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Which model of inflation is correct? 
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๏ Observational constraints on inflation as of 3/2013 [Planck 2013]

๏ R2 inflation is in good shape! (ns = 0.964, r = 3.9 x 10-3 for N = 55) 
Can we further confirm or falsify it with Planck 2014?



Starobinsky R2 Inflation [Starobinsky 1980]

• One of the oldest models of Inflation, before models 
of Sato and Guth

• A single parameter M characterizes the model.
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R2 Inflation as scalar-tensor theory 
[Whitt 1984; Maeda 1988]
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R2 Inflation [Starobinsky 1980]
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Then the gravitational Lagrangian reads [27, 28]

L
grav

=
p�g

"
M2

p

2
R� 1

2
@µ�@µ�� V (�)

#
, (14)

where we have redefined R with the rescaled metric and
removed carets (ˆ) on variables. We call this conformally
(Weyl) rescaled frame as the Einstein frame, where � is
the canonically normalized scalar field that drives infla-
tion in the early universe (dubbed inflaton or scalaron).

In the Einstein frame picture, inflation takes place dur-
ing slow rolling of the scalaron on the flat part of its
potential V (�) [Eq. (13)]. Therefore, we can use stan-
dard formulas on potential-driven slow roll inflation in
the literature (see, e.g., [12, 30] for reviews). The power
spectra of primordial curvature and gravitational wave
perturbations (⇣k and �+,⇥

k , respectively) on large scales
are given by

P⇣(k) = k3
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p
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p

, (16)

where all quantities are evaluated at the CMB scale k =
k⇤ and slow roll parameters are defined as

✏ = � Ḣ

H2

, ✏V =
V 02M2

p

2V
. (17)

From Eqs. (13), (15) and (17), we get

P⇣(k) ' 3M2
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p
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where the number of e-folds is given by

N⇤ = �
Z ⇤

f
dtH ' 3

4
e
p

2
3

�⇤
Mp . (19)

The unique parameter, scalaron mass M , is thus fixed
by the COBE-WMAP normalization of the amplitude of
curvature perturbations as [28, 31–33]

M ' 10�5Mp
4⇡

p
30

N⇤

✓ P⇣(k⇤)
2⇥ 10�9

◆
1/2

(20)

⇠ 10�5 Mp ⇠ 1027cm�1 ⇠ 1051Mpc�1,

which is roughly the physical size of the Hubble horizon
at the end of inflation.

The primordial amplitude of gravitational waves is
characterized by the ratio between Eqs. (16) and (15):

r =
P�(k)
P⇣(k) ' 16✏ ' 12

N2

⇤
. (21)

Scale dependences of the primordial spectra are given
by

ns � 1 =
d lnP⇣(k)
d ln k

' �6✏V + 2⌘V ' � 2

N⇤
, (22)

nt =
d lnP�(k)
d ln k

' �2✏V ' � 3

2N2

⇤
, (23)
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N2

⇤
, (24)

dnt

d ln k
' 4✏V ⌘V � 8✏2V ' � 3

N3

⇤
, (25)

where we have used ✏V ' 3/(4N2

⇤ ), ⌘V = V 00M2

p/V '
�1/N⇤ and ⇠2V = V 0V 000M4

p/V
2 ' 1/N2

⇤ .
A precise value of N⇤ depends on particle contents of

the universe and how they couple to the inflaton dur-
ing reheating. How does reheating take place after the
R2-inflation? The matter sector is assumed to be confor-
mally coupled to gravity in the original work [1, 2], where
he estimated the gravitational decay rate of the scalaron
by using Bogoliubov’s method in the Jordan frame (see
also [10, 34]). In this frame, the Ricci scalar becomes dy-
namical, contrary to the general relativity, and starts os-
cillating after inflation. It is similar to a dust-dominated
phase.
In the Einstein frame picture, we can do the equivalent

analysis. Expanding the scalaron potential (13) around
the origin, we get V (�) ' M2�2/2 + · · · for � . Mp.
Thus we can interpret an oscillating homogeneous field
� as a condensate of massive scalar particles (scalarons)
with zero momenta and mass M . When the metric is
rescaled, interaction between the scalaron and matter
sector is semi-classically [35] and quantum mechanically
[36] induced as

L
mattp�ĝ

=� ĝµ⌫(Dµ�̂)
⇤D⌫ �̂� ��(�̂

⇤�̂)2 � m2

�

f
�̂⇤�̂

� ˆ̄ 
h
êµ↵�

↵(@µ � �̂µ � igÂµ) + f�1/2m 

i
 ̂

� 1

4
F̂µ⌫ F̂µ⌫ +

�h(g)

2g
(ln f)F̂µ⌫ F̂µ⌫ , (26)

where the standard model is symbolically treated as the
matter sector in which fields of spin-0 (�), spin-1/2 ( )
and spin-1 (Aµ) are rescaled as

�̂ = f�1/2�,  ̂ = f�3/4 , (27)

Âµ = Aµ, Âµ = f�1Aµ, (28)

respectively, and the covariant derivative for scalars is
defined as

Dµ�̂ = @µ�̂+ �̂@µ(ln f
1/2)� igÂµ�̂. (29)

The spin connection is conformally invariant: �̂µ = �µ

(see footnote 4 of [36]). The gauge coupling constant is
denoted by g and its running is associated with the beta
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Gravitational reheating by scalaron decay 
[YW & Komatsu gr-qc/0612120; YW 1011.3348]
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Gravitational reheating by scalaron decay 
[YW & Komatsu gr-qc/0612120; YW 1011.3348]
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Gravitational reheating by scalaron decay 
[YW & Komatsu gr-qc/0612120; YW 1011.3348]
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function from heavy intermediate particles �h(g). Insert-
ing ln f =

p
2/3(�/Mp) into Eq. (29) while expanding

Eq. (12) as

f = 1 +

r
2
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1
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✓
�
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◆
2

+ · · · , (30)

we get order by order expansion of the interaction La-
grangian with respect to �. The scalaron � can decay
into the matter sector via trilinear interactions [36]:

L
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=
�1p
6Mp
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+
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 p
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+
�h(g)

2
p
6gMp

�Fµ⌫Fµ⌫ , (31)

where we have integrated by parts, used equations of mo-
tion for � and �⇤ to get the second equality, and omitted
carets on the variables. Note that we did not take a uni-
tary gauge because the electroweak gauge symmetry is
likely restored due to thermal corrections from standard
model particles before the scalaron decay. Otherwise, it
is convenient to take a unitary gauge with massive gauge
bosons.

