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Gravity in Higher Dimension

Why higher dimension ?
String theory =» spacetime dimension > 4

-Various compactification
—-Large extra dimension - higher dimensional gravity

Black hole in Higher Dimension
- No uniqueness, No topology theorem

-Black String, Brane ( KK spacetime )
-Black Ring, Black Saturn, etc...

Gregory-Laflamme Instability

Characteristic in extended black object ( sting, brane,...)
Long wave length instability ~ hydrodynamic instability




Gregory-Laflamme Instability

» In 1993, Gregory and Laflamme found a long
wave length instability of black string (brane)
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Importance threshold : thickness ~ wave length

—Universal property for extended objects

-Determine Phase Diagram in KK spacetime
UniformBS - NUBS - (caged) Black hole
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Threshold mode k_GL in large

Numerical Analysis
Sorkin (2004) studied the threshold mode numerically up to D=50

HGL = (d—2)Q_2 (?"0 ,I;GL>d—3
dimensionless mass 16 =

1= GpM/LP~3

and observed | ;o; x AP v ~ 0.686

Large D limit
Kol, Sorkin(2004), Asnin, et.al.(2007)

solved analytically the threshold mode in large D limit

e

kar — Vd| 2@ 5=/ ~0.658
27 agree with Sorkin(2004)

Matched asymptotic expansion

_ new coordinate _
near horizon X — 1 expand with1/n

asymptotic expand with ?{} / [T



Hydrodynamical approximation
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» Camps et.al(2010) studied the instability in long
wave length limit = Narvier-Stokes Eq. +viscosity

dispersion relation I n 9
(1= 1— — valid up to kA3
v+ 1 ( iy + 1 m) P
Qnry
=100 highly coincident with numerical data
even k is large !
they proposed at large D
k k
Q- — 11— —
S R B S L

Camps, Emparan, Nidal (201

Question
Can we prove this dispersion relation analytically ?
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Set up and Master equation

Black String background n=D-4]LargeD - Large n
dsi = —f(r)dt* + dr® + dz* + -rzdﬂiﬂ flr)y=1—ry/r"

1
f(r)
Scalar Perturbation with Transverse-Traceless gauge

h,., = Rexp [(% n %) PM]
o o

Py = —fo(r), Py =n(r), Prrf_IX('T’)a Po = 'T’EH-('?")’}"D

Master equation for 7(r)
= Same equation in GL94 . 3
(n? — 4r2Q% — 2 (ng + ka?‘z) f+n?fHn" — ‘/ﬁ

Assumption

1 . L S,
+ﬁ(3 (n® — 4nr*Q?) + (3n® — 6n° — 4r°Q* + 8nr? (=K% + Q%)) f
- (—an +3n? —4k*r? + 4k2?1.-r2) 243023y

72 (n* = 5n%r? Q% + 47 + (3n® — 2 + 8K%r1Q% + 0 (K2 +109%)) f
T

+ (=6n° — n' +4nr?(Q* — k%) + 4% (K'r* + Q) +n® (1 — 26*7* — 5r°Q7)) f7
., — (3713 1t L 4k%r? L8k nr? 4 n? (—2 + kgrg)) fs + ngf‘l)-r; =0

_I_




Near horizon in Large

“Good” coordinate in Large D (used in Asnin et. al. (2007))

X =pn the effect of the horizon correctly incorporated
at large D expansion

n(X)" + Pxn(X)" + Qxn(X) =0
upto 1/n = X(X —1)%(X)" + (X - 1)*(4X — )n(X) + (X —1)(2X — )n(X) = Si[n]
Sy[n] = —%(Q(X — 1242 X2 — 22X 4+ Dn(X) + (X — 1)2(B*(8X2 — 4X + 1) + 3)n(X))
leading solution

1 _ In(X —1)—InX
U].[:X):Ha Uy(X) = ( X—)l

Uy ~X"14+X"2and Uy~ -1/X? when X > 1,

= require up to 1/r*" in asymptotic region




Asymptotic region in Large

Leading order f(r) > 1 Expansion with

r’p” 4+ (n+ 1)y — (* + Q*)n=0.

