 0 (1.8)

aφ′2
H + bφ′

H + c = 0 (1.9)

a = Cγr2D+2
H

[
− 2(D − 3)

{
C

(
(D − 2)γ2[2C(D − 3)− 1] + D − 4

)
+ 1

}
e2
1r

4
H

+ C(D − 2)r2D
H

{
C(D − 4)

(
C(D − 2)γ2[2C(D − 5)(D − 3) + 3D − 11] + C(D − 4)5 + 3D − 11

)
+ 2(D − 3)

}]

b =
[
− C(D − 2)r4D+1

H

{
C2(D − 4)(D − 1)2γ2[(D − 4)5C2 − 2C − 2] + [C(D − 4)5 + 2(D − 3)][C(D − 4) + 1]2

}

+ 2(D − 3)e2
1r

2D+5
H

{
2C(D − 2)γ2[2C2(D − 4)− (2D − 9)C − 1] + [C(D − 4) + 1]2

}
+ 4C(D − 3)2e4

1r
9
Hγ2

]

c = −1
2
C2(D − 2)2(D − 1)γ

{
C(D − 4)[C(D − 4)(D + 1) + 4]− 2(D − 2)

}
r4D
H + 2(D − 3)2e4

1r
8
Hγ

− 2(D − 2)3e2
1γ[3(D − 4)C2 + 6C − 1]r2D+4

H = 0.

(1.10)
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4
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(
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)]
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)
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I. INTRODUCTION

II. DILATONIC EINSTEIN-MAXWELL-GAUSS-BONNET THEORY

A. Action and basic equations

We consider the following low-energy effective action for a heterotic string in one scheme [12–14]:

S =
1

2κ2
D

∫
d10x

√
−ge−2φ

[
R + 4(∂φ)2 − 1

4
F 2 − 1

12
H2 + α2

{
R2

GB − 16
(
Rµν − 1

2
Rgµν

)
∂µφ∂νφ

+16!φ(∂φ)2 − 16(∂φ)4 − 1
2

(
RµνσρHµναHσρ

α − 2RµνH2
µν +

1
3
RH2

)
+ 2

(
Dµ∂νφH2

µν −
1
3
!φH2

)

+
2
3
H2(∂φ)2 +

1
24

HµνλHν
ραHρσλHσ

µα − 1
8
H2

µνH2µν +
1

144
(H2)2

}]
, (2.1)

where κ2
10 is a D-dimensional gravitational constant, φ a dilaton field, F gauge field, H a 3-form, α2 = α′/8 is a

numerical coefficient given in terms of the Regge slope parameter, and R2
GB = RµνρσRµνρσ − 4RµνRµν + R2 is the

GB correction. In the original derivation of the effective action, it was first derived in the Einstein frame from the
S-matrix calculation in string theory and then transformed into the string frame [12]. Also it is convenient to interpret
our results in the Einstein frame. So we transform this into the Einstein frame, reduce to D dimensions, and use
the field redefinition ambiguity δgµν = a1Rµν + a2∇µφ∇νφ + gµν [a3R + a4(∇φ)2 + a5∇2φ] [12, 15], to obtain, up to
higher derivative terms,

S =
1

2κ2
D

∫
dDx

√
−g

[
R− 1

2
(∂φ)2 − 1

4
e−γφF 2 + α2e

−γφ
{

R2
GB − 16µ(∂φ)4

}
− Λeλφ

]
, (2.2)

where γ = 1/2 and we have set H = 0 because we look for solutions in which this field is zero. The constant µ is
introduced to see the difference of the solutions with and without the higher order term of the dilaton field. We have
also included a cosmological term with the dilaton coupling λ though we study asymptotically flat solutions in this
paper. ［笹川君の論文の式 (2.5)の Gµν のところは Gµν∇µφ∇νφ？］

In the above process, higher order terms are dropped. This is allowed because the effective low-energy action can
be determined up to field redefinition when it is read off from the scattering amplitudes computed in string theories.
Also note that the effective action was originally computed in the Einstein frame. All this means that there is no
absolutely preferred form of the action if they are related this way, and one cannot claim which system is better. We
study the system (2.2).

Let us consider the metric and field strength

ds2
D = −Be−2δdt2 + B−1dr2 + r2hijdxidxj , F0r = f ′, (2.3)
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We consider the following low-energy effective action for a heterotic string in one scheme [12–14]:
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where κ2
10 is a D-dimensional gravitational constant, φ a dilaton field, F gauge field, H a 3-form, α2 = α′/8 is a

numerical coefficient given in terms of the Regge slope parameter, and R2
GB = RµνρσRµνρσ − 4RµνRµν + R2 is the

GB correction. In the original derivation of the effective action, it was first derived in the Einstein frame from the
S-matrix calculation in string theory and then transformed into the string frame [12]. Also it is convenient to interpret
our results in the Einstein frame. So we transform this into the Einstein frame, reduce to D dimensions, and use
the field redefinition ambiguity δgµν = a1Rµν + a2∇µφ∇νφ + gµν [a3R + a4(∇φ)2 + a5∇2φ] [12, 15], to obtain, up to
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where γ = 1/2 and we have set H = 0 because we look for solutions in which this field is zero. The constant µ is
introduced to see the difference of the solutions with and without the higher order term of the dilaton field. We have
also included a cosmological term with the dilaton coupling λ though we study asymptotically flat solutions in this
paper. ［笹川君の論文の式 (2.5)の Gµν のところは Gµν∇µφ∇νφ？］

In the above process, higher order terms are dropped. This is allowed because the effective low-energy action can
be determined up to field redefinition when it is read off from the scattering amplitudes computed in string theories.
Also note that the effective action was originally computed in the Einstein frame. All this means that there is no
absolutely preferred form of the action if they are related this way, and one cannot claim which system is better. We
study the system (2.2).