Based on the above gravitationally induced couplings,
the scalaron decay rate is given by [35, 36] (also see [37,
38])

�
tot

= �(�! �+��) + �(�!  ̄ ) + �(�! 2Aµ),

�(�! �+��) =
N�

⇥
M2(1 + 6⇠) + 2m2

�

⇤
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p

r
1� 4m2
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,

(32)
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X

i=heavy

bi

3

5
2

, (34)

where N�, N and NA are the number of modes for each
field. In Eq. (32), we have included non-minimal gravita-
tional coupling to the Higgs boson ⇠R�⇤�. If ⇠ = �1/6, �
is conformally coupled to gravity and the induced deriva-
tive coupling cancels out; as a result, the leading term in
Eq. (32) vanishes. We shall assume a minimal coupling
of the Higgs boson to gravity (⇠ = 0) to avoid complexity
for now. As is well known, massless fermions are confor-
mally invariant and the decay rate to a pair of massless

fermions vanishes [see Eq. (33)]. These rates are consis-
tent with the Jordan frame analysis [2, 10, 34]
Although the scalaron cannot decay into gauge fields

classically, it does quantum mechanically via the gauge
trace anomaly process with the rate of Eq. (34), where
↵ = g2/(4⇡) and bi’s are the lowest coe�cients of the
beta functions from charged particles heavier than the
scalaron. In the original setup [1], the gravitational trace
anomaly induces the R2 term whose dimensionless con-
stant M2

p/M
2 ⇠ O(1010) is required to match with the

observed amplitude of primordial curvature perturba-
tions, which would naively imply the excessive number
of degrees of freedom N

grav

⇠ O(1010) (also see [39]).
Even if tiny fraction of N

grav

is charged under the stan-
dard model gauge group, we can expect |Pi=heavy

bi| ⇠
O(102)�O(104) at reheating while avoiding strong cou-
plings at inflationary energy scales. Since the gauge
coupling constant takes value of ↵/(

p
8⇡) ⇠ O(10�2) �

O(10�1) at the energy scale ⇠ O(109 GeV), the anomaly
process could dominate over the scalar channel. In this
case, the shadow of heavy charged particles determines
the reheating process [36]. Note that this apparently con-
troversial property is similar to the gauge trace anomaly
of quantum chromodynamics [40] and to the super-Weyl-
Kähler anomaly [41].
If there is no charged particle heavier than the scalaron

at reheating, then the anomaly process cannot be ex-
pressed by the local e↵ective Lagrangian [the last term
of Eq. (26)]. In this case, the anomalous decay rate has
to be computed directly from loop diagrams with light
intermediate charged particles as in [36].
Now we can estimate the reheating temperature by

using the scalaron decay rate (or equivalently lifetime)
as

T
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=

p
�
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⌘� 1
4
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where g⇤ = g⇤(Trh

) is the e↵ective number of relativistic
species at the time of reheating and the reheating tem-
perature T

rh

is defined by the moment: �
tot

= 3H =

3⇡g1/2⇤ T 2

rh

/(
p
10Mp). To get T

rh

= O(109 GeV), we have
assumed the standard model g⇤ = 106.75 as the matter
sector and that the scalar decay channel is dominant with
N� = 4 and ⇠ = 0 for the Higgs boson. If the anomaly
channel is dominant, the reheating temperature can be as
high as ⇠ O(109 � 1012 GeV) depending on the number
of heavy charged modes.
Since the scalaron oscillation phase evolves as a dust-

dominated phase, the number of efolds at the CMB scale
and the reheating temperature are associated by [30]
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1

3
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we get order by order expansion of the interaction La-
grangian with respect to �. The scalaron � can decay
into the matter sector via trilinear interactions [36]:
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where we have integrated by parts, used equations of mo-
tion for � and �⇤ to get the second equality, and omitted
carets on the variables. Note that we did not take a uni-
tary gauge because the electroweak gauge symmetry is
likely restored due to thermal corrections from standard
model particles before the scalaron decay. Otherwise, it
is convenient to take a unitary gauge with massive gauge
bosons.

Based on the above gravitationally induced couplings,
the scalaron decay rate is given by [35, 36] (also see [37,
38])
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where N�, N and NA are the number of modes for each
field. In Eq. (32), we have included non-minimal gravita-
tional coupling to the Higgs boson ⇠R�⇤�. If ⇠ = �1/6, �
is conformally coupled to gravity and the induced deriva-
tive coupling cancels out; as a result, the leading term in
Eq. (32) vanishes. We shall assume a minimal coupling
of the Higgs boson to gravity (⇠ = 0) to avoid complexity
for now. As is well known, massless fermions are confor-
mally invariant and the decay rate to a pair of massless

fermions vanishes [see Eq. (33)]. These rates are consis-
tent with the Jordan frame analysis [2, 10, 34]
Although the scalaron cannot decay into gauge fields

classically, it does quantum mechanically via the gauge
trace anomaly process with the rate of Eq. (34), where
↵ = g2/(4⇡) and bi’s are the lowest coe�cients of the
beta functions from charged particles heavier than the
scalaron. In the original setup [1], the gravitational trace
anomaly induces the R2 term whose dimensionless con-
stant M2
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2 ⇠ O(1010) is required to match with the

observed amplitude of primordial curvature perturba-
tions, which would naively imply the excessive number
of degrees of freedom N
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process could dominate over the scalar channel. In this
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the reheating process [36]. Note that this apparently con-
troversial property is similar to the gauge trace anomaly
of quantum chromodynamics [40] and to the super-Weyl-
Kähler anomaly [41].
If there is no charged particle heavier than the scalaron

at reheating, then the anomaly process cannot be ex-
pressed by the local e↵ective Lagrangian [the last term
of Eq. (26)]. In this case, the anomalous decay rate has
to be computed directly from loop diagrams with light
intermediate charged particles as in [36].
Now we can estimate the reheating temperature by

using the scalaron decay rate (or equivalently lifetime)
as
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where g⇤ = g⇤(Trh

