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Inflationary multiverse: 

Gravity	  coupled	  to	  a	  field	  theory	  with	  several	  metastable	  vacua	  

Very	  interesEng	  dynamics,	  driven	  by	  inflaEon	  and	  vacuum	  transiEons.	  



Inflationary multiverse: 

Gravity	  coupled	  to	  a	  field	  theory	  with	  several	  metastable	  vacua	  

  Our universe could well be that system: 

	  -‐	  There	  is	  some	  evidence	  for	  primordial	  inflaEon.	  	  

	  -‐	  And	  some	  more	  for	  cosmic	  acceleraEon.	  

-‐	  This	  scenario	  may	  offer	  a	  soluEon	  of	  the	  cc	  problem	  
(and	  all	  other	  observed	  coincidences),	  given	  a	  vast	  landscape	  of	  vacua.	  



Vacuum transitions: - Slow roll 

- Quantum diffusion 

-  Bubble nucleation 

Robust features of  theories with long lived inflating vacua: 

	  -‐	  InflaEon	  is	  generically	  eternal to the future. 

-   All vacua which	  are	  accessible	  are	  eventually populated.	  There	  will	  be	  some	  
fracEon	  of	  the	  volume	  of	  the	  universe	  	  	  

	  -‐	  The distribution of  vacua [e.g. Vol(\phi,t)] approaches an attractor	  at	  late	  
Emes.	  

These	  are	  semiclassical	  mechanisms	  	  (there	  may	  be	  other	  transiEon	  
mechanisms	  in	  a	  full	  quantum	  theory).	  



Bubble formation 	  

A	  
B	  

timescales down to τq. Also, in this regime, we seem to have to resort to numerics.
In any case, we have the option of presenting also (in a subsection) an alternative
model detector involving a four point interaction, which may be more efficient.
Also, we may be able to proceed analytically in this case.

Our conclusions are summarized in Section 5.

2 Timescales

In the thin wall limit, the action for a vacuum bubble is given by

S = −
�

M(r)
�

1− ṙ2 dt+ �

�
V (r) dt. (2.1)

Here, M(r) is the mass of the domain wall of radius r, � is the difference in energy density
between the false and the true vacuum, and V (r) is the volume inside the bubble. In D
spacetime dimensions,

M(r) = σ Ω rD−2, V (r) =
Ω

D − 1
rD−1, (2.2)

where σ is the wall tension, and Ω is the surface of the unit (D−2)-sphere. A vacuum bubble
has zero energy (relative to the false vacuum configuration without the bubble)

�
p2r +M2 − � V (r) = 0. (2.3)

Here the radial momentum is given by

pr = γMṙ, (2.4)

with γ = (1− ṙ2)−1/2. Up to temporal shifts, the solution of (2.3) is given by Eq. (1.1), with

r0 =
(D − 1)σ

�
. (2.5)

Eq. (2.5) gives the size of the critical bubble, which is also the timescale needed for thie
bubble wall to become relativistic

τacc ∼ r0. (2.6)

To relate r0 to other relevant scales, we introduce the dimensionless combination

λ ≡ σD

�D−1
∼ SE � 1. (2.7)

Up to a numerical coefficient of order one, this coincides with the instanton action SE , which
can be calculated by substituting the Euclidean version of (1.1) into the Euclidean version of
(2.1). The semiclassical approach to tunneling is only valid when the last strong inequality
is satisfied. This will make λ a useful expansion parameter.

Eq. (2.3) can be thought of as the classical limit of a Schordinger equation for the wave
function of the bubble. This was used in [2] to estimate the probability that a bubble of
vanishing size may tunnel to the critical size. The estimate in [2] is in qualitative agreement
with the decay rate per unit volume Γ ∼ e−SE which is obtained by the instanton methods
[3]. The lifetime τvac for the false vacuum is therefore exponential in λ,

ln τvac ∝ λ. (2.8)
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pr = γMṙ, (2.4)

with γ = (1− ṙ2)−1/2. Up to temporal shifts, the solution of (2.3) is given by Eq. (1.1), with

r0 =
(D − 1)σ

�
. (2.5)

Eq. (2.5) gives the size of the critical bubble, which is also the timescale needed for thie
bubble wall to become relativistic

τacc ∼ r0. (2.6)

To relate r0 to other relevant scales, we introduce the dimensionless combination

λ ≡ σD

�D−1
∼ SE � 1. (2.7)

Up to a numerical coefficient of order one, this coincides with the instanton action SE , which
can be calculated by substituting the Euclidean version of (1.1) into the Euclidean version of
(2.1). The semiclassical approach to tunneling is only valid when the last strong inequality
is satisfied. This will make λ a useful expansion parameter.

Eq. (2.3) can be thought of as the classical limit of a Schordinger equation for the wave
function of the bubble. This was used in [2] to estimate the probability that a bubble of
vanishing size may tunnel to the critical size. The estimate in [2] is in qualitative agreement
with the decay rate per unit volume Γ ∼ e−SE which is obtained by the instanton methods
[3]. The lifetime τvac for the false vacuum is therefore exponential in λ,

ln τvac ∝ λ. (2.8)

– 5 –

timescales down to τq. Also, in this regime, we seem to have to resort to numerics.
In any case, we have the option of presenting also (in a subsection) an alternative
model detector involving a four point interaction, which may be more efficient.
Also, we may be able to proceed analytically in this case.

Our conclusions are summarized in Section 5.

2 Timescales

In the thin wall limit, the action for a vacuum bubble is given by

S = −
�

M(r)
�
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Γ ∼ e−
� r0
r=0 |pr|dr (0.1)

1 Introduction

As shown originally by Voloshin, Kobzarev and Okun [2], a metastable false vacuum in field
theory can decay by quantum tunneling. The process occurs locally, by nucleation of true
vacuum bubbles of a critical size r0. In the semiclassical picture, a critical bubble is initially
at rest, and then expands with constant proper acceleration r−1

0 . Lorentz invariance of the
false vacuum, however, indicates that bubbles will not have any preferred rest frame in which
to nucleate. This observation seems to suggest [2] that the total rate of decay per unit volume
should include an integral over the Lorentz group, in order to account for all possible frames.
Such integral would of course be divergent (or at least cut-off dependent if a regulator is
imposed). Nonetheless, soon after this idea was proposed, Coleman [3] developed a instanton
method which made it clear that the rate is finite, and that integration over the Lorentz
group does not play any role in calculating it 1.

Coleman’s arguments, however, do not shed much light on a related and somewhat
mysterious aspect of bubble nucleation, a missing ingredient which seems necessary for an
adequate description of the process. If it is true that a long lived metastable false vacuum
is approximately Lorentz invariant, what is it that determines the rest frame in which the
critical bubble nucleates?

The question is best illustrated in the limit when the bubble walls are thin compared
to the bubble size (see Fig. 1). The trajectory of a vacuum bubble of radius r as a function
of time t is given by [2, 3]

r2 − t2 = r20. (1.1)

Eq. (1.1) is invariant under Lorentz boosts, and describes a bubble which contracts from
infinite size (at t → −∞) to the minimum size r0 (at t = 0), and then expands again to
infinite size (at t → ∞). However, only the expanding part of this trajectory is relevant
to vacum decay. Indeed, we assume that the system is prepared in the false vacuum in the

1The reason is that instanton in this case is O(4) invariant, and its Lorentzian continuation (describing
the bubble after nucleation) is invariant with respect to Lorentz boosts. Because of that, the final state in the
asymptotic future is independent of the rest frame in which the critical bubble nucleates. Integrating over the
Lorentz group would then amount to overcounting the final states. For a recent discussion of related issues,
see [4–6].
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Critical bubble nucleates at rest,  
and then expands 
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Figure 1. Diagram illustrating the nucleation of a bubble of true vacuum. The system is prepared

to be in the metastable false vacuum at some early time t = −t0. A bubble of size r0 nucleates at rest

at time t = 0, and subsequently expands. The semiclassical picture of an expanding bubble is valid

for t � τq.

event occurs at the time which we here denote as t = 0, forming a critical bubble, which

then expands according to (1.1). Nucleation is a quantum process (indicated in Fig. 1 by a

wavy line), and therefore we should not say that it takes place exactly at the turning point

hypersurface t = 0. The semiclassical picture of an expanding bubble is valid only after a

certain time τq has ellapsed,

t � τq > 0. (1.2)

As we shall see, in the regime where the action of the instanton describing vacuum decay is

large, we have τq � r0. In this sense, it is still quite accurate to say that nucleation takes

place on a t ≈ const. hypersurface.
Since only the expanding branch of (1.1) is relevant, the actual process of vacuum

decay is not at all Lorentz invariant. In a reference frame S� which moves at high velocity

v = tanhφv with respect to the rest frame of nucleation, things look rather different (see Fig.
2). Observers in the new frame will see a piece of the bubble appear at time t� ≈ −r0 sinhφv,

moving very fast in the boost direction. The bubble will come to a halt at t� = 0. At

that time the bubble wall presents a somewhat awkward shape: it consists of one hemisphere

attached to a rather fuzzy interface between false and true vacuum, which cannot be described

semiclassically. The nucleation process does not conclude until the time t� ≈ +r0 sinhφv,

when the semiclassical bubble wall wraps the full sphere.

Given its impact on the kinematics of bubble formation, it is in hindsight surprising that

investigation of the frame of nucleation has been neglected for over three decades. Recently,

however, this issue was addressed in Ref. [1], by considering a model detector which interacts

with the nucleaded bubbles. Several plausibe scenarios were anticipated to possibly emerge

from this study: (A) It could be that the frame of nucleation simply coincides with the rest

frame of the detectors. In other words, each detector will see bubbles forming at rest in her

own rest frame. (B) It is conceivable that the contracting part of the bubble history is not

completely cut off and can be at least partially observed. (C) A third possibility is that the

– 2 –

Figure 1. Diagram illustrating the nucleation of a bubble of true vacuum. The system is prepared

to be in the metastable false vacuum at some early time t = −t0. A bubble of size r0 nucleates at rest

at time t = 0, and subsequently expands. The semiclassical picture of an expanding bubble is valid

for t � τq.

event occurs at the time which we here denote as t = 0, forming a critical bubble, which

then expands according to (1.1). Nucleation is a quantum process (indicated in Fig. 1 by a

wavy line), and therefore we should not say that it takes place exactly at the turning point

hypersurface t = 0. The semiclassical picture of an expanding bubble is valid only after a

certain time τq has ellapsed,

t � τq > 0. (1.2)

As we shall see, in the regime where the action of the instanton describing vacuum decay is

large, we have τq � r0. In this sense, it is still quite accurate to say that nucleation takes

place on a t ≈ const. hypersurface.
Since only the expanding branch of (1.1) is relevant, the actual process of vacuum

decay is not at all Lorentz invariant. In a reference frame S� which moves at high velocity

v = tanhφv with respect to the rest frame of nucleation, things look rather different (see Fig.
2). Observers in the new frame will see a piece of the bubble appear at time t� ≈ −r0 sinhφv,

moving very fast in the boost direction. The bubble will come to a halt at t� = 0. At

that time the bubble wall presents a somewhat awkward shape: it consists of one hemisphere

attached to a rather fuzzy interface between false and true vacuum, which cannot be described

semiclassically. The nucleation process does not conclude until the time t� ≈ +r0 sinhφv,

when the semiclassical bubble wall wraps the full sphere.

Given its impact on the kinematics of bubble formation, it is in hindsight surprising that

investigation of the frame of nucleation has been neglected for over three decades. Recently,

however, this issue was addressed in Ref. [1], by considering a model detector which interacts

with the nucleaded bubbles. Several plausibe scenarios were anticipated to possibly emerge

from this study: (A) It could be that the frame of nucleation simply coincides with the rest

frame of the detectors. In other words, each detector will see bubbles forming at rest in her

own rest frame. (B) It is conceivable that the contracting part of the bubble history is not

completely cut off and can be at least partially observed. (C) A third possibility is that the

– 2 –

False	  vacuum	  approximately	  Lorentz	  invariant.	  