Let us consider the metric and field strength

ds2
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∗Electronic address: ohtan‘‘at’’phys.kindai.ac.jp
†Electronic address: torii‘‘at’’ge.oit.ac.jp

2

where hijdxidxj represents the line element of a (D − 2)-dimensional hypersurface with constant curvature (D −
2)(D − 3)k and volume Σk for k = ±1, 0.

The field equations following from Eq. (2.2) are

[
(k −B)r̃D−3

]′D − 2
r̃D−4

h− 1
2
Br̃2φ′

2 − (D − 1)4 e−γφ (k −B)2

r̃2
+ 4(D − 2)3 γe−γφB(k −B)(φ′′ − γφ′

2)

+2(D − 2)3 γe−γφφ′
(k −B)[(D − 3)k − (D − 1)B]

r̃
− r̃2

2
e2δ−γφf ′2 − 16µB2r̃2e−γφφ′4 − r̃2Λ̃eλφ = 0 , (2.4)

δ′(D − 2)r̃h +
1
2
r̃2φ′

2 − 2(D − 2)3 γe−γφ(k −B)(φ′′ − γφ′
2) + 32µr̃2Bφ′4e−γφ = 0 , (2.5)

(e−δ r̃D−2Bφ′)′ = γ(D − 2)3e−γφ−δ r̃D−4
[
(D − 4)5

(k −B)2

r̃2
+ 2(B′ − 2δ′B)B′ − 4(k −B)BU(r)

−4
D − 4

r̃
(B′ − δ′B)(k −B)

]
+ γr̃D−2e−γφ

(1
2
eδf ′2 − 16µe−δB2φ′4

)

−64µr̃D−2Bφ′2e−δ−γφ
[
3Bφ′′ +

{
2B′ −

(
δ′ + γφ′ − D − 2

r

)
B

}
φ′

]
+ r̃D−2λΛ̃e−δ+λφ, (2.6)

(f ′eδ−γφr̃D−2)′ = 0, (2.7)

where we have defined the dimensionless variables: r̃ ≡ r/
√

α2, Λ̃ = α2Λ, and the primes in the field equations denote
the derivatives with respect to r̃. Namely we measure our length in the unit of

√
α2. In what follows, we omit tilde

on the variables for simplicity. We have also defined

(D −m)n ≡ (D −m)(D −m− 1)(D −m− 2) · · · (D − n),

h ≡ 1 + 2(D − 3)e−γφ
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− δ′
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Λeλφ
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Φ ≡ φ′′ +
(B′

B
− δ′ +

D − 2
r

)
φ′. (2.11)

In this paper we study asymptotically flat solutions without cosmological constant. The field equation for the
Maxwell field (2.7) is easily integrated to give

f ′ =
e1

rD−2
eγφ−δ, (2.12)

where e1 is a constant corresponding to the charge. So our task is reduced to setting boundary conditions for the
fields B, δ and dilaton φ and integrate the above set of equations, just like in our previous papers [1–5].

B. Boundary conditions and asymptotic behaviors

At the horizon, we should have

BH = 0, B′
H $= 0. (2.13)
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where e1 is a constant corresponding to the charge. So our task is reduced to setting boundary conditions for the
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 Boulware-Deser solution:

e1 = 5 (1.19)

D = 5, e1 = 5 (1.20)

B = 1− r2

2(D − 3)4

[
−1 ±

√

1 +
8(D − 3)4M̄

rD−1
− (D − 4)e2

1

8(D − 2)r2(D−2)

]
, (1.21)

δ ≡ 0, φ ≡ 0 (1.22)

where

m̄ =
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√

1 +
8(D − 3)4M̄

rD−1
− (D − 4)e2
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]
, (1.23)

M̃0 ∝ |Λ̃|γ/(γ−λ) r̃ D−1
H (1.24)

ds2
D = −Be−2δdt2 + B−1dr2 + r2hijdxidxj (1.25)

B = k − 2Gm(r)

rD−3
+ b2r

2, Be−2δ = k − 2Gmg(r)

rD−3
+ b2r

2 (1.26)

D, α2, Λ, γ, λ (1.27)

k (1.28)

rH , M0 (1.29)

D = 4, 5, 6, 10 (1.30)






b̃2 > 0 (adS) λΛ < 0

b̃2 < 0 (dS) λΛ > 0
(1.31)

'̃ =

√
b̃2 (1.32)
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√
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D = 5, e1 = 5 (1.20)

B = 1− r2

2(D − 3)4

[
−1 ±

√

1 +
8(D − 3)4M̄
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− (D − 4)e2

1

8(D − 2)r2(D−2)

]
, (1.21)

δ ≡ 0, φ ≡ 0 (1.22)

where

m̄ =
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[
−1 ±

√

1 +
8(D − 3)4M̄

rD−1
− (D − 4)e2

1

8(D − 2)r2(D−2)

]
, (1.23)

γ = 0 (1.24)

M̃0 ∝ |Λ̃|γ/(γ−λ) r̃ D−1
H (1.25)

ds2
D = −Be−2δdt2 + B−1dr2 + r2hijdxidxj (1.26)

B = k − 2Gm(r)

rD−3
+ b2r

2, Be−2δ = k − 2Gmg(r)

rD−3
+ b2r

2 (1.27)

D, α2, Λ, γ, λ (1.28)

k (1.29)

rH , M0 (1.30)

D = 4, 5, 6, 10 (1.31)






b̃2 > 0 (adS) λΛ < 0

b̃2 < 0 (dS) λΛ > 0
(1.32)
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- The solutions are obtained by integrating the EOM from BH horizon to infinity numerically.