) is the e↵ective number of relativistic
species at the time of reheating and the reheating tem-
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is defined by the moment: �
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assumed the standard model g⇤ = 106.75 as the matter
sector and that the scalar decay channel is dominant with
N� = 4 and ⇠ = 0 for the Higgs boson. If the anomaly
channel is dominant, the reheating temperature can be as
high as ⇠ O(109 � 1012 GeV) depending on the number
of heavy charged modes.
Since the scalaron oscillation phase evolves as a dust-

dominated phase, the number of efolds at the CMB scale
and the reheating temperature are associated by [30]
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If we know the matter sector (e.g. SM minimally coupled to gravity), 
inflationary predictions can be made without uncertainty.



Predictions depend on reheating temperature  
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we get order by order expansion of the interaction La-
grangian with respect to �. The scalaron � can decay
into the matter sector via trilinear interactions [36]:
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where we have integrated by parts, used equations of mo-
tion for � and �⇤ to get the second equality, and omitted
carets on the variables. Note that we did not take a uni-
tary gauge because the electroweak gauge symmetry is
likely restored due to thermal corrections from standard
model particles before the scalaron decay. Otherwise, it
is convenient to take a unitary gauge with massive gauge
bosons.

Based on the above gravitationally induced couplings,
the scalaron decay rate is given by [35, 36] (also see [37,
38])
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where N�, N and NA are the number of modes for each
field. In Eq. (32), we have included non-minimal gravita-
tional coupling to the Higgs boson ⇠R�⇤�. If ⇠ = �1/6, �
is conformally coupled to gravity and the induced deriva-
tive coupling cancels out; as a result, the leading term in
Eq. (32) vanishes. We shall assume a minimal coupling
of the Higgs boson to gravity (⇠ = 0) to avoid complexity
for now. As is well known, massless fermions are confor-
mally invariant and the decay rate to a pair of massless

fermions vanishes [see Eq. (33)]. These rates are consis-
tent with the Jordan frame analysis [2, 10, 34]
Although the scalaron cannot decay into gauge fields

classically, it does quantum mechanically via the gauge
trace anomaly process with the rate of Eq. (34), where
↵ = g2/(4⇡) and bi’s are the lowest coe�cients of the
beta functions from charged particles heavier than the
scalaron. In the original setup [1], the gravitational trace
anomaly induces the R2 term whose dimensionless con-
stant M2

p/M
2 ⇠ O(1010) is required to match with the

observed amplitude of primordial curvature perturba-
tions, which would naively imply the excessive number
of degrees of freedom N

grav

⇠ O(1010) (also see [39]).
Even if tiny fraction of N

grav

is charged under the stan-
dard model gauge group, we can expect |Pi=heavy

bi| ⇠
O(102)�O(104) at reheating while avoiding strong cou-
plings at inflationary energy scales. Since the gauge
coupling constant takes value of ↵/(

p
8⇡) ⇠ O(10�2) �

O(10�1) at the energy scale ⇠ O(109 GeV), the anomaly
process could dominate over the scalar channel. In this
case, the shadow of heavy charged particles determines
the reheating process [36]. Note that this apparently con-
troversial property is similar to the gauge trace anomaly
of quantum chromodynamics [40] and to the super-Weyl-
Kähler anomaly [41].
If there is no charged particle heavier than the scalaron

at reheating, then the anomaly process cannot be ex-
pressed by the local e↵ective Lagrangian [the last term
of Eq. (26)]. In this case, the anomalous decay rate has
to be computed directly from loop diagrams with light
intermediate charged particles as in [36].
Now we can estimate the reheating temperature by

using the scalaron decay rate (or equivalently lifetime)
as
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where g⇤ = g⇤(Trh

) is the e↵ective number of relativistic
species at the time of reheating and the reheating tem-
perature T

rh

is defined by the moment: �
tot

= 3H =

3⇡g1/2⇤ T 2

rh

/(
p
10Mp). To get T

rh

= O(109 GeV), we have
assumed the standard model g⇤ = 106.75 as the matter
sector and that the scalar decay channel is dominant with
N� = 4 and ⇠ = 0 for the Higgs boson. If the anomaly
channel is dominant, the reheating temperature can be as
high as ⇠ O(109 � 1012 GeV) depending on the number
of heavy charged modes.
Since the scalaron oscillation phase evolves as a dust-

dominated phase, the number of efolds at the CMB scale
and the reheating temperature are associated by [30]
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Then the gravitational Lagrangian reads [27, 28]
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where we have redefined R with the rescaled metric and
removed carets (ˆ) on variables. We call this conformally
(Weyl) rescaled frame as the Einstein frame, where � is
the canonically normalized scalar field that drives infla-
tion in the early universe (dubbed inflaton or scalaron).