No	  prefered	  frame	  of	  	  nucleaEon.	  
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wavy line), and therefore we should not say that it takes place exactly at the turning point

hypersurface t = 0. The semiclassical picture of an expanding bubble is valid only after a

certain time τq has ellapsed,

t � τq > 0. (1.2)

As we shall see, in the regime where the action of the instanton describing vacuum decay is

large, we have τq � r0. In this sense, it is still quite accurate to say that nucleation takes

place on a t ≈ const. hypersurface.
Since only the expanding branch of (1.1) is relevant, the actual process of vacuum

decay is not at all Lorentz invariant. In a reference frame S� which moves at high velocity

v = tanhφv with respect to the rest frame of nucleation, things look rather different (see Fig.
2). Observers in the new frame will see a piece of the bubble appear at time t� ≈ −r0 sinhφv,

moving very fast in the boost direction. The bubble will come to a halt at t� = 0. At

that time the bubble wall presents a somewhat awkward shape: it consists of one hemisphere

attached to a rather fuzzy interface between false and true vacuum, which cannot be described

semiclassically. The nucleation process does not conclude until the time t� ≈ +r0 sinhφv,

when the semiclassical bubble wall wraps the full sphere.

Given its impact on the kinematics of bubble formation, it is in hindsight surprising that

investigation of the frame of nucleation has been neglected for over three decades. Recently,

however, this issue was addressed in Ref. [1], by considering a model detector which interacts

with the nucleaded bubbles. Several plausibe scenarios were anticipated to possibly emerge

from this study: (A) It could be that the frame of nucleation simply coincides with the rest

frame of the detectors. In other words, each detector will see bubbles forming at rest in her

own rest frame. (B) It is conceivable that the contracting part of the bubble history is not

completely cut off and can be at least partially observed. (C) A third possibility is that the
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where nµ is a unit spacelike vector normal to uµ.
For this electric field, we may choose a Lorentz-covariant gauge in which the gauge field

Aµ is given by

Aµ =
1

2
E �µν x

ν . (2.4)

However, since the calculation in this gauge seems technically more involved, we choose a

non-covariant gauge where

Aµ =
1

2
E
�
�µν x

ν − ∂µ(x
0x1)

�
. (2.5)

This gives the components of the gauge field as

Aµ = (At , Ax) = (0 , −Et) , (2.6)

where (t, x) = (x0, x1).

2.1 The in-vacuum and the Bogoliubov coefficients

The variation of the action with respect to φ gives the field equation,

�
−∂2

t + (∂x − ieAx)
2 −m2

�
φ = 0. (2.7)

We expand the field in terms of the creation and anihilation operators,

φ(t, x) =

�
dk

(2π)1/2

�
akφk(t) + b†−kφ

∗
k(t)

�
eikx , (2.8)

where the mode functions φk(t) satisfy the equation,

�
d2

dt2
+m2

+ (k + eEt)2
�
φk = 0 . (2.9)

The canonical commutation relations lead to

[ak, a
†
k� ] = δ(k − k�) , [bk, b

†
k� ] = δ(k − k�) , (2.10)

and the normalization condition,

i
�
φ∗
k(t)∂tφk(t)− φk(t)∂tφ

∗
k(t)

�
= 1 . (2.11)

Linearly independent solutions of Eq.(2.9) can be expressed in terms of the parabolic

cylinder functions,

φ±
k (z) ∝ Dν∗ [±(1− i)z] , (2.12)

where

z ≡
√
eE

�
t+

k

eE

�
, ν = −1 + iλ

2
, λ ≡ m2

eE
. (2.13)

The general solution is given by a linear superposition of φ±
k . We choose

φk(z) =
1

(2eE)1/4
ei

π
4 ν

∗
Dν∗ [−(1− i)z] , (2.14)
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Figure 2. Bubble nucleation in a reference frame S� which moves at high velocity v = tanhφv with

respect to the frame of nucleation. Observers in the boosted frame will see a piece of the bubble appear

at time t� ≈ −r0 sinhφv, moving very fast opposite to the boost direction. At t� = 0 the bubble wall

has a somewhat awkward shape: it consists of one hemisphere attached to a fuzzy interface between

false and true vacuum, which cannot be described semiclassically. The process of formation lasts

untile the time t� ≈ +r0 sinhφv, when the semiclassical bubble wall closes into a full sphere.

semiclassically. The nucleation process does not conclude until the time t� ≈ +r0 sinhφv,

when the semiclassical bubble wall wraps the full sphere.

Given its impact on the kinematics of bubble formation, it is in hindsight surprising that

investigation of the frame of nucleation has been neglected for over three decades. Recently,

however, this issue was addressed in Ref. [1], by considering a model detector which interacts

with the nucleaded bubbles. Several plausibe scenarios were anticipated to possibly emerge

from this study: (A) It could be that the frame of nucleation simply coincides with the rest

frame of the detectors. In other words, each detector will see bubbles forming at rest in her

own rest frame. (B) It is conceivable that the contracting part of the bubble history is not

completely cut off and can be at least partially observed. (C) A third possibility is that the

frame of nucleation is influenced by how the decaying false vacuum was set up.

The investigation in [1] was done by using pair production of a charged scalar field φ
in a constant electric field as a model for bubble nucleation in (1+1) dimensions. To take

care of option (C) above, the hypersurface of initial conditions (where the quantum state for

the field φ is prepared) was taken to the infinite past t → −∞. In this idealized situation,

it was shown that the “in” vacuum is Lorentz invariant2, and therefore cannot determine a

2This does not follow trivially from the boost invariance of the electric field, since the “in” vacuum must
be defined in a given frame and in a specific gauge.
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frame of nucleation is influenced by how the decaying false vacuum was set up.

The investigation in [1] was done by using pair production of a charged scalar field φ in

a constant electric field as a model for bubble nucleation in (1+1) dimensions. To take care

of option (C), the initial hypersurface where the quantum state for the field φ is prepared

was taken to the infinite past t → −∞. In this idealized situation, it was shown that the “in”

vacuum is Lorentz invariant2, and therefore cannot determine a preferred frame of nucleation.

To investigate (A) and (B), the model detector was chosen to be a particle of a second charged

field ψ (see Fig. 3), interacting with φ through the vertex

g(φψ∗χ+ hc), (1.3)

where g is a coupling constant. Through this interaction, the ψ particle can anihilate the

φ antiparticle in the pair, producing a neutral particle χ. The kinematics of this process

is such that the φ antiparticle has at most two chances, along its hyperbolic trajectory, of

interacting with the detector. The reason is that the center of mass energy of the collision

between φ∗ and the detector particle ψ has to be equal to the rest mass mχ of the product.

This selects the magnitude of the momentum of φ relative to ψ, but we have two options for

its sign. If the pair nucleates in the rest frame of the detector, as in (a), then the collision

will take place in the expanding branch of the hyperbola, and the momentum of the decay

product χ will be negative p < 0. On the other hand, if the pair nucleates in a frame which is

highly boosted with respect to the detector, then there is a good chance that the interaction

takes place in the contracting branch of the hyperbola. This will lead to a χ particle with

positive momentum p > 0, as in (b). The results of Ref.[1] showed a strong asymmetry in

the momentum distribution of the decay products, towards negative momenta. This was

2This does not follow trivially from the boost invariance of the electric field, since the “in” vacuum must
be defined in a given frame and in a specific gauge.
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Γ ∼ e−
� r0
r=0 |pr|dr (0.1)

Γtotal = Γ Ω

�
dφv(sinhφv)

D−2
= ∞ (0.2)

1 Introduction

As shown originally by Voloshin, Kobzarev and Okun [2], a metastable false vacuum in field

theory can decay by quantum tunneling. The process occurs locally, by nucleation of true

vacuum bubbles of a critical size r0. In the semiclassical picture, a critical bubble is initially

at rest, and then expands with constant proper acceleration r−1
0 . Lorentz invariance of the

false vacuum, however, indicates that bubbles will not have any preferred rest frame in which

to nucleate. This observation seems to suggest [2] that the total rate of decay per unit volume

should include an integral over the Lorentz group, in order to account for all possible frames.

Such integral would of course be divergent (or at least cut-off dependent if a regulator is

imposed). Nonetheless, soon after this idea was proposed, Coleman [3] developed a instanton

method which made it clear that the rate is finite, and that integration over the Lorentz

group does not play any role in calculating it 1.

Coleman’s arguments, however, do not shed much light on a related and somewhat

mysterious aspect of bubble nucleation, a missing ingredient which seems necessary for an

adequate description of the process. If it is true that a long lived metastable false vacuum

is approximately Lorentz invariant, what is it that determines the rest frame in which the

critical bubble nucleates?

The question is best illustrated in the limit when the bubble walls are thin compared

to the bubble size (see Fig. 1). The trajectory of a vacuum bubble of radius r as a function

of time t is given by [2, 3]

r2 − t2 = r20. (1.1)

Eq. (1.1) is invariant under Lorentz boosts, and describes a bubble which contracts from

infinite size (at t → −∞) to the minimum size r0 (at t = 0), and then expands again to

1The reason is that instanton in this case is O(4) invariant, and its Lorentzian continuation (describing
the bubble after nucleation) is invariant with respect to Lorentz boosts. Because of that, the final state in the
asymptotic future is independent of the rest frame in which the critical bubble nucleates. Integrating over the
Lorentz group would then amount to overcounting the final states. For a recent discussion of related issues,
see [4–6].
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Figure 1. Diagram illustrating the nucleation of a bubble of true vacuum. The system is prepared

to be in the metastable false vacuum at some early time t = −t0. A bubble of size r0 nucleates at rest

at time t = 0, and subsequently expands. The semiclassical picture of an expanding bubble is valid

for t � τq.

event occurs at the time which we here denote as t = 0, forming a critical bubble, which

then expands according to (1.1). Nucleation is a quantum process (indicated in Fig. 1 by a

wavy line), and therefore we should not say that it takes place exactly at the turning point

hypersurface t = 0. The semiclassical picture of an expanding bubble is valid only after a

certain time τq has ellapsed,

t � τq > 0. (1.2)

As we shall see, in the regime where the action of the instanton describing vacuum decay is

large, we have τq � r0. In this sense, it is still quite accurate to say that nucleation takes

place on a t ≈ const. hypersurface.
Since only the expanding branch of (1.1) is relevant, the actual process of vacuum

decay is not at all Lorentz invariant. In a reference frame S� which moves at high velocity

v = tanhφv with respect to the rest frame of nucleation, things look rather different (see Fig.
2). Observers in the new frame will see a piece of the bubble appear at time t� ≈ −r0 sinhφv,

moving very fast in the boost direction. The bubble will come to a halt at t� = 0. At

that time the bubble wall presents a somewhat awkward shape: it consists of one hemisphere

attached to a rather fuzzy interface between false and true vacuum, which cannot be described

semiclassically. The nucleation process does not conclude until the time t� ≈ +r0 sinhφv,

when the semiclassical bubble wall wraps the full sphere.

Given its impact on the kinematics of bubble formation, it is in hindsight surprising that

investigation of the frame of nucleation has been neglected for over three decades. Recently,

however, this issue was addressed in Ref. [1], by considering a model detector which interacts

with the nucleaded bubbles. Several plausibe scenarios were anticipated to possibly emerge

from this study: (A) It could be that the frame of nucleation simply coincides with the rest

frame of the detectors. In other words, each detector will see bubbles forming at rest in her

own rest frame. (B) It is conceivable that the contracting part of the bubble history is not

completely cut off and can be at least partially observed. (C) A third possibility is that the
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where nµ is a unit spacelike vector normal to uµ.
For this electric field, we may choose a Lorentz-covariant gauge in which the gauge field

Aµ is given by

Aµ =
1

2
E �µν x

ν . (2.4)

However, since the calculation in this gauge seems technically more involved, we choose a

non-covariant gauge where

Aµ =
1

2
E
�
�µν x

ν − ∂µ(x
0x1)

�
. (2.5)

This gives the components of the gauge field as

Aµ = (At , Ax) = (0 , −Et) , (2.6)

where (t, x) = (x0, x1).