- At horizon (B=0), the equation of the dilaton field becomes “singular”.

φ′′ =
1

B
× ( ) (1.15)

3

“singular” at the horizons

   To recover the regularity, we impose the condition:
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where we have defined

C =
2(D − 3)e−γφH

r̃2
H

.

3 Non-dilatonic black hole solutions

D = 4: the GB term is total divergence and does not give any contribution.

D ≥ 5: the field equations can be integrated to yield

B̄ = 1 − 2m̄

r̃D−3
, δ = 0,

m̄ = r̃D−1

4(D−3)4

[
−1 ±

√
1 + 8(D−3)4M̄

r̃D−1

]
,

M̄ : an integration constant corresponding to the asymptotic value m̄(∞)
for the plus sign.

M̄-r̃H relation for the black hole without the dilaton field:

M̄ =
1

2
r̃D−5
H

[
r̃2
H + (D − 3)4

]
.

Note that M̄ → 0 for D = 4,≥ 6, but not for D = 5 in the limit rH → 0.

XH : evaluated at the horizon

Λ = 0 (1.15)

Λ > 0 (1.16)

Λ < 0 (1.17)

φ′′ =
1

B
× ( ) (1.18)

φ′ = F (φ) (1.19)

( ) = 0 (1.20)

λ = −3 (1.21)

λ = −1 (1.22)

k = 1 (1.23)

k = 0 (1.24)

k = −1 (1.25)

φ′′(rH)→∞ (1.26)

B′(rH)→∞ (1.27)

3

§1. equations

µ = 0, 1 (1.1)

Gµν −
1

2

[
∇µφ∇νφ−

1

2
gµν(∇φ)2

]

+ α2e
−γφ

[
Hµν + 4(γ2∇ρφ∇σφ− γ∇ρ∇σφ)Pµρνσ − 16µ∇µφ∇νφ(∇φ)2 + 8(∇φ)4

]

=
1

2

(
FµαF α

ν − 1

4
FαβFαβ

)
,

(1.2)

where

Gµν ≡ Rµν −
1

2
gµνR, (1.3)

Hµν ≡ 2
[
RRµν − 2RµρR

ρ
ν − 2RρσRµρνσ + R ρσλ

µ Rνρσλ

]
− 1

2
gµνR

2
GB, (1.4)

Pµνρσ ≡ Rµνρσ + 2gµ[σRρ]ν + 2gν[ρRσ]µ + Rgµ[ρgσ]ν . (1.5)

Pµνρσ is the divergence free part of the Riemann tensor, i.e.

∇µP
µ
νρσ = 0. (1.6)

The equation of the dilaton field is

φ +
1

4
γe−γφF 2 − α2

[
γe−γφR2

GB − 64µe−γφ
(
∇µ∇νφ∇µφ∇µφ− γ(∇φ)4

)]
= 0 (1.7)

where is the D-dimensional d’Alembertian.

∇µ

(√
−ge−γφF µν

)
= 0 (1.8)

aφ′2
H + bφ′

H + c = 0 (1.9)

a = Cγr2D+2
H

[
− 2(D − 3)

{
C

(
(D − 2)γ2[2C(D − 3)− 1] + D − 4

)
+ 1

}
e2
1r

4
H

+ C(D − 2)r2D
H

{
C(D − 4)

(
C(D − 2)γ2[2C(D − 5)(D − 3) + 3D − 11] + C(D − 4)5 + 3D − 11

)
+ 2(D − 3)

}]

b =
[
− C(D − 2)r4D+1

H

{
C2(D − 4)(D − 1)2γ2[(D − 4)5C2 − 2C − 2] + [C(D − 4)5 + 2(D − 3)][C(D − 4) + 1]2

}

+ 2(D − 3)e2
1r

2D+5
H

{
2C(D − 2)γ2[2C2(D − 4)− (2D − 9)C − 1] + [C(D − 4) + 1]2

}
+ 4C(D − 3)2e4

1r
9
Hγ2

]

c = −1
2
C2(D − 2)2(D − 1)γ

{
C(D − 4)[C(D − 4)(D + 1) + 4]− 2(D − 2)

}
r4D
H + 2(D − 3)2e4

1r
8
Hγ

− 2(D − 2)3e2
1γ[3(D − 4)C2 + 6C − 1]r2D+4

H = 0.