In the Einstein frame picture, inflation takes place dur-
ing slow rolling of the scalaron on the flat part of its
potential V (�) [Eq. (13)]. Therefore, we can use stan-
dard formulas on potential-driven slow roll inflation in
the literature (see, e.g., [12, 30] for reviews). The power
spectra of primordial curvature and gravitational wave
perturbations (⇣k and �+,⇥

k , respectively) on large scales
are given by
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where all quantities are evaluated at the CMB scale k =
k⇤ and slow roll parameters are defined as
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From Eqs. (13), (15) and (17), we get

P⇣(k) ' 3M2

128⇡2M2

p

e
2

p
2
3

�
Mp ' N2M2

24⇡2M2

p

, (18)

where the number of e-folds is given by
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The unique parameter, scalaron mass M , is thus fixed
by the COBE-WMAP normalization of the amplitude of
curvature perturbations as [28, 31–33]
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⇠ 10�5 Mp ⇠ 1027cm�1 ⇠ 1051Mpc�1,

which is roughly the physical size of the Hubble horizon
at the end of inflation.

The primordial amplitude of gravitational waves is
characterized by the ratio between Eqs. (16) and (15):

r =
P�(k)
P⇣(k) ' 16✏ ' 12

N2

⇤
. (21)

Scale dependences of the primordial spectra are given
by
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where we have used ✏V ' 3/(4N2

⇤ ), ⌘V = V 00M2
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A precise value of N⇤ depends on particle contents of

the universe and how they couple to the inflaton dur-
ing reheating. How does reheating take place after the
R2-inflation? The matter sector is assumed to be confor-
mally coupled to gravity in the original work [1, 2], where
he estimated the gravitational decay rate of the scalaron
by using Bogoliubov’s method in the Jordan frame (see
also [10, 34]). In this frame, the Ricci scalar becomes dy-
namical, contrary to the general relativity, and starts os-
cillating after inflation. It is similar to a dust-dominated
phase.
In the Einstein frame picture, we can do the equivalent

analysis. Expanding the scalaron potential (13) around
the origin, we get V (�) ' M2�2/2 + · · · for � . Mp.
Thus we can interpret an oscillating homogeneous field
� as a condensate of massive scalar particles (scalarons)
with zero momenta and mass M . When the metric is
rescaled, interaction between the scalaron and matter
sector is semi-classically [35] and quantum mechanically
[36] induced as
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where the standard model is symbolically treated as the
matter sector in which fields of spin-0 (�), spin-1/2 ( )
and spin-1 (Aµ) are rescaled as

�̂ = f�1/2�,  ̂ = f�3/4 , (27)

Âµ = Aµ, Âµ = f�1Aµ, (28)

respectively, and the covariant derivative for scalars is
defined as

Dµ�̂ = @µ�̂+ �̂@µ(ln f
1/2)� igÂµ�̂. (29)

The spin connection is conformally invariant: �̂µ = �µ

(see footnote 4 of [36]). The gauge coupling constant is
denoted by g and its running is associated with the beta
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where we have redefined R with the rescaled metric and
removed carets (ˆ) on variables. We call this conformally
(Weyl) rescaled frame as the Einstein frame, where � is
the canonically normalized scalar field that drives infla-
tion in the early universe (dubbed inflaton or scalaron).

In the Einstein frame picture, inflation takes place dur-
ing slow rolling of the scalaron on the flat part of its
potential V (�) [Eq. (13)]. Therefore, we can use stan-
dard formulas on potential-driven slow roll inflation in
the literature (see, e.g., [12, 30] for reviews). The power
spectra of primordial curvature and gravitational wave
perturbations (⇣k and �+,⇥

k , respectively) on large scales
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where the number of e-folds is given by
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The unique parameter, scalaron mass M , is thus fixed
by the COBE-WMAP normalization of the amplitude of
curvature perturbations as [28, 31–33]
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⇠ 10�5 Mp ⇠ 1027cm�1 ⇠ 1051Mpc�1,

which is roughly the physical size of the Hubble horizon
at the end of inflation.

The primordial amplitude of gravitational waves is
characterized by the ratio between Eqs. (16) and (15):
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A precise value of N⇤ depends on particle contents of

the universe and how they couple to the inflaton dur-
ing reheating. How does reheating take place after the
R2-inflation? The matter sector is assumed to be confor-
mally coupled to gravity in the original work [1, 2], where
he estimated the gravitational decay rate of the scalaron
by using Bogoliubov’s method in the Jordan frame (see
also [10, 34]). In this frame, the Ricci scalar becomes dy-
namical, contrary to the general relativity, and starts os-
cillating after inflation. It is similar to a dust-dominated
phase.
In the Einstein frame picture, we can do the equivalent

analysis. Expanding the scalaron potential (13) around
the origin, we get V (�) ' M2�2/2 + · · · for � . Mp.
Thus we can interpret an oscillating homogeneous field
� as a condensate of massive scalar particles (scalarons)
with zero momenta and mass M . When the metric is
rescaled, interaction between the scalaron and matter
sector is semi-classically [35] and quantum mechanically
[36] induced as
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where the standard model is symbolically treated as the
matter sector in which fields of spin-0 (�), spin-1/2 ( )
and spin-1 (Aµ) are rescaled as

�̂ = f�1/2�,  ̂ = f�3/4 , (27)
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defined as

Dµ�̂ = @µ�̂+ �̂@µ(ln f
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where we have redefined R with the rescaled metric and
removed carets (ˆ) on variables. We call this conformally
(Weyl) rescaled frame as the Einstein frame, where � is
the canonically normalized scalar field that drives infla-
tion in the early universe (dubbed inflaton or scalaron).

