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Abstract
We show that the finite-time future singularities appear in f(T ) gravity with T being
the torsion scalar. We reconstruct f(T ) gravity models with realizing the finite-time
future singularities. It is explicitly demonstrated that a power-law type correction
term T β (β > 1) such as a T 2 term can remove the finite-time future singularities
in f(T ) gravity. We also investigate f(T ) models with realizing inflation in the early
universe, the ΛCDM model, Little Rip cosmology and Pseudo-Rip cosmology.

1 Introduction

Cosmological observations such as Type Ia Supernovae (SNe Ia), cosmic microwave background (CMB)
radiation, large scale structure (LSS), baryon acoustic oscillations (BAO), and weak lensing have sug-
gested the current accelerated expansion of the universe. There is two representative approaches to
understand this phenomenon. The first is to introduce the so-called “dark energy” (for a very recent
review, see, e.g., [1]). The second is to extend the gravitational theory, for example, F (R) gravity (for
reviews, see, e.g., [2]). There also exists “teleparallelism” constructed by using the Weitzenböck connec-
tion. This is an alternative gravity theory to general relativity and it is described by the torsion scalar T
and not the scalar curvature R defined with the Levi-Civita connection [3]. It has recently been revealed
that the late time cosmic acceleration [4, 5, 6] as well as inflation [7] can be realized by extending this
theory to f(T ) gravity, similarly to that in F (R) gravity. In this paper, we review our results in Ref. [8].
In particular, we demonstrate the existence of finite-time future singularities in f(T ) gravity. We note
that the procedure used here has also been extended to Loop quantum cosmology [9]. In addition, we
explain the relevant cosmologies to future singularities. We use units of kB = c = ~ = 1 and denote the
gravitational constant 8πG by κ2 ≡ 8π/MPl

2 with the Planck mass of MPl = G−1/2 = 1.2 × 1019GeV.

2 Finite-time future singularities in f(T ) gravity

In the teleparallelism, the metric gµν is written gµν = ηABeA
µ eB

ν with eA(xµ) orthonormal tetrad com-
ponents, where A = 0, 1, 2, 3 for the tangent space at each point xµ of the manifold, µ, ν = 0, 1, 2, 3
are coordinate indices on the manifold, and eµ

A is the tangent vector of the manifold. The teleparallel
Lagrangian density is expressed by using the torsion scalar T , although in general relativity the La-
grangian density is described by the Ricci scalar R. The torsion scalar T is given by T ≡ S µν

ρ T ρ
µν
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2 Finite-time future singularities in f(T ) gravity

Table 1: Conditions for the finite-time future singularities to occur on q in the expressions of H in Eq. (1),
ρDE, PDE, and the behaviors of H and Ḣ in the limit t → ts.

q(6= 0, −1) H (t → ts) Ḣ (t → ts) ρDE PDE

q ≥ 1 [Type I (“Big Rip”) singularity] H → ∞ Ḣ → ∞ J1 6= 0 J1 6= 0
or J2 6= 0

0 < q < 1 [Type III singularity] H → ∞ Ḣ → ∞ J1 6= 0 J1 6= 0
−1 < q < 0 [Type II (“sudden”) singularity] H → Hs Ḣ → ∞ J2 6= 0
q < −1, but q is not any integer H → Hs Ḣ → 0
[Type IV singularity] (Higher

derivatives of
H diverge.)

with T ρ
µν ≡ eρ

A

(
∂µeA

ν − ∂νeA
µ

)
the torsion tensor and S µν

ρ ≡ (1/2)
(
Kµν

ρ + δµ
ρ Tαν

α − δν
ρ Tαµ

α

)
, where

Kµν
ρ ≡ − (1/2)

(
Tµν

ρ − T νµ
ρ − T µν

ρ

)
is the contorsion tensor. The modified teleparallel action is given

by [5]I =
∫

d4x|e|
[
f(T )/

(
2κ2

)
+ LM

]
, where |e| = det

(
eA
µ

)
=

√
−g and LM is the Lagrangian of matter.