(1.10)
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Corrected:

Cr8
Hγ

[
e2
1

{
3C(4C − 1)γ2 + C + 1

}
− 3Cr6

H(3C2γ2 + C + 1)
]
φ′2

H

+rH

[
(C + 1)2r6

H(3Cr6
H − e2

1)− 2Cγ2
{

9C2(C + 1)r12
H + 3(C − 1)(2C + 1)e2

1r
6
H + 2e4

1

}]
φ′

H

+γ
[
9C2(3C2 + 2C − 3)r12

H + 3(3C2 + 6C − 1)e2
1r

6
H − 2e4

1

]
= 0. (5.2)

The discriminant is
1
2
(e2

1rH − 3Cr7
H)2[2r12

H + 30C5r12
H + 18C6r12

H + 4C3r6
H(13e2

1 − 4r6
H) + 8Cr6

H(e2
1 + r6

H)

+C4r6
H(24e2

1 + 5r6
H) + C2(2e4

1 + 21e2
1r

6
H − 12r12

H )], (5.3)

which is always positive for C > 0.
Corrected:

1
2
(e2

1rH − 3Cr7
H)2[18C6r12

H + 30C5r12
H + C4r6

H(12e2
1 + 5r6

H) + 2C3r6
H(11e2

1 − 8r6
H)

+C2(2e4
1 + 3e2

1r
6
H − 12r12

H ) + 8Cr6
H(e2

1 + r6
H) + 2r12

H ] (5.4)

＊ある質量でホライズン半径の大きさが逆転する．
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d

th
e

ve
rt
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al

ax
is

is
eγ

φ
H

e 1
.

-0
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2:

(a
)

r-
φ
(r

)
fi
g.

C
or

re
ct

ed
:

C
r8 H

γ
[ e2 1

{ 3C
(4

C
−

1)
γ

2
+

C
+

1}
−

3C
r6 H

(3
C

2
γ

2
+

C
+

1)
] φ

′2 H

+
r H

[ (C
+

1)
2
r6 H

(3
C

r6 H
−

e2 1
)−

2C
γ

2
{ 9C

2
(C

+
1)

r1
2

H
+

3(
C
−

1)
(2

C
+

1)
e2 1

r6 H
+

2e
4 1

}]
φ

′ H

+
γ
[ 9C

2
(3

C
2

+
2C
−

3)
r1

2
H

+
3(

3C
2

+
6C
−

1)
e2 1

r6 H
−

2e
4 1

]
=

0.
(5

.2
)

T
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an

t
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1 2(e
2 1
r H
−

3C
r7 H

)2
[2

r1
2

H
+
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C

5
r1

2
H

+
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C
6
r1

2
H

+
4C

3
r6 H

(1
3e

2 1
−

4r
6 H

)+
8C

r6 H
(e

2 1
+

r6 H
)

+
C

4
r6 H

(2
4e

2 1
+

5r
6 H

)+
C

2
(2

e4 1
+

21
e2 1

r6 H
−

12
r1

2
H
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,
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>
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ct
ed

:
1 2(e

2 1
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−

3C
r7 H

)2
[1

8C
6
r1

2
H

+
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r1

2
H

+
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(1
2e

2 1
+

5r
6 H

)+
2C

3
r6 H
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1e

2 1
−

8r
6 H
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+
C

2
(2

e4 1
+

3e
2 1
r6 H
−

12
r1

2
H

)+
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r6 H
(e

2 1
+

r6 H
)+

2r
1
2

H
]

(5
.4

)

＊
あ
る
質
量
で
ホ
ラ
イ
ズ
ン
半
径
の
大
き
さ
が
逆
転
す
る
．

- D = 4 : There is a region where the 
discriminant becomes negative and no 
black hole solution．
- D > 4 : no restriction for the parameters．
　　cf. Maeda-Ohta-Sasagawa 2009

negative discriminant

EOM & Boundary conditions

allowed region

D = 4
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4-dimensions (neutral)

- dilaton場の値は小さく，傾きも緩やかになっている．

 Configuration of the dilaton field: φ ≡ 0 (1.11)

φ(rH) (1.12)

µ = 1 µ = 0 (1.13)

M̃0 ∝ |Λ̃|γ/(γ−λ) r̃ D−1
H (1.14)

ds2
D = −Be−2δdt2 + B−1dr2 + r2hijdxidxj (1.15)

B = k − 2Gm(r)

rD−3
+ b2r

2, Be−2δ = k − 2Gmg(r)

rD−3
+ b2r

2 (1.16)

D, α2, Λ, γ, λ (1.17)

k (1.18)

rH , M0 (1.19)

D = 4, 5, 6, 10 (1.20)






b̃2 > 0 (adS) λΛ < 0

b̃2 < 0 (dS) λΛ > 0
(1.21)

&̃ =

√
b̃2 (1.22)

&̃ = b̃−1/2
2 (1.23)

B(r̃) = k +
1

2(D − 3)4

(
1∓

√
1− 4(D − 4)Λ̃ +

8(D − 3)4M̄

r̃D−1

)
r̃2, (1.24)

δ(r̃) ≡ 0 (1.25)

3

2

where hijdxidxj represents the line element of a (D − 2)-dimensional hypersurface with constant curvature (D −
2)(D − 3)k and volume Σk for k = ±1, 0.