In the Einstein frame picture, inflation takes place dur-
ing slow rolling of the scalaron on the flat part of its
potential V (�) [Eq. (13)]. Therefore, we can use stan-
dard formulas on potential-driven slow roll inflation in
the literature (see, e.g., [12, 30] for reviews). The power
spectra of primordial curvature and gravitational wave
perturbations (⇣k and �+,⇥
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The unique parameter, scalaron mass M , is thus fixed
by the COBE-WMAP normalization of the amplitude of
curvature perturbations as [28, 31–33]
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which is roughly the physical size of the Hubble horizon
at the end of inflation.
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characterized by the ratio between Eqs. (16) and (15):
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A precise value of N⇤ depends on particle contents of

the universe and how they couple to the inflaton dur-
ing reheating. How does reheating take place after the
R2-inflation? The matter sector is assumed to be confor-
mally coupled to gravity in the original work [1, 2], where
he estimated the gravitational decay rate of the scalaron
by using Bogoliubov’s method in the Jordan frame (see
also [10, 34]). In this frame, the Ricci scalar becomes dy-
namical, contrary to the general relativity, and starts os-
cillating after inflation. It is similar to a dust-dominated
phase.
In the Einstein frame picture, we can do the equivalent

analysis. Expanding the scalaron potential (13) around
the origin, we get V (�) ' M2�2/2 + · · · for � . Mp.
Thus we can interpret an oscillating homogeneous field
� as a condensate of massive scalar particles (scalarons)
with zero momenta and mass M . When the metric is
rescaled, interaction between the scalaron and matter
sector is semi-classically [35] and quantum mechanically
[36] induced as
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where the standard model is symbolically treated as the
matter sector in which fields of spin-0 (�), spin-1/2 ( )
and spin-1 (Aµ) are rescaled as

�̂ = f�1/2�,  ̂ = f�3/4 , (27)

Âµ = Aµ, Âµ = f�1Aµ, (28)

respectively, and the covariant derivative for scalars is
defined as
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1/2)� igÂµ�̂. (29)

The spin connection is conformally invariant: �̂µ = �µ

(see footnote 4 of [36]). The gauge coupling constant is
denoted by g and its running is associated with the beta

scalaron mass e-folds of inflation

grav. waves tilt and running of spectra



No ambiguity in reheating?  
• During the oscillations of the inflaton, pamaretric resonance 
(preheating) may happen. [Kofman, Linde, Starobinsky 1994]  

• If it happens, long-living localized objects (oscillons/I-balls) 
would be formed, making the inflaton decay non-perturbative. 
[Amin, Easther et al 2012]  

Oscillons After Inflation
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Oscillons are massive, long-lived, localized excitations of a scalar field. We show that in a class of
well-motivated single-field models, inflation is followed by self-resonance, leading to copious oscillon
generation and a lengthy period of oscillon domination. These models are characterized by an
inflaton potential which has a quadratic minimum and is shallower than quadratic away from the
minimum. This set includes both string monodromy models and a class of supergravity inspired
scenarios, and is in good agreement with the current central values of the concordance cosmology
parameters. We assume that the inflaton is weakly coupled to other fields, so as not to quickly
drain energy from the oscillons or prevent them from forming. An oscillon-dominated universe has
a greatly enhanced primordial power spectrum on very small scales relative to that seen with a
quadratic potential, possibly leading to novel gravitational e↵ects in the early universe.

Simple, single-field models of inflationary cosmology
are often associated with energy scales far beyond the
reach of present day accelerators and the properties of
the post-inflationary universe are largely unknown. One
constraint on this phase is that energy must be extracted
from the oscillating inflaton condensate, ensuring that
the universe becomes radiation dominated, setting the
scene for the hot big bang, and the production of the
cosmological neutrino background and nucleosynthesis.
A widely-studied candidate for this process is paramet-
ric resonance [1–3]. In many cases, the potential can be
self-resonant, where resonance generates quanta of the
inflaton field itself more e�ciently than particles cou-
pled to the inflaton. We show that in a class of well-
motivated self-resonant models, the universe may become
dominated by oscillons: massive, localized, metastable
configurations of a scalar field [4–13].

In this letter, we study a single inflaton, �, with a
canonical kinetic term and potential, V (�), minimally
coupled to Einstein gravity. Oscillons can form if

V (�) =
m2�2

2
+ U(�), (1)

where U(0) = 0 and U(�) < 0 for some range of � (see,
e.g. [10]). Consider potentials with V (�) ⇠ �2↵ during
inflation and ↵ < 1. These are generated by a number
of string and supergravity scenarios [14–20], and yield
U(�) < 0 at large �. We require that V (�) has a stable
minimum which we chose to be at the origin, so it is
natural to expect that V (�) ⇠ �2 for small �. Finally,
by continuity, there is necessarily some crossover scale,
� ⇡ M , between these two regimes. We capture this
with the following explicit potential

V (�) =
m2M2

2↵

✓
1 +

�2

M2

◆
↵

� 1

�
. (2)

The precise forms of V (�) in scenarios with V ⇠ �2↵

can di↵er from equation (2): however, our results sug-
gest that while oscillon formation is sensitive to M , it is

insensitive to the detailed form of the potential. More-
over, for ↵ = 1/2 we reproduce the axion monodromy
potential [15, 16]. We stipulate that the couplings be-
tween the inflaton and other fields are small enough for
them to be ignored.

The tensor-scalar ratio, r, and scale-dependence in the
scalar perturbations, |n

s

� 1|, grows with ↵ (see, e.g.
[21]). Quartic inflation (↵ = 2) is ruled out by cur-
rent data [22–24] and even quadratic inflation (↵ = 1)
is somewhat disfavored, relative to models with ↵ < 1
[25]. Consequently, the above potential is well-motivated,
both theoretically and phenomenologically.1

The post-inflationary universe is initially smooth, so
even if a potential supports oscillon solutions, an actual
oscillon-dominated phase requires a mechanism for gener-
ating inhomogeneity within the post-inflationary horizon
(see, e.g. [11]). Equation 2 supports parametric reso-
nance when ↵ < 1, which lead to the explosive produc-
tion of � quanta, and a highly inhomogeneous universe.
However, M is large, the V (�) e↵ectively quadratic dur-
ing both the last portion of inflation and subsequent os-
cillatory phase, suppressing resonance and oscillon pro-
duction. Conversely, if M is significantly sub-Planckian
we see resonance and oscillons can form. Note that nar-
row resonance also occurs when ↵ > 1, but V (�) cannot
support oscillons.