2.1 The in-vacuum and the Bogoliubov coefficients

The variation of the action with respect to φ gives the field equation,

�
−∂2

t + (∂x − ieAx)
2 −m2

�
φ = 0. (2.7)

We expand the field in terms of the creation and anihilation operators,

φ(t, x) =

�
dk

(2π)1/2

�
akφk(t) + b†−kφ

∗
k(t)

�
eikx , (2.8)

where the mode functions φk(t) satisfy the equation,

�
d2

dt2
+m2

+ (k + eEt)2
�
φk = 0 . (2.9)

The canonical commutation relations lead to

[ak, a
†
k� ] = δ(k − k�) , [bk, b

†
k� ] = δ(k − k�) , (2.10)

and the normalization condition,

i
�
φ∗
k(t)∂tφk(t)− φk(t)∂tφ

∗
k(t)

�
= 1 . (2.11)

Linearly independent solutions of Eq.(2.9) can be expressed in terms of the parabolic

cylinder functions,

φ±
k (z) ∝ Dν∗ [±(1− i)z] , (2.12)

where

z ≡
√
eE

�
t+

k

eE

�
, ν = −1 + iλ

2
, λ ≡ m2

eE
. (2.13)

The general solution is given by a linear superposition of φ±
k . We choose

φk(z) =
1

(2eE)1/4
ei

π
4 ν

∗
Dν∗ [−(1− i)z] , (2.14)
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Figure 2. Bubble nucleation in a reference frame S� which moves at high velocity v = tanhφv with

respect to the frame of nucleation. Observers in the boosted frame will see a piece of the bubble appear

at time t� ≈ −r0 sinhφv, moving very fast opposite to the boost direction. At t� = 0 the bubble wall

has a somewhat awkward shape: it consists of one hemisphere attached to a fuzzy interface between

false and true vacuum, which cannot be described semiclassically. The process of formation lasts

untile the time t� ≈ +r0 sinhφv, when the semiclassical bubble wall closes into a full sphere.

semiclassically. The nucleation process does not conclude until the time t� ≈ +r0 sinhφv,

when the semiclassical bubble wall wraps the full sphere.

Given its impact on the kinematics of bubble formation, it is in hindsight surprising that

investigation of the frame of nucleation has been neglected for over three decades. Recently,

however, this issue was addressed in Ref. [1], by considering a model detector which interacts

with the nucleaded bubbles. Several plausibe scenarios were anticipated to possibly emerge

from this study: (A) It could be that the frame of nucleation simply coincides with the rest

frame of the detectors. In other words, each detector will see bubbles forming at rest in her

own rest frame. (B) It is conceivable that the contracting part of the bubble history is not

completely cut off and can be at least partially observed. (C) A third possibility is that the

frame of nucleation is influenced by how the decaying false vacuum was set up.

The investigation in [1] was done by using pair production of a charged scalar field φ
in a constant electric field as a model for bubble nucleation in (1+1) dimensions. To take

care of option (C) above, the hypersurface of initial conditions (where the quantum state for

the field φ is prepared) was taken to the infinite past t → −∞. In this idealized situation,

it was shown that the “in” vacuum is Lorentz invariant2, and therefore cannot determine a

2This does not follow trivially from the boost invariance of the electric field, since the “in” vacuum must
be defined in a given frame and in a specific gauge.
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false and true vacuum, which cannot be described semiclassically. The process of formation lasts

untile the time t� ≈ +r0 sinhφv, when the semiclassical bubble wall closes into a full sphere.

frame of nucleation is influenced by how the decaying false vacuum was set up.

The investigation in [1] was done by using pair production of a charged scalar field φ in

a constant electric field as a model for bubble nucleation in (1+1) dimensions. To take care

of option (C), the initial hypersurface where the quantum state for the field φ is prepared

was taken to the infinite past t → −∞. In this idealized situation, it was shown that the “in”

vacuum is Lorentz invariant2, and therefore cannot determine a preferred frame of nucleation.

To investigate (A) and (B), the model detector was chosen to be a particle of a second charged

field ψ (see Fig. 3), interacting with φ through the vertex

g(φψ∗χ+ hc), (1.3)

where g is a coupling constant. Through this interaction, the ψ particle can anihilate the

φ antiparticle in the pair, producing a neutral particle χ. The kinematics of this process

is such that the φ antiparticle has at most two chances, along its hyperbolic trajectory, of

interacting with the detector. The reason is that the center of mass energy of the collision

between φ∗ and the detector particle ψ has to be equal to the rest mass mχ of the product.

This selects the magnitude of the momentum of φ relative to ψ, but we have two options for

its sign. If the pair nucleates in the rest frame of the detector, as in (a), then the collision

will take place in the expanding branch of the hyperbola, and the momentum of the decay

product χ will be negative p < 0. On the other hand, if the pair nucleates in a frame which is

highly boosted with respect to the detector, then there is a good chance that the interaction

takes place in the contracting branch of the hyperbola. This will lead to a χ particle with

positive momentum p > 0, as in (b). The results of Ref.[1] showed a strong asymmetry in

the momentum distribution of the decay products, towards negative momenta. This was

2This does not follow trivially from the boost invariance of the electric field, since the “in” vacuum must
be defined in a given frame and in a specific gauge.
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theory can decay by quantum tunneling. The process occurs locally, by nucleation of true

vacuum bubbles of a critical size r0. In the semiclassical picture, a critical bubble is initially

at rest, and then expands with constant proper acceleration r−1
0 . Lorentz invariance of the

false vacuum, however, indicates that bubbles will not have any preferred rest frame in which

to nucleate. This observation seems to suggest [2] that the total rate of decay per unit volume

should include an integral over the Lorentz group, in order to account for all possible frames.

Such integral would of course be divergent (or at least cut-off dependent if a regulator is

imposed). Nonetheless, soon after this idea was proposed, Coleman [3] developed a instanton

method which made it clear that the rate is finite, and that integration over the Lorentz

group does not play any role in calculating it 1.

Coleman’s arguments, however, do not shed much light on a related and somewhat

mysterious aspect of bubble nucleation, a missing ingredient which seems necessary for an

adequate description of the process. If it is true that a long lived metastable false vacuum

is approximately Lorentz invariant, what is it that determines the rest frame in which the

critical bubble nucleates?

The question is best illustrated in the limit when the bubble walls are thin compared

to the bubble size (see Fig. 1). The trajectory of a vacuum bubble of radius r as a function

of time t is given by [2, 3]

r2 − t2 = r20. (1.1)

Eq. (1.1) is invariant under Lorentz boosts, and describes a bubble which contracts from

infinite size (at t → −∞) to the minimum size r0 (at t = 0), and then expands again to

1The reason is that instanton in this case is O(4) invariant, and its Lorentzian continuation (describing
the bubble after nucleation) is invariant with respect to Lorentz boosts. Because of that, the final state in the
asymptotic future is independent of the rest frame in which the critical bubble nucleates. Integrating over the
Lorentz group would then amount to overcounting the final states. For a recent discussion of related issues,
see [4–6].
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Figure 1. Diagram illustrating the nucleation of a bubble of true vacuum. The system is prepared

to be in the metastable false vacuum at some early time t = −t0. A bubble of size r0 nucleates at rest

at time t = 0, and subsequently expands. The semiclassical picture of an expanding bubble is valid

for t � τq.

event occurs at the time which we here denote as t = 0, forming a critical bubble, which

then expands according to (1.1). Nucleation is a quantum process (indicated in Fig. 1 by a

wavy line), and therefore we should not say that it takes place exactly at the turning point

hypersurface t = 0. The semiclassical picture of an expanding bubble is valid only after a

certain time τq has ellapsed,

t � τq > 0. (1.2)

As we shall see, in the regime where the action of the instanton describing vacuum decay is

large, we have τq � r0. In this sense, it is still quite accurate to say that nucleation takes

place on a t ≈ const. hypersurface.
Since only the expanding branch of (1.1) is relevant, the actual process of vacuum

decay is not at all Lorentz invariant. In a reference frame S� which moves at high velocity

v = tanhφv with respect to the rest frame of nucleation, things look rather different (see Fig.
2). Observers in the new frame will see a piece of the bubble appear at time t� ≈ −r0 sinhφv,

moving very fast in the boost direction. The bubble will come to a halt at t� = 0. At

that time the bubble wall presents a somewhat awkward shape: it consists of one hemisphere

attached to a rather fuzzy interface between false and true vacuum, which cannot be described

semiclassically. The nucleation process does not conclude until the time t� ≈ +r0 sinhφv,

when the semiclassical bubble wall wraps the full sphere.

Given its impact on the kinematics of bubble formation, it is in hindsight surprising that

investigation of the frame of nucleation has been neglected for over three decades. Recently,

however, this issue was addressed in Ref. [1], by considering a model detector which interacts

with the nucleaded bubbles. Several plausibe scenarios were anticipated to possibly emerge

from this study: (A) It could be that the frame of nucleation simply coincides with the rest

frame of the detectors. In other words, each detector will see bubbles forming at rest in her

own rest frame. (B) It is conceivable that the contracting part of the bubble history is not

completely cut off and can be at least partially observed. (C) A third possibility is that the
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where nµ is a unit spacelike vector normal to uµ.
For this electric field, we may choose a Lorentz-covariant gauge in which the gauge field

Aµ is given by

Aµ =
1

2
E �µν x

ν . (2.4)

However, since the calculation in this gauge seems technically more involved, we choose a

non-covariant gauge where

Aµ =
1

2
E
�
�µν x

ν − ∂µ(x
0x1)

�
. (2.5)

This gives the components of the gauge field as

Aµ = (At , Ax) = (0 , −Et) , (2.6)

where (t, x) = (x0, x1).

2.1 The in-vacuum and the Bogoliubov coefficients

The variation of the action with respect to φ gives the field equation,

�
−∂2

t + (∂x − ieAx)
2 −m2

�
φ = 0. (2.7)

We expand the field in terms of the creation and anihilation operators,

φ(t, x) =

�
dk

(2π)1/2

�
akφk(t) + b†−kφ

∗
k(t)

�
eikx , (2.8)

where the mode functions φk(t) satisfy the equation,

�
d2

dt2
+m2

+ (k + eEt)2
�
φk = 0 . (2.9)

The canonical commutation relations lead to

[ak, a
†
k� ] = δ(k − k�) , [bk, b

†
k� ] = δ(k − k�) , (2.10)

and the normalization condition,

i
�
φ∗
k(t)∂tφk(t)− φk(t)∂tφ

∗
k(t)

�
= 1 . (2.11)

Linearly independent solutions of Eq.(2.9) can be expressed in terms of the parabolic

cylinder functions,

φ±
k (z) ∝ Dν∗ [±(1− i)z] , (2.12)

where

z ≡
√
eE

�
t+

k

eE

�
, ν = −1 + iλ

2
, λ ≡ m2

eE
. (2.13)

The general solution is given by a linear superposition of φ±
k . We choose

φk(z) =
1

(2eE)1/4
ei

π
4 ν

∗
Dν∗ [−(1− i)z] , (2.14)
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Figure 2. Bubble nucleation in a reference frame S� which moves at high velocity v = tanhφv with

respect to the frame of nucleation. Observers in the boosted frame will see a piece of the bubble appear

at time t� ≈ −r0 sinhφv, moving very fast opposite to the boost direction. At t� = 0 the bubble wall

has a somewhat awkward shape: it consists of one hemisphere attached to a fuzzy interface between

false and true vacuum, which cannot be described semiclassically. The process of formation lasts

untile the time t� ≈ +r0 sinhφv, when the semiclassical bubble wall closes into a full sphere.

semiclassically. The nucleation process does not conclude until the time t� ≈ +r0 sinhφv,

when the semiclassical bubble wall wraps the full sphere.