The field equations following from Eq. (2.2) are

[
(k −B)r̃D−3

]′D − 2
r̃D−4

h− 1
2
Br̃2φ′

2 − (D − 1)4 e−γφ (k −B)2

r̃2
+ 4(D − 2)3 γe−γφB(k −B)(φ′′ − γφ′

2)

+2(D − 2)3 γe−γφφ′
(k −B)[(D − 3)k − (D − 1)B]

r̃
− r̃2

2
e2δ−γφf ′2 − 16µB2r̃2e−γφφ′4 − r̃2Λ̃eλφ = 0 , (2.4)

δ′(D − 2)r̃h +
1
2
r̃2φ′

2 − 2(D − 2)3 γe−γφ(k −B)(φ′′ − γφ′
2) + 32µr̃2Bφ′4e−γφ = 0 , (2.5)

(e−δ r̃D−2Bφ′)′ = γ(D − 2)3e−γφ−δ r̃D−4
[
(D − 4)5

(k −B)2

r̃2
+ 2(B′ − 2δ′B)B′ − 4(k −B)BU(r)

−4
D − 4

r̃
(B′ − δ′B)(k −B)

]
+ γr̃D−2e−γφ

(1
2
eδf ′2 − 16µe−δB2φ′4

)

−64µr̃D−2Bφ′2e−δ−γφ
[
3Bφ′′ +

{
2B′ −

(
δ′ + γφ′ − D − 2

r

)
B

}
φ′

]
+ r̃D−2λΛ̃e−δ+λφ, (2.6)

(f ′eδ−γφr̃D−2)′ = 0, (2.7)

where we have defined the dimensionless variables: r̃ ≡ r/
√

α2, Λ̃ = α2Λ, and the primes in the field equations denote
the derivatives with respect to r̃. Namely we measure our length in the unit of

√
α2. In what follows, we omit tilde

on the variables for simplicity. We have also defined

(D −m)n ≡ (D −m)(D −m− 1)(D −m− 2) · · · (D − n),

h ≡ 1 + 2(D − 3)e−γφ
[
(D − 4)

k −B

r2
+ γφ′

3B − k

r

]
, (2.8)

h̃ ≡ 1 + 2(D − 3)e−γφ
[
(D − 4)

k −B

r2
+ γφ′

2B

r

]
, (2.9)

U(r) ≡ (2h̃)−1

[
(D − 3)4

k −B

r2B
− 2

D − 3
r

(B′

B
− δ′

)
− 1

2
φ′2

+(D − 3)e−γφ

{
(D − 4)6

(k −B)2

r4B
− 4(D − 4)5

k −B

r3

(B′

B
− δ′ − γφ′

)

−4(D − 4)γ
k −B

r2

(
γφ′2 +

D − 2
r

φ′ − Φ
)

+ 8
γφ′

r

[(B′

2
− δ′B

)(
γφ′ − δ′ +

2
r

)

−D − 4
2r

B′
]

+ 4(D − 4)
( B′

2B
− δ′

)B′

r2
− 4γ

r
Φ(B′ − 2δ′B)

}
+

1
2B

e2δ−γφf ′2

−16µBφ′4e−γφ − 1
B

Λeλφ

]
, (2.10)

Φ ≡ φ′′ +
(B′

B
− δ′ +

D − 2
r

)
φ′. (2.11)

In this paper we study asymptotically flat solutions without cosmological constant. The field equation for the
Maxwell field (2.7) is easily integrated to give

f ′ =
e1

rD−2
eγφ−δ, (2.12)

where e1 is a constant corresponding to the charge. So our task is reduced to setting boundary conditions for the
fields B, δ and dilaton φ and integrate the above set of equations, just like in our previous papers [1–5].

B. Boundary conditions and asymptotic behaviors

At the horizon, we should have

BH = 0, B′
H $= 0. (2.13)
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I. INTRODUCTION

II. DILATONIC EINSTEIN-MAXWELL-GAUSS-BONNET THEORY

A. Action and basic equations

We consider the following low-energy effective action for a heterotic string in one scheme [12–14]:

S =
1

2κ2
D

∫
d10x

√
−ge−2φ

[
R + 4(∂φ)2 − 1

4
F 2 − 1

12
H2 + α2

{
R2

GB − 16
(
Rµν − 1

2
Rgµν

)
∂µφ∂νφ

+16!φ(∂φ)2 − 16(∂φ)4 − 1
2

(
RµνσρHµναHσρ

α − 2RµνH2
µν +

1
3
RH2

)
+ 2

(
Dµ∂νφH2

µν −
1
3
!φH2

)

+
2
3
H2(∂φ)2 +

1
24

HµνλHν
ραHρσλHσ

µα − 1
8
H2

µνH2µν +
1

144
(H2)2

}]
, (2.1)

where κ2
10 is a D-dimensional gravitational constant, φ a dilaton field, F gauge field, H a 3-form, α2 = α′/8 is a

numerical coefficient given in terms of the Regge slope parameter, and R2
GB = RµνρσRµνρσ − 4RµνRµν + R2 is the

GB correction. In the original derivation of the effective action, it was first derived in the Einstein frame from the
S-matrix calculation in string theory and then transformed into the string frame [12]. Also it is convenient to interpret
our results in the Einstein frame. So we transform this into the Einstein frame, reduce to D dimensions, and use
the field redefinition ambiguity δgµν = a1Rµν + a2∇µφ∇νφ + gµν [a3R + a4(∇φ)2 + a5∇2φ] [12, 15], to obtain, up to
higher derivative terms,

S =
1

2κ2
D

∫
dDx

√
−g

[
R− 1

2
(∂φ)2 − 1

4
e−γφF 2 + α2e

−γφ
{

R2
GB − 16µ(∂φ)4

}
− Λeλφ

]
, (2.2)

where γ = 1/2 and we have set H = 0 because we look for solutions in which this field is zero. The constant µ is
introduced to see the difference of the solutions with and without the higher order term of the dilaton field. We have
also included a cosmological term with the dilaton coupling λ though we study asymptotically flat solutions in this
paper. ［笹川君の論文の式 (2.5)の Gµν のところは Gµν∇µφ∇νφ？］

In the above process, higher order terms are dropped. This is allowed because the effective low-energy action can
be determined up to field redefinition when it is read off from the scattering amplitudes computed in string theories.
Also note that the effective action was originally computed in the Einstein frame. All this means that there is no
absolutely preferred form of the action if they are related this way, and one cannot claim which system is better. We
study the system (2.2).