In what follows, we first summarize the inflationary
dynamics and describe a Floquet analysis of the resonant
phase. We show that strong resonance and a subsequent
oscillon-dominated phase requires 0  ↵ . 0.9 and M .
0.05Mpl (Mpl ⌘ 1/

p
8⇡G

N

), which may be realized in
the physical scenarios that motivate these models. We
then discuss the cosmological consequences of an oscillon-
dominated phase.

1 Oscillon production in hybrid inflation models is studied in [9].
These models have n

s

� 1, and are disfavored by observations.
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INFLATIONARY DYNAMICS

The observed amplitude of the primordial fluctua-
tions e↵ectively removes one free parameter from the
potential in equation (2). Further, we will see that we
are primarily interested in models where M is substan-
tially smaller than the Planck mass, so that V (�) ⇡
m2M2(�/M)2↵/2↵ during inflation.

Astrophysically interesting perturbations are laid
down when the remaining number of e-folds before the
end of inflation, N ⇠ 55, though in general, N is a func-
tion of the post-inflationary expansion history [21]. Using
standard slow-roll approximations, the amplitude of the
power spectrum of curvature perturbations is

�2
R

=
1

96⇡2↵3

✓
m

Mpl

◆2 ✓
M

Mpl

◆2�2↵

(4↵N)1+↵. (3)

For a given ↵ and � ⌘ Mpl/M , we use the above equation
with N = 55 and �2

R

= 2.4⇥ 10�9 [23] to deduce m.

RESONANCE AND OSCILLONS

Oscillon production at the end of inflation with
U(�) = ���4/4 + g2�6/6m2 was studied in [11, 13].
When (�/g)2 ⌧ 1, oscillons are copiously generated,
with properties matching analytic predictions [10, 11].
However, an inflationary phase where V (�) is dominated
by a �6 term has an unphysical perturbation spectrum.
If the above U(�) is viewed as a truncation of eq. (2)
then (�/g)2 ⇠ 1, and we cannot appeal to the results of
[10, 11, 13] for the properties of oscillons. Thus, to study
oscillon formation in this physically reasonable scenario,
we rely on numerical simulations.

We can gain a heuristic understanding of oscillon for-
mation by looking at the instability diagram for the
potential in (2), as resonance generates large inhomo-
geneities which then relax to form oscillons [11]. Ignoring
expansion and working in the limit where � is approxi-
mately homogeneous, Floquet theory allows us to write
the individual momentum modes of � as

�
k

= P+(t)e
µkt + P�(t)e

�µkt (4)

where P±(t) are periodic functions and ±µ
k

are called
Floquet exponents. Our first task is to calculate these ex-
ponents: if the real part of µ

k

, <(µ
k

), is nonzero and its
magnitude is larger than the Hubble parameter,H ⇠ t�1,
at the end of inflation, the mode will grow. Roughly
speaking, if |<(µ

k

)|/H >⇠ 10, we have strong resonance.
In an expanding universe, �

k

has a physical wavenum-
ber k/a(t) and thus moves through a number of Floquet
bands as the scale factor, a(t), grows, as shown in Fig-
ure 1. For our potential, with � = Mpl/M , one can
show that the maximum value of |<(µ

k

)|/H as the modes

FIG. 1: Floquet diagram with ↵ = 1/2, � = 100. The stable
regions are dark red. Within the unstable bands, lighter colors
correspond to larger real-valued Floquet exponents. White
lines show k/a(t) for representative modes in an expanding
universe.

traverse the Floquet bands is [|<(µ
k

)|/H]
max

⇡ A(↵)�
where A(↵) ⇡ (1/2)

⇥
(1� ↵)� (1/10)(1� ↵)2

⇤
.

We studied the nonlinear dynamics of resonance fol-
lowing inflation driven by eq. (2) using PSpectRe
[26]. PSpectRe solves the fully nonlinear three di-
mensional Klein-Gordon equation in an expanding back-
ground whose behavior is governed by the usual Fried-
man equations, sourced by the average density and pres-
sure. The backreaction of metric perturbations on the
field is ignored. Our simulations begin at the first in-
stant �̇ = 0, although our results are insensitive to the
details of this choice. The scalefactor a = 1 at the begin-
ning of our simulations. We assume a standard spectrum
of initial vacuum fluctuations, although we checked that
our results are qualitatively insensitive to the detailed
form of the initial conditions. We ignore backreaction of
the metric perturbations on the field evolution – these
can be shown to be small during resonance. The initial
boxsize is L = 25/m with 2563 points in the (comoving)
simulation volume.
A single timeslice of a representative simulation is

shown in Figure 2. Given that oscillons are large over-
densities, a necessary condition for oscillon domination
is that

f =

R
⇢>2h⇢i ⇢dVR

⇢dV
, (5)

the fraction of the total energy density contributed by
regions where ⇢/h⇢i > 2, is nontrivial. Oscillons are
e↵ectively fixed in space, persisting for a Hubble time
or more, so the overall density in an oscillon-dominated
universe at di↵erent times is strongly correlated. Heuris-

3

FIG. 2: Oscillon configuration with ↵ = 1/2 and � = 50. The
top plot shows regions where ⇢/h⇢i > 4 (transparent) and 12
(solid), while the lower plot shows ⇢/h⇢i on a two dimensional
slice through the simulation. Length units are 1/a(t)m, and
these plots were made when a(t) = 5.46.

tically, f >⇠ 0.3 is su�cient to guarantee that the field
configuration (and thus the post-inflationary universe as
a whole) was dominated by oscillons. Figure 3 shows f
as a function of ↵ and �, along with the maximal value
of the resonance parameter [|<(µ

k

)|/H]
max

. We see that
strong resonance, or [|<(µ

k

)|/H]
max

& 10, is both neces-
sary and su�cient for prompt, copious oscillon formation.