Given its impact on the kinematics of bubble formation, it is in hindsight surprising that

investigation of the frame of nucleation has been neglected for over three decades. Recently,

however, this issue was addressed in Ref. [1], by considering a model detector which interacts

with the nucleaded bubbles. Several plausibe scenarios were anticipated to possibly emerge

from this study: (A) It could be that the frame of nucleation simply coincides with the rest

frame of the detectors. In other words, each detector will see bubbles forming at rest in her

own rest frame. (B) It is conceivable that the contracting part of the bubble history is not

completely cut off and can be at least partially observed. (C) A third possibility is that the

frame of nucleation is influenced by how the decaying false vacuum was set up.

The investigation in [1] was done by using pair production of a charged scalar field φ
in a constant electric field as a model for bubble nucleation in (1+1) dimensions. To take

care of option (C) above, the hypersurface of initial conditions (where the quantum state for

the field φ is prepared) was taken to the infinite past t → −∞. In this idealized situation,

it was shown that the “in” vacuum is Lorentz invariant2, and therefore cannot determine a

2This does not follow trivially from the boost invariance of the electric field, since the “in” vacuum must
be defined in a given frame and in a specific gauge.
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false and true vacuum, which cannot be described semiclassically. The process of formation lasts

untile the time t� ≈ +r0 sinhφv, when the semiclassical bubble wall closes into a full sphere.

frame of nucleation is influenced by how the decaying false vacuum was set up.

The investigation in [1] was done by using pair production of a charged scalar field φ in

a constant electric field as a model for bubble nucleation in (1+1) dimensions. To take care

of option (C), the initial hypersurface where the quantum state for the field φ is prepared

was taken to the infinite past t → −∞. In this idealized situation, it was shown that the “in”

vacuum is Lorentz invariant2, and therefore cannot determine a preferred frame of nucleation.

To investigate (A) and (B), the model detector was chosen to be a particle of a second charged

field ψ (see Fig. 3), interacting with φ through the vertex

g(φψ∗χ+ hc), (1.3)

where g is a coupling constant. Through this interaction, the ψ particle can anihilate the

φ antiparticle in the pair, producing a neutral particle χ. The kinematics of this process

is such that the φ antiparticle has at most two chances, along its hyperbolic trajectory, of

interacting with the detector. The reason is that the center of mass energy of the collision

between φ∗ and the detector particle ψ has to be equal to the rest mass mχ of the product.

This selects the magnitude of the momentum of φ relative to ψ, but we have two options for

its sign. If the pair nucleates in the rest frame of the detector, as in (a), then the collision

will take place in the expanding branch of the hyperbola, and the momentum of the decay

product χ will be negative p < 0. On the other hand, if the pair nucleates in a frame which is

highly boosted with respect to the detector, then there is a good chance that the interaction

takes place in the contracting branch of the hyperbola. This will lead to a χ particle with

positive momentum p > 0, as in (b). The results of Ref.[1] showed a strong asymmetry in

the momentum distribution of the decay products, towards negative momenta. This was

2This does not follow trivially from the boost invariance of the electric field, since the “in” vacuum must
be defined in a given frame and in a specific gauge.
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Figure 2. Bubble nucleation in a reference frame S� which moves at high velocity v = tanhφv with

respect to the frame of nucleation. Observers in the boosted frame will see a piece of the bubble appear

at time t� ≈ −r0 sinhφv, moving very fast opposite to the boost direction. At t� = 0 the bubble wall

has a somewhat awkward shape: it consists of one hemisphere attached to a fuzzy interface between

false and true vacuum, which cannot be described semiclassically. The process of formation lasts

untile the time t� ≈ +r0 sinhφv, when the semiclassical bubble wall closes into a full sphere.
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investigation of the frame of nucleation has been neglected for over three decades. Recently,

however, this issue was addressed in Ref. [1], by considering a model detector which interacts

with the nucleaded bubbles. Several plausibe scenarios were anticipated to possibly emerge

from this study: (A) It could be that the frame of nucleation simply coincides with the rest

frame of the detectors. In other words, each detector will see bubbles forming at rest in her

own rest frame. (B) It is conceivable that the contracting part of the bubble history is not

completely cut off and can be at least partially observed. (C) A third possibility is that the

frame of nucleation is influenced by how the decaying false vacuum was set up.

The investigation in [1] was done by using pair production of a charged scalar field φ
in a constant electric field as a model for bubble nucleation in (1+1) dimensions. To take

care of option (C) above, the hypersurface of initial conditions (where the quantum state for

the field φ is prepared) was taken to the infinite past t → −∞. In this idealized situation,

it was shown that the “in” vacuum is Lorentz invariant2, and therefore cannot determine a

2This does not follow trivially from the boost invariance of the electric field, since the “in” vacuum must
be defined in a given frame and in a specific gauge.
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field ψ (see Fig. 3), interacting with φ through the vertex

g(φψ∗χ+ hc), (1.3)

where g is a coupling constant. Through this interaction, the ψ particle can anihilate the

φ antiparticle in the pair, producing a neutral particle χ. The kinematics of this process

is such that the φ antiparticle has at most two chances, along its hyperbolic trajectory, of

interacting with the detector. The reason is that the center of mass energy of the collision

between φ∗ and the detector particle ψ has to be equal to the rest mass mχ of the product.

This selects the magnitude of the momentum of φ relative to ψ, but we have two options for

its sign. If the pair nucleates in the rest frame of the detector, as in (a), then the collision

will take place in the expanding branch of the hyperbola, and the momentum of the decay

product χ will be negative p < 0. On the other hand, if the pair nucleates in a frame which is

highly boosted with respect to the detector, then there is a good chance that the interaction

takes place in the contracting branch of the hyperbola. This will lead to a χ particle with

positive momentum p > 0, as in (b). The results of Ref.[1] showed a strong asymmetry in

the momentum distribution of the decay products, towards negative momenta. This was

2This does not follow trivially from the boost invariance of the electric field, since the “in” vacuum must
be defined in a given frame and in a specific gauge.
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that the number density of pairs vanishes on some initial surface t = const.3 We shall come
back to this issue in Section 4.

Despite its somewhat unphysical properties, we find that the in-vacuum is a useful
laboratory for studying the bubble nucleation process, at least in the limit where the initial
conditions are removed sufficiently far in the past. In this paper we shall consider tree-level
interactions between the pairs and the detector. The kinematics of these interactions is such
that, out of the infinite bath of created particles, only those whose momentum relative to
the detector is in a certain range will have a chance to interact with it. In this sense, most
particles in the bath are invisible, and their infinite density is irrelevant.

To be specific, we model the detector by introducing two additional scalar fields: a
charged scalar ψ(t, x) and a neutral scalar χ(t, x), with the interaction Lagrangian

Lint = −g (φ†ψχ+ ψ†φχ) , (1.4)

where g is a coupling constant. This model has been studied in great detail by Massar and
Parentani [13] and by Gabriel et al [14], who used it to investigate the Unruh effect for an
accelerated detector.

We start with a charged ψ-particle in the initial state. It interacts with φ-antiparticles
of the pairs via4 ψφ∗ → χ and thus has a finite lifetime τψ. We shall calculate the momentum
distribution of χ-particles in the final state and use it to deduce the momentum distribution
of the created φ-pairs. To achieve this goal, we will have to consider the interaction (1.4)
with a time-dependent coupling, g(t) = g exp(−t2/T 2), so that the detector is turned on
for a finite period of time ∆t ∼ T . We shall also briefly discuss the case when the role of
the detector is played by the neutral χ-particle. All our results point in the direction of
option (A) – that the frame of pair (and bubble) nucleation is determined by the frame of
the detector.

The paper is organized as follows. In Section 2, we introduce the in-vacuum state and
review the Schwinger pair production using the method of Bogoliubov coefficients. In Section
3, we show that the in-vacuum is Lorentz invariant. In Section 4, we calculate the two-point
function in this vacuum and discuss the expectation value of the current, pointing out the
pathologies associated with the infinite density of particles in the in-vacuum. We argue that
these can be remedied by considering Lorentz breaking initial conditions. In Section 5, we
set up our detector model. The final distribution of χ-particles and the observed momentum
distribution of the pairs are calculated in Sections 6 and 7. Finally, our results are summarized
and discussed in Section 8. Some technical details of the calculations are presented in the
Appendices.

2 Schwinger pair production

We consider a constant electric field in (1 + 1)-dimensions. Spin-zero charged particles that
are being pair produced by the Schwinger effect are described by a complex scalar field φ(t, x);

3
The number density of pairs is not a sharply defined quantity. Nonetheless, it can be defined by using the

instantaneous Hamiltonian diagonalization. Such states (with vanishing particle number at t = 0) have been

discussed in Refs. [11] and [15]. The initial number of particles could also be rigorously defined by considering

an electric field which vanishes at t → −∞ and then turned on at some time in the past. An abrupt turn-on

at an instant of time was considered in Refs. [15–17], and an adiabatic turn-on with E(t) ∝ 1/ cosh2
(t/T )

was discussed in Ref. [11].
4
Here and below we use asterisk to denote antiparticles.
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Figure 3. The “detector” particle ψ can anihilate the φ antiparticle through the vertex (1.3), pro-

ducing a neutral particle χ. Kinematically, there are at most two opportunities for the interaction to

take place along the hyperbolic trajectory of φ. If the pair nucleates in the rest frame of the detector

particle ψ, as in (a), then the collision will take place in the expanding branch of the hyperbola, and

the momentum of the decay product χ will be negative p < 0. On the other hand, if the pair nucleates

in a frame which is highly boosted with respect to the detector, then there is a good chance that the

interaction takes place in the contracting branch of the hyperbola. This will lead to a χ particle with

positive momentum p > 0, as in (b). Therefore, a strong asymmetry in the momentum distribution of

the products towards negative momenta can be interpreted as evidence that the detector encounters

the expanding branch much more often than the contracting branch, consistent with option (A) in

the introduction.

interpreted as evidence that the detector encounters the expanding branch much more often

than the contracting branch, consistent with option (A). It was therefore concluded that

nucleation takes place preferentially in the rest frame of the detector.

The analysis of Ref. [1] was restricted to a range of parameter space where the momen-

tum of the φ antiparticle at the time of collision is highly relativistic. In this sense, the frame

of nucleation was probed rather imprecisely, with a tolerance much larger than the size of

the critical bubble.

The purpose of this paper is to sharpen the discussion given in Ref. [1], by tightening

the precision to which the rest frame of bubble nucleation can be determined, down to the

smallest possible scale. We start in Section 2 with a discussion of the timescales which

are relevant to bubble nucleation. These include the time τq of quantum fuzziness after

nucleation, the size of the critical bubble r0, the timescale τnuc that it takes for a small

quantum fluctuation in the false vacuum to tunnel into a critical bubble, the time t0 ellapsed

since initial conditions, and the average lifetime τvac of the false vacuum. The parametric

hierarchy between these scales will be clarified.

In Section 3 we briefly review pair production by an electric field in (1+1)-dimensions.