Let us consider the metric and field strength

ds2
D = −Be−2δdt2 + B−1dr2 + r2hijdxidxj , F0r = f ′, (2.3)

∗Electronic address: ohtan‘‘at’’phys.kindai.ac.jp
†Electronic address: torii‘‘at’’ge.oit.ac.jp

φ ≡ 0 (1.11)

φ(rH) (1.12)

µ = 1 µ = 0 (1.13)

M̃0 ∝ |Λ̃|γ/(γ−λ) r̃ D−1
H (1.14)

ds2
D = −Be−2δdt2 + B−1dr2 + r2hijdxidxj (1.15)

B = k − 2Gm(r)

rD−3
+ b2r

2, Be−2δ = k − 2Gmg(r)

rD−3
+ b2r

2 (1.16)

D, α2, Λ, γ, λ (1.17)

k (1.18)

rH , M0 (1.19)

D = 4, 5, 6, 10 (1.20)






b̃2 > 0 (adS) λΛ < 0

b̃2 < 0 (dS) λΛ > 0
(1.21)

&̃ =

√
b̃2 (1.22)

&̃ = b̃−1/2
2 (1.23)

B(r̃) = k +
1

2(D − 3)4

(
1∓

√
1− 4(D − 4)Λ̃ +

8(D − 3)4M̄

r̃D−1

)
r̃2, (1.24)

δ(r̃) ≡ 0 (1.25)

3

φ ≡ 0 (1.11)

φ(rH) (1.12)

µ = 1 µ = 0 (1.13)

M̃0 ∝ |Λ̃|γ/(γ−λ) r̃ D−1
H (1.14)

ds2
D = −Be−2δdt2 + B−1dr2 + r2hijdxidxj (1.15)

B = k − 2Gm(r)

rD−3
+ b2r

2, Be−2δ = k − 2Gmg(r)

rD−3
+ b2r

2 (1.16)

D, α2, Λ, γ, λ (1.17)

k (1.18)

rH , M0 (1.19)

D = 4, 5, 6, 10 (1.20)






b̃2 > 0 (adS) λΛ < 0

b̃2 < 0 (dS) λΛ > 0
(1.21)

&̃ =

√
b̃2 (1.22)

&̃ = b̃−1/2
2 (1.23)

B(r̃) = k +
1

2(D − 3)4

(
1∓

√
1− 4(D − 4)Λ̃ +

8(D − 3)4M̄

r̃D−1

)
r̃2, (1.24)

δ(r̃) ≡ 0 (1.25)
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4-dimensions (neutral)
 Horizon radius & singularity

- There is no black hole solution blow the critical mass (horizon radius).

　　　　　　M0 = 1.47132  (μ = 0)，  M0 = 1.47502  (μ = 1)

　　　　　　　　　　The regularity condition at the horizon is broken

- The fat singularity appears at non-zero radius.

φ ≡ 0 (1.11)

φ(rH) (1.12)

µ = 1 µ = 0 (1.13)

M̃0 ∝ |Λ̃|γ/(γ−λ) r̃ D−1
H (1.14)

ds2
D = −Be−2δdt2 + B−1dr2 + r2hijdxidxj (1.15)

B = k − 2Gm(r)

rD−3
+ b2r

2, Be−2δ = k − 2Gmg(r)

rD−3
+ b2r

2 (1.16)

D, α2, Λ, γ, λ (1.17)

k (1.18)

rH , M0 (1.19)

D = 4, 5, 6, 10 (1.20)






b̃2 > 0 (adS) λΛ < 0

b̃2 < 0 (dS) λΛ > 0
(1.21)

&̃ =

√
b̃2 (1.22)

&̃ = b̃−1/2
2 (1.23)

B(r̃) = k +
1

2(D − 3)4

(
1∓

√
1− 4(D − 4)Λ̃ +

8(D − 3)4M̄

r̃D−1

)
r̃2, (1.24)

δ(r̃) ≡ 0 (1.25)

3

φ ≡ 0 (1.11)

φ(rH) (1.12)

µ = 1 µ = 0 (1.13)

M̃0 ∝ |Λ̃|γ/(γ−λ) r̃ D−1
H (1.14)

ds2
D = −Be−2δdt2 + B−1dr2 + r2hijdxidxj (1.15)

B = k − 2Gm(r)

rD−3
+ b2r

2, Be−2δ = k − 2Gmg(r)

rD−3
+ b2r

2 (1.16)

D, α2, Λ, γ, λ (1.17)

k (1.18)

rH , M0 (1.19)

D = 4, 5, 6, 10 (1.20)






b̃2 > 0 (adS) λΛ < 0

b̃2 < 0 (dS) λΛ > 0
(1.21)

&̃ =

√
b̃2 (1.22)

&̃ = b̃−1/2
2 (1.23)

B(r̃) = k +
1

2(D − 3)4

(
1∓

√
1− 4(D − 4)Λ̃ +

8(D − 3)4M̄

r̃D−1

)
r̃2, (1.24)