In models for which f is non-zero, it remains approxi-
mately constant for a several Hubble times after the onset
of oscillon domination, demonstrating that this phase is
long-lived, relative to prevailing cosmological time scales.
Unlike the oscillons studied in [10, 11, 13] which have a
stable, radial envelope, �(r), which evolves very slowly
with time, here the corresponding envelope is a periodic
function of time, and the oscillon “breathes” in and out.
The detailed dynamics of these oscillon solutions will be
discussed in a future publication, but we have simulated
a single oscillon (ignoring expansion) over a long interval

FIG. 3: The statistic, f , is shown at a(t) = 7 (a(t) = 1 at
the beginning of the simulation) as a function of ↵ and � =
Mpl/M . Contours show maximal value of the [|<(µ

k

)|/H]
max

.
The thick black contour denotes [|<(µ

k

)|/H]
max

= 7 whereas
the thin white ones correspond to [|<(µ

k

)|/H]
max

= 1, 3.

for representative values of ↵ and � after imposing strict
radial symmetry, reducing the problem to a 1+1 PDE.
Even though oscillons are not protected by a conserved
charge and radiate energy [27–29], these simulations sug-
gest that they live long enough for the universe to grow
by a factor of 100 or more, and we expect this to be true
even if the assumption of radial symmetry is dropped.
Also, the quantum radiation will be small in the regime
where the self couplings, such as � ⇠ m2/M2, are small
[29].

CONSEQUENCES AND DISCUSSION

We have demonstrated that for a large class of mod-
els in excellent agreement with the current concordance
cosmology inflation is naturally followed by an oscillon-
dominated phase, provided that the couplings to other
fields are small. These oscillons are generated by para-
metric resonance, which occurs if the inflationary poten-
tial turns over from the slow-roll regime to a quadratic
regime at a scale M ⌧ Mpl.
The inflationary models here are self-resonant, so os-

cillon production does not require specific couplings to
other fields. It is likely that any significant couplings
between the inflaton and other fields can inhibit the for-
mation of oscillons, by allowing resonant production of
quanta of these additional fields. Further, couplings to
other fields can reduce the stability of oscillons by pro-
viding an additional channel into which they can radiate
energy. Lastly, the impact of interactions between oscil-
lons is largely unexplored (however, see [35]).
Many resonant models include light fields, leaving the

universe in an intermediate state between matter and ra-
diation [30, 31], but massive self-resonant models lead to
an oscillon-dominated universe that is e↵ectively mat-
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FIG. 1: Time evolution of the fluctuations from t = 0[1/M ] for each initial amplitude of the background field �/Mp =
2, 0.5, 0.1, 0.01. Each line is the snapshot of the spectrum of the fluctuations at several time. The vertical axis ��k is the
Fourier mode of the fluctuation ��(x) and the horizontal axis k is the corresponding momentum.

Redefining the time variable as Mt ⌘ 2T̂ , we can trans-
form the EOM for ��k [Eq. (39)] into the Mathieu equa-
tion:

��00
k +

h
A

1k � 2q
1

cos(2T̂ )
i
��k = 0, (48)

where a prime denotes a derivative with respect to T̂ .
Parameters q

1

and A
1k are defined as

q
1

⌘ 2
p
6
�

Mp
, (49)

A
1k ⌘ 4 + 4

✓
k

M

◆
2

+
7

36
q2
1

. (50)

The Mathieu equation (48) has a growing mode solution
that leads to instabilities. The instabilities are classified
to two cases, whether q < 1 or q > 1. When q < 1, a
growth of the fluctuations can be induced by a narrow
resonance [13] whose instability mode is characterized by
the parameter Ak = n2, where n is a natural number.
When q > 1, a growth of the fluctuations can be induced
by a broad resonance [14], namely instabilities occur at
the break down of the adiabatic condition: |d!/dt|/!2 >
1.

For 0.2Mp . � . 2Mp such that q
1

& 1, enhance-
ment of the fluctuations would be induced by a broad
resonance. Substituting the frequency (47) into the non-
adiabatic condition |d!/dt|/!2 > 1, we get

✓
k

M

◆
2

<� 1� 7

6

✓
�

Mp

◆
2

+
p
6
�

Mp
cos(Mt)

+

✓
3

2

◆ 1
3
✓

�

Mp

◆ 2
3

|sin(Mt)| 23 , (51)

which yields a broad resonance band. Fig. 2 shows the
right-hand side of Eq. (51). An exponential instability
takes place if the adiabatic condition is violated, i.e. if the
lines in Fig. 2 lie above zero for some time. We find the
instability can occur for � = 0.5Mp within 0  k/M <
0.47, which explains the broad resonance band of the
right top panel in Fig. 1. For � = 2Mp, even though
q
1

= 4
p
6 > 1, the broad resonance condition [Eq. (51)

and Fig. 2] indicates that there is no instability band due
to the lower harmonic frequency. In this case, however,
the higher harmonic becomes important, which we will
explain later.
For � < 0.2Mp, parameter q

1

is smaller than 1, and

Broad resonance

2nd narrow resonance
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FIG. 5: Time evolution of the background from t =
10�1[1/M ] to t = 104[1/M ]. The vertical axis �bg = �0 is
the amplitude of the background field and the horizontal axis
t is cosmic time in units of M�1.
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the fluctuations at t = 0, 10, 102, 103, 104[1/M ]. The vertical
axis ��k is the Fourier mode of the fluctuation ��(x) and the
horizontal axis k is the corresponding momentum.

parametric self-resonances cannot overcome the e↵ect of
the expansion, and thus instabilities do not occur during
the reheating epoch in the absence of the back-reaction
from the metric of space-time.