In Section 4 we consider the response of the model detector (1.3), extending the analysis of

Ref. [1] to the range of parameter space where the momentum of the φ antiparticle at the

moment of collision is only mildly relativistic or non-relativistic. This will allow us to probe

the frame of nucleation on scales smaller than r0 and down to τq.
JG: it is not clear to me how efficient the model detector (1.3) is for probing
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Γ ∼ e−
� r0
r=0 |pr|dr (0.1)

Γtotal = Γ Ω

�
dφv(sinhφv)

D−2
= ∞ (0.2)

Γ = A e−SE (0.3)

τq � r0 � t0 → ∞ (0.4)

SE ≡ πλ � 1 (0.5)

wφ + wψ = wχ (0.6)

1 Introduction

As shown originally by Voloshin, Kobzarev and Okun [2], a metastable false vacuum in field

theory can decay by quantum tunneling. The process occurs locally, by nucleation of true

vacuum bubbles of a critical size r0. In the semiclassical picture, a critical bubble is initially

at rest, and then expands with constant proper acceleration r−1
0 . Lorentz invariance of the

false vacuum, however, indicates that bubbles will not have any preferred rest frame in which

to nucleate. This observation seems to suggest [2] that the total rate of decay per unit volume

should include an integral over the Lorentz group, in order to account for all possible frames.

Such integral would of course be divergent (or at least cut-off dependent if a regulator is

imposed). Nonetheless, soon after this idea was proposed, Coleman [3] developed a instanton

method which made it clear that the rate is finite, and that integration over the Lorentz

group does not play any role in calculating it 1.

Coleman’s arguments, however, do not shed much light on a related and somewhat

mysterious aspect of bubble nucleation, a missing ingredient which seems necessary for an

adequate description of the process. If it is true that a long lived metastable false vacuum

is approximately Lorentz invariant, what is it that determines the rest frame in which the

critical bubble nucleates?

1The reason is that instanton in this case is O(4) invariant, and its Lorentzian continuation (describing
the bubble after nucleation) is invariant with respect to Lorentz boosts. Because of that, the final state in the
asymptotic future is independent of the rest frame in which the critical bubble nucleates. Integrating over the
Lorentz group would then amount to overcounting the final states. For a recent discussion of related issues,
see [4–6].
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Possible outcomes of  this “experiment”: 

(A) -‐	  Frame	  of	  nucleaEon	  is	  determined	  by	  the	  rest	  frame	  of	  the	  detector.	  

(B) -‐	  Perhaps	  the	  frame	  of	  nucleaEon	  is	  not	  very	  well	  determined	  
	  	  	  	  	  	  	  	  	  and	  the	  detector	  can	  probe	  part	  of	  the	  contracEng	  branch.	  	  

(C)	  -‐	  The	  frame	  of	  nucleaEon	  is	  determined	  by	  iniEal	  condiEons.	  

Time-scales: 

For	  tunneling	  to	  be	  semiclassical	  

timescales down to τq. Also, in this regime, we seem to have to resort to numerics.
In any case, we have the option of presenting also (in a subsection) an alternative
model detector involving a four point interaction, which may be more efficient.
Also, we may be able to proceed analytically in this case.

Our conclusions are summarized in Section 5.

2 Timescales

In the thin wall limit, the action for a vacuum bubble is given by

S = −
�

M(r)
�

1− ṙ2 dt+ �

�
V (r) dt. (2.1)

Here, M(r) is the mass of the domain wall of radius r, � is the difference in energy density
between the false and the true vacuum, and V (r) is the volume inside the bubble. In D
spacetime dimensions,

M(r) = σ Ω rD−2, V (r) =
Ω

D − 1
rD−1, (2.2)

where σ is the wall tension, and Ω is the surface of the unit (D−2)-sphere. A vacuum bubble
has zero energy (relative to the false vacuum configuration without the bubble)

�
p2r +M2 − � V (r) = 0. (2.3)

Here the radial momentum is given by

pr = γMṙ, (2.4)

with γ = (1− ṙ2)−1/2. Up to temporal shifts, the solution of (2.3) is given by Eq. (1.1), with

r0 =
(D − 1)σ

�
. (2.5)

Eq. (2.5) gives the size of the critical bubble, which is also the timescale needed for thie
bubble wall to become relativistic

τacc ∼ r0. (2.6)

To relate r0 to other relevant scales, we introduce the dimensionless combination

λ ≡ σD

�D−1
∼ SE � 1. (2.7)

Up to a numerical coefficient of order one, this coincides with the instanton action SE , which
can be calculated by substituting the Euclidean version of (1.1) into the Euclidean version of
(2.1). The semiclassical approach to tunneling is only valid when the last strong inequality
is satisfied. This will make λ a useful expansion parameter.

Eq. (2.3) can be thought of as the classical limit of a Schordinger equation for the wave
function of the bubble. This was used in [2] to estimate the probability that a bubble of
vanishing size may tunnel to the critical size. The estimate in [2] is in qualitative agreement
with the decay rate per unit volume Γ ∼ e−SE which is obtained by the instanton methods
[3]. The lifetime τvac for the false vacuum is therefore exponential in λ,

ln τvac ∝ λ. (2.8)
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Size	  of	  the	  criEcal	  bubble	  

As mentioned in the introduction, the semiclassical description is not adequate at the
classical turning point r = r0, where the radial momentum pr vanishes. We note, however,
that it becomes very accurate for t � τq, where τq can be determined from the condition
[r(τq)− r0] pr(τq) ∼ 1. This leads to

τq ∼ λ−1/3r0 � r0. (2.9)

Hence, the intrinsic uncertainty in the rest frame of nucleation is much smaller than the
bubble size (as illustrated in Figs. 1 and 2).

The uncertainty τq should not be confused with the timescale τnuc that it takes for the
critical bubble to form out of a tiny false vacuum fluctuation. In the semiclassical picture,
it is somewhat unclear how to even characterize τnuc, but causality suggests that this time
should at least be as large as the size of the critical bubble,

τnuc � r0. (2.10)

The scale τnuc can be defined somewhat more precisely in the quantum theory, as we shall
see in the next section, where we consider pair production as a model for vacuum decay in
(1+1) dimensions.

In summary, we are led to the following hierarchy of scales,

τq � r0 � τnuc � t0 � τvac. (2.11)

where the strong inequalities are parametrically enhanced the larger is λ ∼ SE . In (2.11), t0 is
the time ellapsed from the hypersurface of initial conditions to the moment when the bubble
nucleates. This should at least be marginally larger than τnuc. The last strong inequality
is also imposed on t0 because our primary interest is in bubbles which nucleate in isolation,
without interference from collisions with other bubbles. Bubbles that form at t0 � τvac
are very likely to remain isolated for a period of time which is much larger than all other
scales involved in the problem. It should also be noted that τvac grows exponentially with
λ, whereas for all other scales the dependence is power law. In this sense, we can practically
think of τvac as infinite. In the (1+1)-dimensional example which we consider in the following
Section, the electric field producing the pairs is external and the pairs do not interact with
each other. In this idealized situation, the scale τvac does not play any role.

3 Pair production

Here we briefly review Schwinger pair production, which serves as a model for bubble nu-
cleation in (1+1) dimensions. The main advantage is that the nucleated pairs are treated
fully quantum mechanically. In the following Section, we shall consider the detection of the
nucleated pairs. Our conventions will follow those of Ref. [1].

Consider a charged scalar field φ, coupled to an external electric field with gauge poten-
tial Aµ = δ1µA(t). By spatial homogeneity, we can separate into fourier modes, which satisfy
the equation.

φ̈k + w2
kφk = 0, (3.1)

where
w2
k = m2 + (k − eA)2. (3.2)

Here, m is the mass of the field φ and e is its charge.
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Eq. (3.3) can be thought of as a Schrodinger equation with potential Veff = −(λ+ z2), and
the determination of the Bogolubov coefficients αk and βk amounts to solving a scattering
problem in this potential (see Fig. 4). Note that k enters Eq. (3.3) only through the
combination k + eEt, so the scattering near z = 0 occurs at the time t ≈ −k/(eE), but it is
otherwise independent of k. Eq. (3.10) can then be rewritten as

Γ = dn/dt = eE|βk|2/(2π) (3.11)

where the coefficient βk = eiπν
∗
can be easily calculated from a standard linear relation

between the parabolic cylinder functions appearing in φk and φout
k (see e.g. [1]). This leads

to Schwinger rate

Γ =
eE

2π
e−πλ, (3.12)

The exponent in (3.12) coincides with the Euclidean action SE = πλ, in agreement with the
instanton approach, which is valid for large SE .

The asymptotic expansion (3.7) φk, and the analogous one for φout
k , are valid for |z| �

|ν|. Hence the timescale of scattering off the potential in Fig. 4, where the mixing of positive
and negative frequency modes occurs, is at most of order τmixing � ν

√
eE ∼ λ1/2r0. On the

other hand, this seems to be a rather crude upper bound. Mode mixing will be at its peak
when the non-adiabaticity parameter

fk(t) =
ẇk

w2
k

(3.13)

is at its maximum. The function fk is symmetric around the time t = tk ≡ k/eE (where it
vanishes) and has two peaks which are at a distance ∆t ∼ r0 away from tk. Hence, we can
estimate τmixing ∼ r0. Identifying this with the semiclassical timescale τnuc for nucleation of
a pair out of a vacuum fluctuation, we have

τnuc ∼ r0. (3.14)

This is consistent with the estimate τnuc � r0 which we mentioned in the previous subsection.
Further evidence for (3.14) can be found by considering the case of an electric field

which is turned on and off on a timescale t0:

Ê(t) =
E

cosh2(t/t0)
. (3.15)

The corresponding gauge potential is given by A(t) = −Et0 tanh(t/t0), and the mode equa-
tion (3.1-3.2), can in this case be solved in terms of hypergeometric functions . The Bogoli-
ubov coefficient is given by (see e.g. [7] and references therein)

|βk|2 =
cosh2

�
π
�

(eEt20)
2 − 1

2

�
+ sinh2

�
πt0
2 (w+ − w−)

�

sinh(πt0w+) sinh(πt0w−)
, (3.16)

where w± =
�

m2 + (k ∓ eEt0)2. For the mode with conserved momentum k = 0, the
physical momentum is at the turning point kphys = k− eA(t) = 0 precisely at the time t = 0.
For this mode, w+ = w− and (3.16) simplifies to

|βk=0|2 =
cosh2

�
π
�

(eEt20)
2 − 1

2

�

sinh2
�
πt0

�
m2 + (eEt0)2

� . (3.17)
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1 Introduction

As shown originally by Voloshin, Kobzarev and Okun [2], a metastable false vacuum in field

theory can decay by quantum tunneling. The process occurs locally, by nucleation of true

vacuum bubbles of a critical size r0. In the semiclassical picture, a critical bubble is initially

at rest, and then expands with constant proper acceleration r−1
0 . Lorentz invariance of the

false vacuum, however, indicates that bubbles will not have any preferred rest frame in which

to nucleate. This observation seems to suggest [2] that the total rate of decay per unit volume

should include an integral over the Lorentz group, in order to account for all possible frames.

Such integral would of course be divergent (or at least cut-off dependent if a regulator is

imposed). Nonetheless, soon after this idea was proposed, Coleman [3] developed a instanton

method which made it clear that the rate is finite, and that integration over the Lorentz

group does not play any role in calculating it 1.

Coleman’s arguments, however, do not shed much light on a related and somewhat

mysterious aspect of bubble nucleation, a missing ingredient which seems necessary for an

adequate description of the process. If it is true that a long lived metastable false vacuum

is approximately Lorentz invariant, what is it that determines the rest frame in which the

critical bubble nucleates?

The question is best illustrated in the limit when the bubble walls are thin compared

to the bubble size (see Fig. 1). The trajectory of a vacuum bubble of radius r as a function

of time t is given by [2, 3]

r2 − t2 = r20. (1.1)

1The reason is that instanton in this case is O(4) invariant, and its Lorentzian continuation (describing
the bubble after nucleation) is invariant with respect to Lorentz boosts. Because of that, the final state in the
asymptotic future is independent of the rest frame in which the critical bubble nucleates. Integrating over the
Lorentz group would then amount to overcounting the final states. For a recent discussion of related issues,
see [4–6].
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1 Introduction

As shown originally by Voloshin, Kobzarev and Okun [2], a metastable false vacuum in field

theory can decay by quantum tunneling. The process occurs locally, by nucleation of true

vacuum bubbles of a critical size r0. In the semiclassical picture, a critical bubble is initially

at rest, and then expands with constant proper acceleration r−1
0 . Lorentz invariance of the

false vacuum, however, indicates that bubbles will not have any preferred rest frame in which
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imposed). Nonetheless, soon after this idea was proposed, Coleman [3] developed a instanton

method which made it clear that the rate is finite, and that integration over the Lorentz

group does not play any role in calculating it 1.