δ(r̃) ≡ 0 (1.25)
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+
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2
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φ
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r3 H
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e2 1
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φ
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+
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γ
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C
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−
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+

1} e2 1
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−
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＊大きなブラックホールでは高次項はきかない．
＊解のホライズン半径（質量）に下限がある．下限は判別式がゼロになるところ．
＊高次項がある方がわずかだが質量の下限が大きくなっている．
＊同質量の解では高次項がある方がホライズン半径が小さい．
＊ fat singularityは少し小さくなる．
＊温度は高くなり，エントロピーはわずかに小さくなる．

VI. D = 5 BLACK HOLE

Equation (2.16) reduces to

Cr8
Hγ

[
e2
1

{
3C(4C − 1)γ2 + C + 1

}
− 3Cr6

H(3C2γ2 + C + 1)
]
φ′2

H

+rH

[
(C + 1)2r6

H(3Cr6
H − e2

1)− 2Cγ2
{

9C2(C + 1)r12
H + 3(C − 1)(2C + 1)e2

1r
6
H + 2e4

1

}]
φ′

H

+γ
[
9C2(3C2 + 2C − 3)r12

H + 3(3C2 + 6C − 1)e2
1r

6
H − 2e4

1

]
= 0. (6.1)

6

2

2.5

3

3.5

4

1 1.2 1.4 1.6 1.8 2

rH
_p

hy
s

M0_phys

2

3

4

5

6

7

8

9

10

1 1.5 2 2.5 3 3.5 4 4.5 5

rH
_p

hy
s

M0_phys

0

2

4

6

8

10

1 1.5 2 2.5 3

S/
Si

gm
a

M0_phys

20

25

30

35

40

45

50

1 1.2 1.4 1.6 1.8 2

be
ta

M0_phys

2.65

2.7

2.75

2.8

2.85

2.9

1.46 1.47 1.48 1.49 1.5 1.51 1.52

rH
_p

hy
s

M0_phys

FIG. 3: Black hole solutions in the four-dimensional Einstein-GB-dilaton system with γ = 1/2.
(a) M -rH diagram, (b) M -rs diagram, (c) M -β diagram, (d) M -S/Σ1 diagram.
red solid line: µ = 1, blue dashed line: µ = 0, green dotted line: Schwarzschild (and BD) solution.

＊大きなブラックホールでは高次項はきかない．
＊解のホライズン半径（質量）に下限がある．下限は判別式がゼロになるところ．
＊高次項がある方がわずかだが質量の下限が大きくなっている．
＊同質量の解では高次項がある方がホライズン半径が小さい．
＊ fat singularityは少し小さくなる．
＊温度は高くなり，エントロピーはわずかに小さくなる．

VI. D = 5 BLACK HOLE

Equation (2.16) reduces to

Cr8
Hγ

[
e2
1

{
3C(4C − 1)γ2 + C + 1

}
− 3Cr6

H(3C2γ2 + C + 1)
]
φ′2

H

+rH

[
(C + 1)2r6

H(3Cr6
H − e2

1)− 2Cγ2
{

9C2(C + 1)r12
H + 3(C − 1)(2C + 1)e2

1r
6
H + 2e4

1

}]
φ′

H

+γ
[
9C2(3C2 + 2C − 3)r12

H + 3(3C2 + 6C − 1)e2
1r

6
H − 2e4

1

]
= 0. (6.1)

fat singularity

horizon radius

No. 11



5-dimensions (neutral)
 Horizon radius & singularity

- There is lower limit for the horizon radius. (cf. the μ = 0 case)
　　　　　　M0 = 0.246494,  rH = 0.103555

- For the critical solution φ” diverges at some radius in d.o.c.

- The fat singularity appears for the “large” BH solution
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µ = 1 µ = 0 (1.13)
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FIG. 4: Black hole solutions in the five-dimensional Einstein-GB-dilaton system with γ = 1/2.
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+C2(2e4
1 + 3e2

1r
6
H − 12r12

H ) + 8Cr6
H(e2

1 + r6
H) + 2r12

H ] (6.2)

which is always positive for C > 0.
＊ある質量でホライズン半径の大きさが逆転する．
＊ホライズン半径に下限がある．ホライズンの外で dilatonの２回微分が発散しているため（次の図）．
＊下限では温度は有限．
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VII. D = 6 BLACK HOLE

Equation (2.16) reduces to

Cr10
H γ

[
4Cr8

H

{
4C2(6C + 7)γ2 + C(2C + 7) + 3

}
− 3e2

1

{
4C(6C − 1)γ2 + 2C + 1

}]
φ′2

H

−rH

[
2Cγ2

{
80C2(C2 − C − 1)r16

H − 12(C − 1)(4C + 1)e2
1r

8
H − 9e4

1

}
+ (2C + 1)2r8

H

{
4C(C + 3)r8

H − 3e2
1

}]
φ′

H

−γ
[
80C2(7C2 + 2C − 2)r16

H + 12(6C2 + 6C − 1)e2
1r

8
H − 9e4

1

]
= 0. (7.1)

The discriminant is

1
4
[3e2

1rH − 4C(C + 3)r9
H ]2[400C6r16

H + 480C5r16
H + 24C4r8

H(5e2
1 + 6r8

H) + 8C3r8
H(15e2

1 − 4r8
H)