B. Metric preheating

We will now take the metric perturbations into ac-
count. Under the coordinate (gauge) transformation
t ! t + �t, the field and the scale factor are trans-
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FIG. 7: Time evolution of the fluctuations from t = 0[1/M ]
to t = 104[1/M ] with the Mukhanov-Sasaki equation. Each
line is the snapshot of the spectrum of the fluctuations at t =
0, 10, 102, 103, 104[1/M ]. The vertical axis ��k is the Fourier
mode of the fluctuation ��(x) and the horizontal axis k is the
corresponding momentum.

formed as �(x, t + �t) ' �
0

(t) + ��(x, t) + �̇
0

(t)�t
and a(t + �t) ' a(t) + ȧ(t)�t = a(t) + a(t)H�t, re-
spectively. With an almost flat FLRW spatial metric
hij(x, t+ �t)dxidxj ' a2(t)e2⇣dx2

i , we take H�t = ⇣ and
�(x, t + �t) ' �

0

(t) + ��(x, t) + �̇
0

(t)⇣/H. Then, we
cannot separate fluctuations �� and ⇣ since their linear
combination is physical. In this case, the gauge invari-
ant combination of the perturbations is known as the
Mukhanov-Sasaki variable [44]:

vk = a

 
��k � �̇

0

H
⇣k

!
, (64)

where ⇣k is the perturbation of the three curvature given
in Sec. II. During the post-inflationary oscillation phase,
⇣k has a singular behavior, which can be avoided by in-
stead using the EOM for vk (Mukhanov-Sasaki equation
[44]) [45–50]. In a flat gauge (i.e., on the zero curvature
time-slice, ⇣k = 0), the Mukhanov-Sasaki equation reads

��̈k + 3H��̇k +


k2

a2
+ V 00(�

0

) +�F

�
��k = 0, (65)

where the back-reaction from the metric perturbations is
given by

�F ⌘
˙2�
0

M2

pH
V 0(�

0

) +
�̇2

0

M4

pH
2

V (�
0

). (66)

The background equations are given by Eqs. (61) and
(62).
We have numerically integrated the coupled Eq. (61),

(62) and (65) with the same numerical method as in the
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where ⇣k is the perturbation of the three curvature given
in Sec. II. During the post-inflationary oscillation phase,
⇣k has a singular behavior, which can be avoided by in-
stead using the EOM for vk (Mukhanov-Sasaki equation
[44]) [45–50]. In a flat gauge (i.e., on the zero curvature
time-slice, ⇣k = 0), the Mukhanov-Sasaki equation reads
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The background equations are given by Eqs. (61) and
(62).
We have numerically integrated the coupled Eq. (61),

(62) and (65) with the same numerical method as in the

Without back-reaction from metric,
Hubble damping wins over instabilities.

With back-reaction from metric, 
preheating is balanced with

 Hubble damping.
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parametric self-resonances cannot overcome the e↵ect of
the expansion, and thus instabilities do not occur during
the reheating epoch in the absence of the back-reaction
from the metric of space-time.
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We will now take the metric perturbations into ac-
count. Under the coordinate (gauge) transformation
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FIG. 7: Time evolution of the fluctuations from t = 0[1/M ]
to t = 104[1/M ] with the Mukhanov-Sasaki equation. Each
line is the snapshot of the spectrum of the fluctuations at t =
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mode of the fluctuation ��(x) and the horizontal axis k is the
corresponding momentum.

formed as �(x, t + �t) ' �
0

(t) + ��(x, t) + �̇
0

(t)�t
and a(t + �t) ' a(t) + ȧ(t)�t = a(t) + a(t)H�t, re-
spectively. With an almost flat FLRW spatial metric
hij(x, t+ �t)dxidxj ' a2(t)e2⇣dx2

i , we take H�t = ⇣ and
�(x, t + �t) ' �

0

(t) + ��(x, t) + �̇
0

(t)⇣/H. Then, we
cannot separate fluctuations �� and ⇣ since their linear
combination is physical. In this case, the gauge invari-
ant combination of the perturbations is known as the
Mukhanov-Sasaki variable [44]:

vk = a

 
��k � �̇

0

H
⇣k

!
, (64)

where ⇣k is the perturbation of the three curvature given
in Sec. II. During the post-inflationary oscillation phase,
⇣k has a singular behavior, which can be avoided by in-
stead using the EOM for vk (Mukhanov-Sasaki equation
[44]) [45–50]. In a flat gauge (i.e., on the zero curvature
time-slice, ⇣k = 0), the Mukhanov-Sasaki equation reads

��̈k + 3H��̇k +


k2

a2
+ V 00(�

0

) +�F

�
��k = 0, (65)

where the back-reaction from the metric perturbations is
given by

�F ⌘
˙2�
0

M2

pH
V 0(�

0

) +
�̇2

0

M4

pH
2

V (�
0

). (66)

The background equations are given by Eqs. (61) and
(62).
We have numerically integrated the coupled Eq. (61),

(62) and (65) with the same numerical method as in the

Back-reaction 
from metric:

Mukhanov-Sasaki eqn. �2
k
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Conclusion 

• We are now in the golden age of cosmology. Data is getting more 
and more precise, and even a surprise is coming! The detection of 
inflationary gravitational waves by BICEP2 will be confirmed or 
falsified by Planck 10/2014.

• The physics of reheating affects precise predictions of 
inflationary models. Oscillons/I-balls do not form after 
Starobinsky inflation, thereby reheating proceeds through 
perturbative particle production of Higgs with                           
and                

• Halos and PBHs (                          ) may be formed by metric 
preheating after Starobinsky inflation since                     for ~13 
e-folds. [cf. Jedamzik, Lemoine, Martin 2010]

��/� � a
Mnl � 4� 106g

Trh � 109GeV
N� � 54.