g fr

regularity at the infinity

1
P | nas(r) = — K (kar).

modified Bessel of 2"d kind

Next to Leading

ui(r) = rEm(r)

€T = Fﬁg}?"

v=(n+2)/2 and kq = Vk? + Q2.

modified Bessel Eq. with source term

PUY pr + Uy — (T + yz:c_l}ul — Sqfug] =0

Silu] = kg 222 (A 2% 4 Ag)u(z) + Azzu’(2)]

Using Green function

9 'U.]_(I::l — C'J.I{V(I}

K, (z) f "1, (y)S1 [0l (w)dy — I, (x) f " K ()8 [l (4)dy

??us,'Lﬁ(l——+_;+ = )— ﬂ+’2 (up to 1/n)
n




Intermediate region

Asymptotic solution X =r" < n¥(k > 1: const.) so that n='In X is subleading

MR 1+k2InX ()2 1 k) 1
flas X X T X2~ X
/

ok2n  2n M 2n

%

X3 +O(X 3 n %)

rd

/ Leading at near horizon

.‘\2
: {%zocl 1—1+k InX
1 P21 P X n
WX =7 D s = -

Sub-leading at near horizon

C In(X —1)—InX 14+k?In(X -1
mX) =xg—7+0 ( X-1 = E‘f—l}
L0 1+ WX | nCi—nCh+1+Fk

X n_ X X2

2 7.9
> Glzﬂ and -ncz_l_ff_ﬂ:_ﬂ 1 k

gfgz+2 2



Horizon regularity

At X -> 1, the regular solution is
large n limit

nX)= (X 1) "R+ O(X —1)) * 3 (14—%111()(—1}4___)
matched solution
) e
n(X) = 1 +-an—1—k=_21n{X—1} nCy —1—k%= ot

X -1 n X -1

0?2 ;2

1
2| Q= o2 ™5~ 5 | Leading order matching

Expected growing mode !!
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Summary

» We analytically solved the scalar perturbation on
black brane in large D limit and obtained the

expected dispersion relation.

» Our calculation shows that large D expansion
should be useful analytic approximation
in higher dimension.
Application to another situation seems possible in
the similar way.







A. Matching at singular point

Master Eq has a singular point between horizon and the infinity

We first attempted to do matching at the singular point
as Kol, Sorkin (2004)

/ L, (y)S1|uol(y)dy — I, / K, (y)S1|uo](y)dy

trivial.......

P

Tsoe(Ts) - Y

> L ~ —n —2ky/n — 1 — 3k?
Nas(Ts)




B. failure in KS04

As B.C. for asymptotic sols, Kol,Sorkin(2004) used
d

X' (rs)/x(rs) = ——

5

because master Eq. is singular at

they say since rox’ (1)
—d =S = d 1k d
Xas\Ts :'

But, since 1/rAn ~ 1/n at r_s, NLO should affect the matching.
We calculated the next order and ...

- o P
Va 1. s 1 L .-I

Xas|Ts)

= —d+1-FE/d—(1-F/d) e I ENEWd N

canceled coincidence or
reflecting some physics ?




C. Asymptotic Perturbation

o no o, - 2 1 -
ur(r) =r2n(r) 0 zuy oo +uy . — (x4 vz )uy — Siug] =0

k2202 (A 2% 4 Ay)u(z) 4+ Agzu! (z)]

£

kot (k' + 3K°Q% + 20 ~ 1

1 9 D] D) W i
2 = 3};5-_! “(3n"Q° + 2n(n — 1_}};2) ~ n?

)

—kg n(2k* +30%) ~ —2n

A+ Box? + Ba)u(z) + (Byx? + Bg)zu'(x)]

3 =nt 13031 Qn.‘ ~ n‘l
— on(4k* + 12K202 + 60N =t ~ —8,
—2n(4k” + 12k760° 4- 6027 ) kg,” =~ —8n

2n2(n+1) ~ 2n?




	24suzuki
	suzuki

