
 

 

 

 

 

RESCEU SYMPOSIUM ON 

GENERAL RELATIVITY AND GRAVITATION 

JGRG 22 

November 12-16 2012 

Koshiba Hall, The University of Tokyo, Hongo, Tokyo, Japan 

Hideki Ishihara, JGRG 22(2012)111411 

“Stable null bound orbits around a black ring” 

 



Stable Bound Null Orbit 
around a Black Ring 

T.Igata, H.Ishihara, and Y.Takamori  
(Osaka City University) 

  

Hideki Ishihara 



Introduction 
Higher-dim. Black Hole is a key  
            for a verification of extra dimensions?  

Black Ring 

Kerr Black Hole 

Myers & Perry (1986) Emparan & Reall (2002) 
Black Hole 



Geodesics around a Black Hole 
Geodesic particles are important probes of 
          gravitational field around a black hole. 

• ISCO appears for timelike particles 

• Unstable circular orbits exist for null particles 

• Geodesic equations in Kerr geometry are separable 

• No stable circular orbit exists for timelike particles 

• Unstable circular orbits exist for null and timelike particles 

• Geodesic equations are separable 

For spherical black holes (the Myers-Perry metric) 

• Stable stationary orbits exist for timelike particles 

• Geodesic equations would not be separable 

For black rings (the Emparan-Real metric) 

J.Hoskisson(2008), M.Durkee(2009),  

T.Igata, H.Ishihara, and Y.Takamori(2010),(2011) 

S.Grunau, V.Kagramanova, J.Kunz, C.Lammerzahl(2012) 

V.P.Frolov and D.Stojkovic(2003) 



Stable Bound Orbits 

Stable Bound Orbit 

Timelike Null 

4-D Black Holes Yes No 

5-D Black Holes No No 

5-D Black Rings Yes ? 

T.Igata, H.Ishihara, and Y.Takamori,  

  Phys. Rev. D82, 101501 (2010) 

Orbits stable against small perturbations, and  

bounded in a finite domain outside the black hole horizon. 



Particle Motion around a Black Hole 
4-dim. Schwarzschild BH case 

Effective potential : 
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Particle Motion around a Black Hole 
D-dim. Schwarzschild BH case 

Effective potential : 

 No stable bound orbits for  
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Stationary Points Set for Effective Potential 
Effective potential for D-dim. Schwarzschild BH 

Stationary condition 

no stable bound orbits  

≄ ∽ ∴ ≄ ∽ ∵ 

Local min. Local max. 

ISCO 

Local max. 

Stationary Points Set ≌ ∨ ≲ ∩ ∽ 
≳ 

∨ ≄ ⊡  ∳ ∩ ≍ ≲ ∲ 
≲ ≄ ⊡ ∳ ⊡  ∨ ≄ ⊡  ∱ ∩ ≍ 



How about  

Black Ring ?  



Horizon topology        

5D Singly Rotating Black Ring 

Free parameters  
: ring radius 

: thickness 

Killing vectors  

Metric 

fat thin 

Emparan & Reall (2002) 
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Event Horizon 

rotation 

rotation 

                  are suppressed. 
            : polar coordinates on the independent two planes, respectively. 

unit 

Coordinates for the Black Ring 



Hamiltonian formalism for a Null particle 
Constants of motion 

Hamiltonian 
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Effective Potential 
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Stationary Points Set 

Stationary Orbits 

≀⊳≕∨⊳∻ ⊽∻ ≬⋃∻ ≬⋁∩ ∽ ≀⊽≕∨⊳∻ ⊽∻ ≬⋃∻ ≬⋁∩ ∽ ∰
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≟⊽ ∽ ≟⊳ ∽ ∰
Stationary Solutions 

defines 2-dimensional surface embedded  

in the 4-dimensional space 

≕ ≪⊧ ∽ ∰Null condition for the stationary orbits is 

≎  ∽ ≦ ∨ ⊳ ∻ ⊽ ∻ ≬ ⋃ ∻ ≬ ⋁ ∩ ≧ 
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Stability conditions 

≈∨≕ ∩ ∽
⋃

≀∲⊳≕ ≀⊳≀⊽≕
≀⊽≀⊳≕ ≀∲⊽≕

∡
Stable Stationary orbit Local minimum of ≕ ∨ ⊳ ∻ ⊽ ∻ ≬ ⋃ ∻ ≬ ⋁ ∩ 

≤≥≴≈∨≕ ∩≪⊧ ∾ ∰ ≴≲≈∨≕ ∩≪⊧ ∾ ∰and 

Two eigenvalues of Hessian matrix 

are positive at the stationary point. 



⊺ ∽ ∰∺∱
Existence of Stable Stationary Orbits 

≐ ≲ ≯ ≪ ≥ ≣ ≴ ≩ ≯ ≮ ≯ ≦ ⊧ ≩ ≮ ≴ ≯ ≴ ≨ ≥ ⊳ ∭ ⊽ ≰ ≬ ≡ ≮ ≥ ≦ ≯ ≲ 



Stable Toroidal Spiral Orbits 

The stable stationary orbit is tangent to  

 a null Killing vector 

≀ ≴ ∫ ⊮ ∨ ≬ ⋃ ∻ ≬ ⋁ ∩ ≀ ⋃ ∫ ⊯ ∨ ≬ ⋃ ∻ ≬ ⋁ ∩ ≀ ⋁ 
The projection of a orbit on a                 surface  

is a toroidal spiral on            .  

≴ ∽ ≣ ≯ ≮ ≳ ≴ 
. 

≓ ∱ ⊣ ≓ ∱ 



⊺ ∽ ∰∺∱∳∲∲∴ ∧ ⊺≣⊺ ∽ ∰∺∱ ⊺ ∽ ∰∺∲

Critical Thickness 

p : Innermost Stable Toroidal Spiral Orbit   (ISTSO) 

q : Outermost Stable Toroidal Spiral Orbit  (OSTSO) 



⊺ ∽ ∰∺∱

Cusps 

≐ ≲ ≯ ≪ ≥ ≣ ≴ ≩ ≯ ≮ ≯ ≦ ⊧ ≩ ≮ ≴ ≯ ≴ ≨ ≥ ≬ ⋃ ∭ ≬ ⋁ ≰ ≬ ≡ ≮ ≥ ≦ ≯ ≲ 



Stationary Points Set 

≄ ∽ ∴ 

Local min. Local max. 

ISCO 

2-dim. surface embedded  

  in 4-dimensional space 
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Stationary Points  



Stationary Points  



Bounded Null Orbits  

Non stationary bounded orbits appear 



Summary 

Stable bound null orbits exist  
  around a Black Ring.  

for 

Stable Bound Orbit 

Timelike Null 

4-D Black Holes Yes No 

5-D Black Holes No No 

5-D Black Rings Yes Yes 

⊺ ⊷ ⊺ ≣ ∽ ∰ ∺ ∱ ∳ ∲ ∲ ∴ ⊢ ⊢ ⊢ 
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