We take the four-dimensional flat Friedmann-Lemâıtre-Robertson-Walker (FLRW) space-time with
the metric ds2 = dt2 − a2(t)

∑
i=1,2,3

(
dxi

)2, where a(t) is the scale factor. In this background, we
have gµν = diag(1,−a2,−a2,−a2) and the tetrad components eA

µ = (1, a, a, a). The torsion scalar
T = −6H2 with H = ȧ/a the Hubble parameter, where the dot denotes the time derivative, ∂/∂t.
In the flat FLRW background, the gravitational field equations read H2 =

(
κ2/3

)
(ρM + ρDE) and

Ḣ = −
(
κ2/2

)
(ρM + PM + ρDE + PDE) with where ρM and PM the energy density and pressure of

all perfect fluids of generic matter, respectively. The perfect fluid satisfies the continuity equation
ρ̇M + 3H (ρM + PM) = 0. In addition, the energy density and pressure of dark components become
ρDE =

[
1/

(
2κ2

)]
J1 and PDE = −

[
1/

(
2κ2

)]
(4J2 + J1), respectively, where J1 ≡ −T − f + 2TF and

J2 ≡ (1 − F − 2TF ′) Ḣ with F ≡ df/dT and F ′ = dF/dT . The standard continuity equation is also
satisfied as ρ̇DE + 3H (ρDE + PDE) = 0.

3 f(T ) models with realizing cosmologies

In the FLRW background, the effective equation of state (EoS) for the universe is written as [2] weff ≡
Peff/ρeff = −1 − 2Ḣ/

(
3H2

)
with ρeff ≡ 3H2/κ2 and Peff ≡ −

(
2Ḣ + 3H2

)
/κ2 the total energy density

and pressure of the universe, respectively. At the dark energy dominated stage, we have wDE ≈ weff .
In the following, we consider this case that dark energy is completely dominant over matter because we
explore the evolution of the universe around the time when the finite-time future singularities appear.
For Ḣ < 0 (> 0), we find weff > −1 (< −1), which describes the non-phantom [namely, quintessence]
(phantom) phase. The case that weff = −1 for Ḣ = 0 corresponds to the cosmological constant.

It is known that there exist four types of the finite-time future singularities [10]. Type I (“Big
Rip” [11]): For the limit t → ts, a → ∞, ρeff → ∞ and |Peff | → ∞. The case that ρeff and Peff are finite
values at t = ts [12] is included. (ii) Type II (“sudden” [13]): For the limit t → ts, a → as, ρeff → ρs and
|Peff | → ∞. (iii) Type III: For the limit t → ts, a → as, ρeff → ∞ and |Peff | → ∞. (iv) Type IV: For the
limit t → ts, a → as, ρeff → 0, |Peff | → 0, and higher derivatives of H diverge. Also, the case that ρeff

and/or |Peff | become finite values at t = ts is included. Here, ts is the time when the finite-time future
singularities occur, and as(6= 0) and ρs are constants. We examine the case that H is expressed as [14]

H ∼ hs (ts − t)−q for q > 0 , H ∼ Hs + hs (ts − t)−q for q < −1, −1 < q < 0 , (1)

where hs(> 0) and Hs(> 0) are positive constants, and q(6= 0, −1) is a non-zero constant. Only the
period 0 < t < ts is studied because H should be a real number. In Table 1, we show the conditions
for the finite-time future singularities to exist on q in the expression of H in Eq. (1), ρDE, PDE, and the
behaviors of H and Ḣ in the limit t → ts.



K. Bamba 3

Table 2: Necessary conditions on the model parameters of a power-law model of f(T ) in order to realize
the finite-time future singularities, what types of the finite-time future singularities finally emerge, and
those of the correction term fc(T ) = BT β with removing the finite-time future singularities.

q( 6= 0, −1) Final behavior f(T ) = ATα fc(T ) = BT β

(A 6= 0, α 6= 0) (B 6= 0, β 6= 0)
q ≥ 1 [Type I (“Big Rip”) singularity] emerges α < 0 β > 1
0 < q < 1 [Type III singularity] — α < 0 β > 1
−1 < q < 0 [Type II (“sudden”) singularity] — α = 1/2 β 6= 1/2
q < −1, but q is not any integer emerges α = 1/2 β 6= 1/2
[Type IV singularity]