Coleman’s arguments, however, do not shed much light on a related and somewhat

mysterious aspect of bubble nucleation, a missing ingredient which seems necessary for an

adequate description of the process. If it is true that a long lived metastable false vacuum

is approximately Lorentz invariant, what is it that determines the rest frame in which the

critical bubble nucleates?

1The reason is that instanton in this case is O(4) invariant, and its Lorentzian continuation (describing
the bubble after nucleation) is invariant with respect to Lorentz boosts. Because of that, the final state in the
asymptotic future is independent of the rest frame in which the critical bubble nucleates. Integrating over the
Lorentz group would then amount to overcounting the final states. For a recent discussion of related issues,
see [4–6].
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In	  a	  constant	  external	  electric	  field	  

where

z ≡
√
eE

�
t+

k

eE

�
, ν = −1 + iλ

2
, λ ≡ m2

eE
. (2.13)

The general solution is given by a linear superposition of φ±
k . We choose

φk(z) =
1

(2eE)1/4
ei

π
4 ν

∗
Dν∗ [−(1− i)z] , (2.14)

where the coefficient is chosen in order to satisfy the normalization condition (2.11). For

future reference, we give a useful integral representation of the parabolic cylinder functions,

DΛ(Z) =
e−

Z2

4

Γ(−Λ)

� ∞

0
dw e−Zw−w2

2 w−Λ−1 , for �(Λ) < 0 . (2.15)

From the asymptotic expansion formula,

Dp(z) ∼ e−
z2

4 zp , for |z| � 1 , |z| � |p| , |arg z| < 3

4
π , (2.16)

we find

φk ≈ 1

(2eE)1/4

�√
2 |z|

�ν∗

e
i
2 z

2
, for z � − |ν| . (2.17)

Hence i∂tφk ∼ −eEtφk at t → −∞, indicating that these mode functions are positive

frequency in the “in” region at t → −∞. The corresponding vacuum state |0�in, defined
by ak|0�in = bk|0�in = 0 is the in-vacuum, which has no particles in the asymptotic “in”

region.

Because of the non-trivial background, the positive frequency mode function φk at

t → −∞ does not remain positive frequency at finite t, and in particular it is given by

a linear combination of the positive and negative frequency functions at t → +∞. The

positive frequency functions at t → ±∞ are related by a Bogoliubov transformation,

φk = αk φ
out
k + βk φ

out∗
k , (2.18)

where

φout
k (z) =

1

(2eE)1/4
e−iπ4 ν Dν [(1 + i)z] , (2.19)

is the positive frequency mode function at t → ∞ and |αk|2− |βk|2 = 1. We can check that

the asymptotic expansion of φout
k indeed gives

φout
k ≈ 1

(2eE)1/4

�√
2 z

�ν
e−

i
2 z

2
, for z � |ν| . (2.20)

Using a linear relation,

Dν∗ [−(1− i)z] = eiπν
∗
Dν∗ [(1− i)z] +

√
2π

Γ(−ν∗)
e−iπ2 νDν [(1 + i)z] , (2.21)

we can read off the Bogoliubov coefficients,

αk =

√
2π

Γ(−ν∗)
ei

π
4 (ν

∗−ν) , βk = eiπν
∗
. (2.22)

This gives

|βk|2 = e−πλ
= e−

πm2

eE . (2.23)
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�µν is the unit anti-symmetric tensor with �01 = 1, and E = const is the value of the electric

field. It is clear from this expression that a constant electric field in (1 + 1)-dimensions is

Lorentz invariant. More specifically, an observer with a 2-velocity uµ sees the electric field

given by

Eµ = Fµν u
ν
= E nµ , nµ ≡ uν�νµ , (2.3)

where nµ is a unit spacelike vector normal to uµ.

For this electric field, we may choose a Lorentz-covariant gauge in which the gauge

field Aµ is given by

Aµ =
1

2
E �µν x

ν . (2.4)

However, since the calculation in this gauge seems technically more involved, we choose a

non-covariant gauge where

Aµ =
1

2
E
�
�µν x

ν − ∂µ(x
0x1)

�
. (2.5)

This gives the components of the gauge field as

Aµ = (At , Ax) = (0 , −Et) , (2.6)

where (t, x) = (x0, x1).

2.1 The in-vacuum and the Bogoliubov coefficients

The variation of the action with respect to φ gives the field equation,

�
−∂2

t + (∂x − ieAx)
2 −m2

�
φ = 0. (2.7)

We expand the field in terms of the creation and anihilation operators,

φ(t, x) =

�
dk

(2π)1/2

�
akφk(t) + b†−kφ

∗
k(t)

�
eikx , (2.8)

where the mode functions φk(t) satisfy the equation,

�
d2

dt2
+m2

+ (k + eEt)2
�
φk = 0 . (2.9)

The canonical commutation relations lead to

[ak, a
†
k� ] = δ(k − k�) , [bk, b

†
k� ] = δ(k − k�) , (2.10)

and the normalization condition,

i
�
φ∗
k(t)∂tφk(t)− φk(t)∂tφ

∗
k(t)

�
= 1 . (2.11)

Linearly independent solutions of Eq.(2.9) can be expressed in terms of the parabolic

cylinder functions,

φ±
k (z) ∝ Dν∗ [±(1− i)z] , (2.12)
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2.2 Momentum distribution and Lorentz invariance

The Bogoliubov coefficients βk are simply related to the momentum distribution of particles

in the “out” state at t → ∞,
dn

dk
=

1

2π
|βk|2 . (2.24)

This can in turn be related to the rate of the Schwinger process, ie, the rate of pair creation

of charged particles. The mixing between positive and negative frequency modes in the

in-vacuum mode functions (2.14) occurs in the interval

|z| � |ν| , (2.25)

centered at z = 0 (or k = −eEt). Hence, the number density of particles created between

time t0 and t > t0 is given by

n =
1

2π

� −eEt0

−eEt
dk |βk|2 . (2.26)

This leads to
dn

dt
=

�
eE

2π

�
e−

πm2

eE . (2.27)

This is the Schwinger formula for the rate of pair creation.

An important feature of the momentum distribution (2.24) is that it is independent of

k. The total density of created particles, obtained by integration over k, is infinite. This

is not surprising, since the pair creation process was going on at a constant rate for an

infinite time. A more realistic calculation would include back-reaction of the pairs on the

electric field, so the field would gradually decrease and only a finite density of pairs would

be produced. But according to Eq. (2.27), in a weak electric field with |eE| � m2 pair

creation is a very slow process, and the field can remain nearly constant for a very long

time. Thus, one can expect that our idealized treatment should apply in some limiting

sense. We shall see, however, that taking the limit and interpreting the result is not always

straightforward.

It should be noted that k in Eq. (2.24) is the canonical momentum, which is related

to the physical momentum by

kphys = k + eEt. (2.28)

The only subtlety is in determining the range of this distribution. Pair creation in a given

mode occurs in a spacetime region where the negative frequency contribution to the mode

function becomes significant. As we discussed, this occurs at k ≈ −eEt. Hence, Eq. (2.24)

is valid in the range

− eEt � k < ∞. (2.29)

The uncertainty in the lower limit of this range can be estimated from (2.25), which (as-

suming λ = m2/(eE) � 1) leads to the uncertainty

∆kmin ∼ λ1/2m, for λ � 1 . (2.30)

Note that at future infinity, the distribution of out particles is given by (2.24) in the full

range −∞ < k < ∞. The final distribution is then Lorentz invariant5. On the other hand,
5This conclusions follows from the Lorentz invariance of the phase space element dk dx [17].
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Formally, the current can be expressed as

Jµ =
ie

2

�
φ†Dµφ− φ (Dµφ)

†
�
+ h.c. (4.3)

A naive calculation of the expectation value of Jµ in the in-vacuum gives an infinite answer.

One way to regulate this sort of infinity, which respects Lorentz and gauge invariance, is to

use the point splitting method. The idea is to take the two field operators in the products

in Eq. (4.3) at different spacetime points, x and y, and then take the limit y → x. The

current expectation value �Jµ� can then be expressed in terms of the 2-point function,

G(1) = G+ +G− , (4.4)

where

G+(xµ, yµ) ≡ in� 0 |φ†(xµ) e−ie
� y
x Aνdxν

φ(yµ) | 0 �in , (4.5)

G−(xµ, yµ) ≡ in� 0 |φ(yµ) e−ie
� y
x Aνdxν

φ†(xµ) | 0 �in , (4.6)

and the Wilson line has been inserted to make the 2-point function gauge invariant. The

expectation value of the current is given by

�Jµ� =
ie

2
lim

xν→yν

�
∂

∂yµ
− ∂

∂xµ

�
G(1)(yν − xν) = ie lim

∆xν→0

∂G(1)(∆xν)

∂∆xµ
, (4.7)

where ∆xν ≡ yν − xν .

The 2-point functions G±(∆xµ) are calculated in Appendix B. The result is

G+(∆xµ) =
|α|2

4π
Γ(−ν∗)

Wiλ/2, 0

�
ieE∆s2/2

�
�
ieE∆s2/2

, for ∆t−∆x > 0 (4.8)

and

G+(∆xµ) =
|α|2

4π
Γ(−ν)

W−iλ/2, 0

�
−ieE∆s2/2

�
�

−ieE∆s2/2
, for ∆t−∆x < 0. (4.9)

Here, Wσ, ρ (z) are Whittaker functions, ∆s2 = −(∆t)2 + (∆x)2, and α is the Bogoliubov

coefficient given by Eq. (2.22). We have omitted the index of momentum k, since α is

independent of k. The function G− is simply related to G+,

G−(∆t,∆x) = G+(−∆t,∆x). (4.10)

For ∆t+∆x < 0 this is given by (B.9), and for ∆t+∆x > 0 it is given by (B.10).

The first thing we note is that the 2-point functions G± and G(1) are Lorentz invariant.

This is a further manifestation of the Lorentz invariance of the in-vacuum. The function

G(1) is also invariant with respect to time reversal,

G(1)(∆t,∆x) = G(1)(−∆t,∆x), (4.11)

but not with respect to spatial reflection,

G(1)(∆t,−∆x) = G(1)(∆t,∆x)∗. (4.12)
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+ h.c. (4.3)

A naive calculation of the expectation value of Jµ in the in-vacuum gives an infinite answer.
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use the point splitting method. The idea is to take the two field operators in the products

in Eq. (4.3) at different spacetime points, x and y, and then take the limit y → x. The

current expectation value �Jµ� can then be expressed in terms of the 2-point function,
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� y
x Aνdxν

φ(yµ) | 0 �in , (4.5)
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ie
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lim
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∂yµ
− ∂
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G(1)(yν − xν) = ie lim
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7 Momentum distribution of the pairs

Our results in Section 6 indicate that the detection rate of φφ∗-pairs is independent of the

state of motion of the detector. This is in agreement with the Lorentz invariance of the

in-vacuum state that we established in Sec. 3.

However, the analysis of Sec. 6 does not allow us to determine the momentum distri-

bution of the pairs measured by the detector. Indeed, it is clear from that analysis that it

can only determine the distribution integrated over momenta or (which is essentially the

same) over the proper time along the detector trajectory. In particular, we do not have

an answer to the question we asked in the introduction: are the φ and φ∗ particles of the

pairs observed to nucleate at rest and then move away from one another, or they can also

be detected on the ‘wrong’ parts of their hyperbolic trajectories, where they move towards

one another at a high speed? In the former case, the distribution should be cut off at

kphys ≈ 0, as in Eq. (2.33).