+C2(9e4
1 + 36e2

1r
8
H + 16r16

H ) + 8Cr8
H(3e2

1 + 4r8
H) + 4r16

H ], (7.2)

which is always positive for C > 0.
＊すべて central singularity．定性的に違いが無い．

VIII. D = 10 BLACK HOLE

Equation (2.16) reduces to

Cr18
H γ

[
8Cr16

H

{
3C[8C(70C + 19)γ2 + 30C + 19] + 7

}
− 7e2

1

{
8C(14C − 1)γ2 + 6C + 1

}]
φ′2

H

−rH

[
8Cr32

H

(
9C

{
12C[4(15C2 − C − 1)γ2 + 5C + 4] + 11

}
+ 7

)
− 98Ce4

1γ
2 − 7e2

1r
16
H

(
16C(C − 1)(12C + 1)γ2

+(6C + 1)2
)]

φ′
H − γ

[
56(18C2 + 6C − 1)e2

1r
16
H + 576C2(99C2 + 6C − 4)r32

H − 49e4
1

]
= 0. (8.1)

The discriminant is

1
4
[7e2

1rH − 8C(15C + 7)r17
H ]2[46656C6r32

H + 34560C5r32
H + 432C4(7e2

1r
16
H + 20r32

H )

+192C3(7e2
1r

16
H + 9r32

H ) + C2(7e2
1 + 24r16

H )2 + 8C(7e2
1r

16
H + 12r32

H ) + 4r32
H ], (8.2)

which is always positive.
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VII. D = 6 BLACK HOLE

Equation (2.16) reduces to
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H γ

[
4Cr8

H

{
4C2(6C + 7)γ2 + C(2C + 7) + 3

}
− 3e2

1

{
4C(6C − 1)γ2 + 2C + 1

}]
φ′2

H

−rH

[
2Cγ2

{
80C2(C2 − C − 1)r16

H − 12(C − 1)(4C + 1)e2
1r

8
H − 9e4

1

}
+ (2C + 1)2r8

H

{
4C(C + 3)r8

H − 3e2
1

}]
φ′

H

−γ
[
80C2(7C2 + 2C − 2)r16

H + 12(6C2 + 6C − 1)e2
1r

8
H − 9e4

1

]
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The discriminant is

1
4
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H + 480C5r16
H + 24C4r8

H(5e2
1 + 6r8

H) + 8C3r8
H(15e2

1 − 4r8
H)

+C2(9e4
1 + 36e2

1r
8
H + 16r16

H ) + 8Cr8
H(3e2

1 + 4r8
H) + 4r16

H ], (7.2)

which is always positive for C > 0.
＊すべて central singularity．定性的に違いが無い．

VIII. D = 10 BLACK HOLE

Equation (2.16) reduces to

Cr18
H γ

[
8Cr16

H

{
3C[8C(70C + 19)γ2 + 30C + 19] + 7

}
− 7e2

1

{
8C(14C − 1)γ2 + 6C + 1

}]
φ′2
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−rH

[
8Cr32
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(
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{
12C[4(15C2 − C − 1)γ2 + 5C + 4] + 11
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+ 7
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− 98Ce4

1γ
2 − 7e2
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16
H

(
16C(C − 1)(12C + 1)γ2

+(6C + 1)2
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φ′
H − γ

[
56(18C2 + 6C − 1)e2
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16
H + 576C2(99C2 + 6C − 4)r32

H − 49e4
1

]
= 0. (8.1)

The discriminant is

1
4
[7e2

1rH − 8C(15C + 7)r17
H ]2[46656C6r32

H + 34560C5r32
H + 432C4(7e2

1r
16
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16
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which is always positive.

fat singularity
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10-dimensions (neutral)

- There is a black hole solution for any mass.

- The singularity locates at the center as the non-dilatonic solutions (central singularity).

 Horizon radius & singularity
φ ≡ 0 (1.11)

φ(rH) (1.12)

µ = 1 µ = 0 (1.13)

M̃0 ∝ |Λ̃|γ/(γ−λ) r̃ D−1
H (1.14)

ds2
D = −Be−2δdt2 + B−1dr2 + r2hijdxidxj (1.15)

B = k − 2Gm(r)

rD−3
+ b2r

2, Be−2δ = k − 2Gmg(r)

rD−3
+ b2r

2 (1.16)

D, α2, Λ, γ, λ (1.17)

k (1.18)

rH , M0 (1.19)

D = 4, 5, 6, 10 (1.20)






b̃2 > 0 (adS) λΛ < 0

b̃2 < 0 (dS) λΛ > 0
(1.21)

&̃ =

√
b̃2 (1.22)

&̃ = b̃−1/2
2 (1.23)

B(r̃) = k +
1

2(D − 3)4

(
1∓

√
1− 4(D − 4)Λ̃ +

8(D − 3)4M̄

r̃D−1

)
r̃2, (1.24)

δ(r̃) ≡ 0 (1.25)
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FIG. 7: Black hole solutions in the ten-dimensional Einstein-GB-dilaton system with γ = 1/2.
(a) M -rH diagram, (b) M -rs diagram, (c) M -β diagram, (d) M -S/Σ1 diagram.
red solid line: µ = 1, blue dashed line: µ = 0, green dotted line: Schwarzschild solution, black dot-dashed line: BD solution.
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Charged Solutions (5-D)

- There is no black hole solution blow the critical mass (horizon radius).

- The critical solution is not extreme limit (cf. Boulware-Deser solution).

 Horizon radius
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φ ≡ 0 (1.11)

φ(rH) (1.12)

µ = 1 µ = 0 (1.13)
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