For H in Eq. (1), we reconstruct models of f(T ) gravity where the finite-time future singularities
occur. We note that there have been proposed reconstruction method for modified gravity such as an
F (R) gravity in Ref. [15]. As a result, we find that for a power-law form of f(T ) as f(T ) = ATα

with A(6= 0) and α(6= 0) non-zero constants, in the flat FLRW background both the two gravitational
filed equations can be satisfied. In addition, we investigate a correction term to remove the finite-time
future singularities. As an example of a correction term fc(T ), we take fc(T ) = BT β where B(6= 0)
and β(6= 0) are non-zero constants. In F (R) gravity, the correction term with β = 2, namely, a T 2

term can cure the finite-time future singularities [2]. Consequently, we see that for the combined form as
f(T ) = ATα+BT β , the two gravitational filed equations cannot be met simultaneously. This implies that
such a power-low correction term can remove the finite-time future singularities. In Table 2, we depict
necessary conditions for the model parameters of a power-law form of f(T ) where the finite-time future
singularities appear, those of a power-low the correction term which can remove the finite-time future
singularities. We also describe what types of the finite-time future singularities eventually appear. The
finite-time future singularities with the large absolute value of q can emerge. In addition, we explicitly
derive f(T ) models in which (a) inflation in the early universe, (b) the ΛCDM model, (c) Little Rip
cosmology [16], and (d) Pseudo-Rip cosmology [17, 18] can be realized. In Table 3, we represent forms
of H and f(T ) with realizing these cosmological scenarios.

Furthermore, we study Little Rip cosmology which corresponds to a mild phantom scenario. The
Little Rip scenario has been proposed to avoid the finite-time future singularities, in particular a Big
Rip singularity. In this scenario, the energy density of dark energy increases in time with wDE being
less than −1 and then wDE asymptotically approaches wDE = −1. However, such a scenario eventually
leads to the dissolution of bound structures at some time in the future via the increase of an inertial
force between objects. This process is called the “Little Rip”. We also investigate Pseudo-Rip cosmology.
The above four cosmological models can be classified by using the behavior of the Hubble parameter as
follows [17]. (a) power-law inflation: H(t) → ∞, t → 0. (b) the ΛCDM model or exponential inflation:
H(t) = H(t0) = constant with t0 the present time. (c) Little Rip cosmology: H(t) → ∞, t → ∞. (d)
Pseudo-Rip cosmology, which is also phantom asymptotically de Sitter universe: H(t) → H∞ < ∞,
t → ∞. Here, t ≥ t0, and H∞(> 0) is a positive constant. We also note that for a Big Rip singularity,
H(t) → ∞, t → ts, as shown in Table 1.

4 Summary

We have illustrated that there appear finite-time future singularities (Type I and IV) in f(T ) gravity and
reconstructed an f(T ) gravity model with realizing the finite-time future singularities. Furthermore, it
has been verified that a power-law type correction term T β (β > 1) such as a T 2 term can remove the
finite-time future singularities in f(T ) gravity. This is the same feature as in F (R) gravity. In addition,
we have derived the expressions of f(T ) gravity models in which (a) Power-law inflation, (b) CDM model,
(c) Little Rip cosmology, and (d) Pseudo Rip Cosmology can be realized.



4 Finite-time future singularities in f(T ) gravity

Table 3: Forms of H and f(T ) which can realize (a) inflation in the early universe, (b) the ΛCDM model,
(c) Little Rip cosmology and (d) Pseudo-Rip cosmology.

Cosmology H f(T )
(a) Power-law inflation H = hinf/t , f(T ) = ATα ,
(In the limit t → 0) hinf(> 1) α < 0 or α = 1/2
(b) ΛCDM model H =

√
Λ/3 = constant , f(T ) = T − 2Λ ,

or exponential inflation Λ > 0 Λ > 0
(c) Little Rip cosmology H = HLR exp (ξt) , f(T ) = ATα ,
(In the limit t → ∞) HLR > 0 and ξ > 0 α < 0 or α = 1/2
(d) Pseudo-Rip cosmology H = HPR tanh (t/t0) , HPR > 0 f(T ) = A

√
T
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