In order to address this question, we consider a detector with a time-dependent coupling

g(t) = g e−t2/T 2
, (7.1)

so the detector is effectively turned on only for a finite time interval ∆t ∼ T around t = 0.

Focusing on a charged ψ-detector, we shall assume that

mφ � eET � mψ, (7.2)

so that the detector momentum qphys remains essentially unchanged during this interval

(while φ-particles can be significantly accelerated). For example, if we choose q = 0, then

qphys ≈ 0 during the interaction. The resulting χ-particle will then have (approximately)

the same momentum as the φ∗-particle that collided with ψ,

p ≈ kphys (7.3)

We assume as before that

mφ � mψ < mχ −mφ. (7.4)

In addition, we may assume that turning on and off of the detector is adiabatic,

T � (p2 +m2
φ)

−1/2, (7.5)

so that the time variation of the coupling does not lead to a sizable violation of energy

conservation at the moment of collision. In fact, the first strong inequality in (7.2) implies

T � λφ/mφ, (7.6)

so (7.5) is automatically satisfied in the regime where pair nucleation is rare, λφ = m2
φ/(eE) �

1, in which we are now focusing. It then also follows from Eqs. (7.2) and (7.6) that

eET 2 � λφ � 1. (7.7)
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To find the distribution of χ-particles, we need to calculate the amplitude

Aχ(p; q = 0) =

� ∞

−∞
dt g(t) φ∗

−p(t)ψ0(t)χ
∗
p(t). (7.8)

Since the ψ-particle is practically at rest during the time interval of interest, we can use

ψ0(t) ≈
1�
2mψ

e−imψt. (7.9)

The amplitude (7.8) is calculated in Appendix F. Here we are only interested in the p-

dependence of the amplitude. In the parameter regime specified above, this is given by the

factor

dNχ

dp
∝ |Aχ(p; q = 0)|2 ∝ exp

�
−
(p+ ωp −mψ)

2

(eET )2

�
. (7.10)

This distribution is peaked at p = p̄, which is specified by

p̄+
�
p̄2 +m2

χ = mψ, (7.11)

or

p̄ = − 1

2mψ
(m2

χ −m2
ψ) (7.12)

and has width

∆p ∼ eET. (7.13)

Note that we will only see a sharp peak in the distribution provided that |p̄| � ∆p ∼ eET .

Using (7.2), this requires

p̄2 � m2
φ. (7.14)

Eq. (7.12) is to be compared with Eq. (5.6) for the kinematically allowed values of p. For

q = 0, it gives

p ≈ ± 1

2mψ
(m2

χ −m2
ψ). (7.15)

In deriving (7.15), we have assumed m2
χ −m2

ψ � mφmψ, which in turn implies the ultra-

relativistic motion of the φ particle, as in (7.14).

From (7.12), it is clear that only one of the two possible values in (7.15) is actually

detected. This is consistent with the picture of pairs being produced at rest (in the ob-

server’s frame) and then being accelerated by the electric field. φ-antiparticles move in

the direction opposite to E and hit the ψ-probe with kphys < 0. This is imprinted in the

momentum of the final χ-particle, p ≈ kphys < 0.

From (7.14), we also conclude that the asymmetry in the momentum distribution is

only visible for relativistic φ particles, which means that the precision to which we can

determine the frame of nucleation is limited by the acceleration time,

∆tnuc ∼
mφ

eE
. (7.16)

This scale is comparable to the size of the instanton.
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Contents

Γ ∼ e−
� r0
r=0 |pr|dr (0.1)

Γtotal = Γ Ω

�
dφv(sinhφv)

D−2 = ∞ (0.2)

Γ = A e−SE (0.3)

τq � r0 � t0 → ∞ (0.4)

SE ≡ πλ � 1 (0.5)

wφ + wψ = wχ (0.6)

mχ −mψ � mφ (0.7)

T � τq (0.8)

1 Introduction

As shown originally by Voloshin, Kobzarev and Okun [? ], a metastable false vacuum in
field theory can decay by quantum tunneling. The process occurs locally, by nucleation of
true vacuum bubbles of a critical size r0. In the semiclassical picture, a critical bubble is
initially at rest, and then expands with constant proper acceleration r−1

0 . Lorentz invariance
of the false vacuum, however, indicates that bubbles will not have any preferred rest frame
in which to nucleate. This observation seems to suggest [? ] that the total rate of decay
per unit volume should include an integral over the Lorentz group, in order to account for
all possible frames. Such integral would of course be divergent (or at least cut-off dependent
if a regulator is imposed). Nonetheless, soon after this idea was proposed, Coleman [? ]
developed a instanton method which made it clear that the rate is finite, and that integration
over the Lorentz group does not play any role in calculating it 1.

Coleman’s arguments, however, do not shed much light on a related and somewhat
mysterious aspect of bubble nucleation, a missing ingredient which seems necessary for an
adequate description of the process. If it is true that a long lived metastable false vacuum
is approximately Lorentz invariant, what is it that determines the rest frame in which the
critical bubble nucleates?

The question is best illustrated in the limit when the bubble walls are thin compared
to the bubble size (see Fig. ??). The trajectory of a vacuum bubble of radius r as a function
of time t is given by [? ? ]

r2 − t2 = r20. (1.1)

Eq. (??) is invariant under Lorentz boosts, and describes a bubble which contracts from
infinite size (at t → −∞) to the minimum size r0 (at t = 0), and then expands again to
infinite size (at t → ∞). However, only the expanding part of this trajectory is relevant

1The reason is that instanton in this case is O(4) invariant, and its Lorentzian continuation (describing
the bubble after nucleation) is invariant with respect to Lorentz boosts. Because of that, the final state in the
asymptotic future is independent of the rest frame in which the critical bubble nucleates. Integrating over the
Lorentz group would then amount to overcounting the final states. For a recent discussion of related issues,
see [? ? ? ].
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where nµ is a unit spacelike vector normal to uµ.
For this electric field, we may choose a Lorentz-covariant gauge in which the gauge field

Aµ is given by

Aµ =
1

2
E �µν x

ν . (2.4)

However, since the calculation in this gauge seems technically more involved, we choose a

non-covariant gauge where

Aµ =
1

2
E
�
�µν x

ν − ∂µ(x
0x1)

�
. (2.5)

This gives the components of the gauge field as

Aµ = (At , Ax) = (0 , −Et) , (2.6)

where (t, x) = (x0, x1).

2.1 The in-vacuum and the Bogoliubov coefficients

The variation of the action with respect to φ gives the field equation,

�
−∂2

t + (∂x − ieAx)
2 −m2

�
φ = 0. (2.7)

We expand the field in terms of the creation and anihilation operators,

φ(t, x) =

�
dk

(2π)1/2

�
akφk(t) + b†−kφ

∗
k(t)

�
eikx , (2.8)

where the mode functions φk(t) satisfy the equation,

�
d2

dt2
+m2

+ (k + eEt)2
�
φk = 0 . (2.9)

The canonical commutation relations lead to

[ak, a
†
k� ] = δ(k − k�) , [bk, b

†
k� ] = δ(k − k�) , (2.10)

and the normalization condition,

i
�
φ∗
k(t)∂tφk(t)− φk(t)∂tφ

∗
k(t)

�
= 1 . (2.11)

Linearly independent solutions of Eq.(2.9) can be expressed in terms of the parabolic

cylinder functions,

φ±
k (z) ∝ Dν∗ [±(1− i)z] , (2.12)

where

z ≡
√
eE

�
t+

k

eE

�
, ν = −1 + iλ

2
, λ ≡ m2

eE
. (2.13)

The general solution is given by a linear superposition of φ±
k . We choose

φk(z) =
1

(2eE)1/4
ei

π
4 ν

∗
Dν∗ [−(1− i)z] , (2.14)
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Figure 2. Bubble nucleation in a reference frame S� which moves at high velocity v = tanhφv with

respect to the frame of nucleation. Observers in the boosted frame will see a piece of the bubble appear

at time t� ≈ −r0 sinhφv, moving very fast opposite to the boost direction. At t� = 0 the bubble wall

has a somewhat awkward shape: it consists of one hemisphere attached to a fuzzy interface between

false and true vacuum, which cannot be described semiclassically. The process of formation lasts

untile the time t� ≈ +r0 sinhφv, when the semiclassical bubble wall closes into a full sphere.

semiclassically. The nucleation process does not conclude until the time t� ≈ +r0 sinhφv,

when the semiclassical bubble wall wraps the full sphere.

Given its impact on the kinematics of bubble formation, it is in hindsight surprising that

investigation of the frame of nucleation has been neglected for over three decades. Recently,

however, this issue was addressed in Ref. [1], by considering a model detector which interacts

with the nucleaded bubbles. Several plausibe scenarios were anticipated to possibly emerge

from this study: (A) It could be that the frame of nucleation simply coincides with the rest

frame of the detectors. In other words, each detector will see bubbles forming at rest in her

own rest frame. (B) It is conceivable that the contracting part of the bubble history is not

completely cut off and can be at least partially observed. (C) A third possibility is that the

frame of nucleation is influenced by how the decaying false vacuum was set up.

The investigation in [1] was done by using pair production of a charged scalar field φ
in a constant electric field as a model for bubble nucleation in (1+1) dimensions. To take

care of option (C) above, the hypersurface of initial conditions (where the quantum state for

the field φ is prepared) was taken to the infinite past t → −∞. In this idealized situation,

it was shown that the “in” vacuum is Lorentz invariant2, and therefore cannot determine a

2This does not follow trivially from the boost invariance of the electric field, since the “in” vacuum must
be defined in a given frame and in a specific gauge.
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Figure 2. Bubble nucleation in a reference frame S� which moves at high velocity v = tanhφv with

respect to the frame of nucleation. Observers in the boosted frame will see a piece of the bubble appear

at time t� ≈ −r0 sinhφv, moving very fast opposite to the boost direction. At t� = 0 the bubble wall

has a somewhat awkward shape: it consists of one hemisphere attached to a fuzzy interface between

false and true vacuum, which cannot be described semiclassically. The process of formation lasts

untile the time t� ≈ +r0 sinhφv, when the semiclassical bubble wall closes into a full sphere.

frame of nucleation is influenced by how the decaying false vacuum was set up.

The investigation in [1] was done by using pair production of a charged scalar field φ in

a constant electric field as a model for bubble nucleation in (1+1) dimensions. To take care

of option (C), the initial hypersurface where the quantum state for the field φ is prepared

was taken to the infinite past t → −∞. In this idealized situation, it was shown that the “in”

vacuum is Lorentz invariant2, and therefore cannot determine a preferred frame of nucleation.

To investigate (A) and (B), the model detector was chosen to be a particle of a second charged

field ψ (see Fig. 3), interacting with φ through the vertex

g(φψ∗χ+ hc), (1.3)

where g is a coupling constant. Through this interaction, the ψ particle can anihilate the

φ antiparticle in the pair, producing a neutral particle χ. The kinematics of this process

is such that the φ antiparticle has at most two chances, along its hyperbolic trajectory, of

interacting with the detector. The reason is that the center of mass energy of the collision

between φ∗ and the detector particle ψ has to be equal to the rest mass mχ of the product.

This selects the magnitude of the momentum of φ relative to ψ, but we have two options for

its sign. If the pair nucleates in the rest frame of the detector, as in (a), then the collision

will take place in the expanding branch of the hyperbola, and the momentum of the decay

product χ will be negative p < 0. On the other hand, if the pair nucleates in a frame which is

highly boosted with respect to the detector, then there is a good chance that the interaction

takes place in the contracting branch of the hyperbola. This will lead to a χ particle with

positive momentum p > 0, as in (b). The results of Ref.[1] showed a strong asymmetry in

the momentum distribution of the decay products, towards negative momenta. This was

2This does not follow trivially from the boost invariance of the electric field, since the “in” vacuum must
be defined in a given frame and in a specific gauge.
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that the number density of pairs vanishes on some initial surface t = const.3 We shall come
back to this issue in Section 4.

Despite its somewhat unphysical properties, we find that the in-vacuum is a useful
laboratory for studying the bubble nucleation process, at least in the limit where the initial
conditions are removed sufficiently far in the past. In this paper we shall consider tree-level
interactions between the pairs and the detector. The kinematics of these interactions is such
that, out of the infinite bath of created particles, only those whose momentum relative to
the detector is in a certain range will have a chance to interact with it. In this sense, most
particles in the bath are invisible, and their infinite density is irrelevant.

To be specific, we model the detector by introducing two additional scalar fields: a
charged scalar ψ(t, x) and a neutral scalar χ(t, x), with the interaction Lagrangian

Lint = −g (φ†ψχ+ ψ†φχ) , (1.4)

where g is a coupling constant. This model has been studied in great detail by Massar and
Parentani [13] and by Gabriel et al [14], who used it to investigate the Unruh effect for an
accelerated detector.

We start with a charged ψ-particle in the initial state. It interacts with φ-antiparticles
of the pairs via4 ψφ∗ → χ and thus has a finite lifetime τψ. We shall calculate the momentum
distribution of χ-particles in the final state and use it to deduce the momentum distribution
of the created φ-pairs. To achieve this goal, we will have to consider the interaction (1.4)
with a time-dependent coupling, g(t) = g exp(−t2/T 2), so that the detector is turned on
for a finite period of time ∆t ∼ T . We shall also briefly discuss the case when the role of
the detector is played by the neutral χ-particle. All our results point in the direction of
option (A) – that the frame of pair (and bubble) nucleation is determined by the frame of
the detector.

The paper is organized as follows. In Section 2, we introduce the in-vacuum state and
review the Schwinger pair production using the method of Bogoliubov coefficients. In Section
3, we show that the in-vacuum is Lorentz invariant. In Section 4, we calculate the two-point
function in this vacuum and discuss the expectation value of the current, pointing out the
pathologies associated with the infinite density of particles in the in-vacuum. We argue that
these can be remedied by considering Lorentz breaking initial conditions. In Section 5, we
set up our detector model. The final distribution of χ-particles and the observed momentum
distribution of the pairs are calculated in Sections 6 and 7. Finally, our results are summarized
and discussed in Section 8. Some technical details of the calculations are presented in the
Appendices.

2 Schwinger pair production

We consider a constant electric field in (1 + 1)-dimensions. Spin-zero charged particles that
are being pair produced by the Schwinger effect are described by a complex scalar field φ(t, x);

3
The number density of pairs is not a sharply defined quantity. Nonetheless, it can be defined by using the

instantaneous Hamiltonian diagonalization. Such states (with vanishing particle number at t = 0) have been

discussed in Refs. [11] and [15]. The initial number of particles could also be rigorously defined by considering

an electric field which vanishes at t → −∞ and then turned on at some time in the past. An abrupt turn-on

at an instant of time was considered in Refs. [15–17], and an adiabatic turn-on with E(t) ∝ 1/ cosh2
(t/T )

was discussed in Ref. [11].
4
Here and below we use asterisk to denote antiparticles.
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Figure 3. The “detector” particle ψ can anihilate the φ antiparticle through the vertex (1.3), pro-

ducing a neutral particle χ. Kinematically, there are at most two opportunities for the interaction to

take place along the hyperbolic trajectory of φ. If the pair nucleates in the rest frame of the detector

particle ψ, as in (a), then the collision will take place in the expanding branch of the hyperbola, and

the momentum of the decay product χ will be negative p < 0. On the other hand, if the pair nucleates

in a frame which is highly boosted with respect to the detector, then there is a good chance that the

interaction takes place in the contracting branch of the hyperbola. This will lead to a χ particle with

positive momentum p > 0, as in (b). Therefore, a strong asymmetry in the momentum distribution of

the products towards negative momenta can be interpreted as evidence that the detector encounters

the expanding branch much more often than the contracting branch, consistent with option (A) in

the introduction.

interpreted as evidence that the detector encounters the expanding branch much more often

than the contracting branch, consistent with option (A). It was therefore concluded that

nucleation takes place preferentially in the rest frame of the detector.

The analysis of Ref. [1] was restricted to a range of parameter space where the momen-

tum of the φ antiparticle at the time of collision is highly relativistic. In this sense, the frame

of nucleation was probed rather imprecisely, with a tolerance much larger than the size of

the critical bubble.

The purpose of this paper is to sharpen the discussion given in Ref. [1], by tightening

the precision to which the rest frame of bubble nucleation can be determined, down to the

smallest possible scale. We start in Section 2 with a discussion of the timescales which

are relevant to bubble nucleation. These include the time τq of quantum fuzziness after

nucleation, the size of the critical bubble r0, the timescale τnuc that it takes for a small

quantum fluctuation in the false vacuum to tunnel into a critical bubble, the time t0 ellapsed

since initial conditions, and the average lifetime τvac of the false vacuum. The parametric

hierarchy between these scales will be clarified.

In Section 3 we briefly review pair production by an electric field in (1+1)-dimensions.

In Section 4 we consider the response of the model detector (1.3), extending the analysis of

Ref. [1] to the range of parameter space where the momentum of the φ antiparticle at the

moment of collision is only mildly relativistic or non-relativistic. This will allow us to probe

the frame of nucleation on scales smaller than r0 and down to τq.
JG: it is not clear to me how efficient the model detector (1.3) is for probing
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1 Introduction

As shown originally by Voloshin, Kobzarev and Okun [2], a metastable false vacuum in field

theory can decay by quantum tunneling. The process occurs locally, by nucleation of true

vacuum bubbles of a critical size r0. In the semiclassical picture, a critical bubble is initially

at rest, and then expands with constant proper acceleration r−1
0 . Lorentz invariance of the

false vacuum, however, indicates that bubbles will not have any preferred rest frame in which

to nucleate. This observation seems to suggest [2] that the total rate of decay per unit volume

should include an integral over the Lorentz group, in order to account for all possible frames.

Such integral would of course be divergent (or at least cut-off dependent if a regulator is

imposed). Nonetheless, soon after this idea was proposed, Coleman [3] developed a instanton
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1 Introduction

As shown originally by Voloshin, Kobzarev and Okun [2], a metastable false vacuum in field

theory can decay by quantum tunneling. The process occurs locally, by nucleation of true

vacuum bubbles of a critical size r0. In the semiclassical picture, a critical bubble is initially

at rest, and then expands with constant proper acceleration r−1
0 . Lorentz invariance of the

false vacuum, however, indicates that bubbles will not have any preferred rest frame in which

to nucleate. This observation seems to suggest [2] that the total rate of decay per unit volume

should include an integral over the Lorentz group, in order to account for all possible frames.

Such integral would of course be divergent (or at least cut-off dependent if a regulator is

imposed). Nonetheless, soon after this idea was proposed, Coleman [3] developed a instanton
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1 Introduction

As shown originally by Voloshin, Kobzarev and Okun [? ], a metastable false vacuum in

field theory can decay by quantum tunneling. The process occurs locally, by nucleation of

true vacuum bubbles of a critical size r0. In the semiclassical picture, a critical bubble is

initially at rest, and then expands with constant proper acceleration r
−1
0 . Lorentz invariance

of the false vacuum, however, indicates that bubbles will not have any preferred rest frame

in which to nucleate. This observation seems to suggest [? ] that the total rate of decay

per unit volume should include an integral over the Lorentz group, in order to account for

all possible frames. Such integral would of course be divergent (or at least cut-off dependent

if a regulator is imposed). Nonetheless, soon after this idea was proposed, Coleman [? ]

developed a instanton method which made it clear that the rate is finite, and that integration

over the Lorentz group does not play any role in calculating it 1.

Coleman’s arguments, however, do not shed much light on a related and somewhat

mysterious aspect of bubble nucleation, a missing ingredient which seems necessary for an

adequate description of the process. If it is true that a long lived metastable false vacuum

is approximately Lorentz invariant, what is it that determines the rest frame in which the

critical bubble nucleates?

1The reason is that instanton in this case is O(4) invariant, and its Lorentzian continuation (describing
the bubble after nucleation) is invariant with respect to Lorentz boosts. Because of that, the final state in the
asymptotic future is independent of the rest frame in which the critical bubble nucleates. Integrating over the
Lorentz group would then amount to overcounting the final states. For a recent discussion of related issues,
see [? ? ? ].
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TransiEons	  through	  crunches,	  if	  allowed,	  
are	  likely	  to	  be	  very	  far	  from	  ergodic.	  

We	  expect	  in	  this	  case	  a	  very	  well	  defined	  
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(J.G.+	  Vilenkin	  ‘12)	  	  	  
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Figure 2. Mini landscape with an AdS vacuum A, a low-energy dS vacuum B, and a high-energy dS

vacuum C.

XA/XB = TAB. (3.47)

The fraction of time spent by the watcher in different vacua can now be found from Eq. (3.35),

fJ ∝ XJτJ .
The transition probabilities Tij can be expressed in terms of the rates κij from the

definition (3.20),

TAB =
κAB

κAB + κCB
, TCB =

κCB

κAB + κCB
, (3.48)

and the average times spent during one visit are given by

τB =
1

κAB + κCB
, τC =

1

κBC
, (3.49)

while τA is determined by the classical AdS evolution. Combining all this, we obtain

fC
fB

=
κCB

κBC
+QC

κAB

κBC
, (3.50)

fA
fB

= τAκAB. (3.51)

Note that the second term in (3.50) is important when QCκAB � κCB, that is, when the rate

of transitions from B to C through a bounce at A is comparable to or higher than the rate

of direct upward transitions. In the limit when bounce transitions to C are highly unlikely,

QC → 0, Eq. (3.50) gives a thermal distribution, fC/fB = κCB/κBC ∼ exp(SC − SB). On

the other hand, if QC ∼ 1 and B has a much lower energy density than C, so that SB � SC ,

then the first term in (3.50) is negligible and fC/fB ∼ κAB/κBC . In this case, the ratio

fC/fB is not suppressed by the small upward transition rate and can be much greater than

exp(SC − SB).

In the absence of AdS bounces, the mini-landscape (3.42) was discussed in Ref. [8]. The

outcome then depends on the relative lifetime of the vacua B and C. For τB � τC , one finds

fC/fB ≈ τC/τB. In the opposite (and apparently more realistic) case, when the high-energy

vacuum has a shorter lifetime, τC � τB, the result is fC/fB ∼ exp(SC − SB).
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τB =
1

κAB + κCB
, τC =

1

κBC
, (3.49)

while τA is determined by the classical AdS evolution. Combining all this, we obtain

fC
fB

=
κCB

κBC
+QC

κAB

κBC
, (3.50)

fA
fB

= τAκAB. (3.51)

Note that the second term in (3.50) is important when QCκAB � κCB, that is, when the rate

of transitions from B to C through a bounce at A is comparable to or higher than the rate

of direct upward transitions. In the limit when bounce transitions to C are highly unlikely,

QC → 0, Eq. (3.50) gives a thermal distribution, fC/fB = κCB/κBC ∼ exp(SC − SB). On

the other hand, if QC ∼ 1 and B has a much lower energy density than C, so that SB � SC ,

then the first term in (3.50) is negligible and fC/fB ∼ κAB/κBC . In this case, the ratio

fC/fB is not suppressed by the small upward transition rate and can be much greater than

exp(SC − SB).

In the absence of AdS bounces, the mini-landscape (3.42) was discussed in Ref. [8]. The

outcome then depends on the relative lifetime of the vacua B and C. For τB � τC , one finds

fC/fB ≈ τC/τB. In the opposite (and apparently more realistic) case, when the high-energy

vacuum has a shorter lifetime, τC � τB, the result is fC/fB ∼ exp(SC − SB).
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