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Has intergalactic magnetic fields been detected? 

from the individual p-values for each source, Paccept,k, where Ns

is the number of sources. Fisher’s method assures that the TS is
distributed as a χ2 distribution with 2Ns degrees of freedom.
This χ2 distribution is integrated, giving the overall p-value of
acceptance, Paccept,com. We choose to present the combined
results for rejecting a model as the equivalent number of sigma
for which the model is rejected if the errors were distributed as
a normal distribution. That is, the number of sigma a model is
rejected is 4 � � P2 erf .1

accept,com( )

4. RESULTS

4.1. Results with Conservative Assumptions

Here we show the results for our conservative assumptions.
We choose a jet opening angle of θj = 0.1 rad, roughly
consistent with values from VLBI measurements (Jorstad
et al. 2005), and the EBL model from (Finke et al. 2010, their
“model C”). For the calculation of Fcascade,min we use tblazar = 3
years and Emax equal to the central energy of the maximum
observed bin from the IACTs. This tblazar is the typical time
between observations for the objects in our sample, and the
typical time for which we know the sources are not variable.
For calculation of Fcascade,max we use tblazar = 1/H0, i.e., we
assume the blazar has been emitting VHE γ-rays at the level
currently observed for the entire age of the universe; and
Emax = 100 TeV. For calculation of Fcascade,max the deabsorbed
VHE points are fit with a power law and extrapolated to
100 TeV to calculate the cascade component. The VHE
spectrum is assumed to have a hard cutoff at Emax. That is,
this assumes that the source does not emit any γ-rays
above Emax.

Our conservative results can be seen in Figure 4. One can see
that high magnetic field values (B  10−12 G for LB  1Mpc)
are not significantly ruled out, while low values (B  10−16 G
at 10−10 Mpc; B  10−21 G for LB  1Mpc) are ruled out at
≈7.2σ. For LB  1Mpc, the allowed B is essentially
independent of LB, since above this LB the electrons will lose
most of their energy from scattering within a single coherence
length. For LB  1Mpc, the allowed B goes as r �B LB

1 2 due
to the random change in direction of B, and hence the direction
of the electrons’ acceleration, as they cross several coherence

lengths. This overall dependence of the constraints on B and LB
has been pointed out previously by Neronov & Semikoz (2009)
and Neronov & Vovk (2010). There is a strange shape in the
contours at 1–10Mpc due to this transition region, and due to
the coarseness of our grid, which is one order of magnitude in
both B and LB.
Low magnetic field values are inconsistent with the data at

>5σ. We consider this to be quite a significant constraint. Since
many authors (e.g., Neronov & Vovk 2010; Dermer
et al. 2011) have ruled out low B values if the cascade
component is above the LAT 2σ upper limits, those authors are
implicitly ruling out the B values at the 2σ level. The high
magnetic field values are not significantly ruled out. The most
constraining sources in our sample for low B values turned out
to be 1ES 0229+200, 1ES 0347–121, and 1ES 1101–232, all
of which individually ruled out low B values at 4.5σ.
Our lower limits on B are lower than what many previous

authors have found in a similar fashion, but assuming tblazar= 1/
H0 (e.g., Neronov & Vovk 2010; Tavecchio et al. 2010, 2011;
Dolag et al. 2011). We compute a constraint with this less
conservative assumption on tblazar below in Section 4.3 for
comparison. Several authors have constrained the IGMF to be
B  10−18 G for LB = 1Mpc by using a shorter tblazar as we do
(e.g., Dermer et al. 2011; Taylor et al. 2011; Vovk et al. 2012).
Our lower limits are generally consistent with these authors,
although slightly lower (B > 10−19 G). The minor difference
could be due to the fact that we assume a sharp cutoff at high
energies in the intrinsic spectrum at the maximum VHE energy
bin observed from a source, while other authors extrapolate
above this energy in some way, typically with an exponential
form. This makes our results more conservative.

4.2. Robustness

In general, we consider our assumptions, and the results
found in Section 4.1, to be quite reasonable, and indeed quite
conservative. However, to be thorough, we have tested the
robustness of these results by varying some of the assumptions,
particularly those that would weaken the constraints, and
seeing if this made a significant difference in our results.
The first item we explored is the EBL model. One would

expect that the parameter space will be ruled out with greater
significance if a more intense and absorbing EBL model is
used, while it would be ruled out with lesser significance if a
less intense EBL model is used. We performed simulations for
a less intense EBL model, namely the model of Kneiske &
Dole (2010). This model was designed to be as close as
possible to the observed lower limits on the EBL from galaxy
counts; however, note that for some regions of parameter space,
other EBL models predict less absorption. The results can be
seen in Figure 5. The low B values are ruled out at 5.5σ, while
the high B values are still unconstrained. We also performed
simulations with the model of Franceschini et al. (2008), which
has a similar overall normalization as the Finke et al. (2010)
model, but its SED has a bit different shape. With this model
we found that low B values are ruled out at 6.7σ, and high B
values are again unconstrained.
There has been some evidence in recent years that the source

1ES 0229+200 is variable at VHE energies (Aliu et al. 2014),
as is 1ES 1218+304. We have therefore left out these sources
when computing our constraints, and the results can be seen in
Figure 6. Similar regions of parameter space are ruled out, but
at much less significance; low values of B are ruled out at 6.0σ.

Figure 4. Values of parameter space of B and LB ruled out for the combined
conservative results of Section 4.1 for all of our objects. The contours represent
the significance a particular region of parameter space is ruled out, in number
of sigma, as indicated by the bar. These constraints assume the Finke et al.
(2010) EBL model and θj = 0.1 rad.
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Fig. 4.— The values of parameter space of B and LB ruled out
for the combined conservative results of Section 4.1 for all of our
objects. The contours represent the significance a particular region
of parameter space is ruled out, in number of sigma, as indicated
by the bar. These constraints assume the Finke et al. (2010) EBL
model and θj = 0.1 rad.

There is a strange shape in the contours at 1 − 10 Mpc
due to this transition region, and due to the coarseness
of our grid, which is one order of magnitude in both B
and LB.
Low magnetic field values are inconsistent with the

data at > 5σ. We consider this quite a significant con-
straint. Since many authors (e.g., Neronov & Vovk 2010;
Dermer et al. 2011) have ruled out low B values if the
cascade component is above the LAT 2σ upper limits,
those authors are implicitly ruling out the B values at the
2σ level. The high magnetic field values are not signifi-
cantly ruled out. The most constraining sources in our
sample for low B values turned out to be 1ES 0229+200,
1ES 0347−121, and 1ES 1101−232, all of which individ-
ually ruled out low B values at ! 4.5σ.
Our lower limits on B are lower than what many

previous authors have found in a similar fashion, but
assuming tblazar = 1/H0 (e.g. Neronov & Vovk 2010;
Tavecchio et al. 2010, 2011; Dolag et al. 2011). We com-
pute a constraint with this less conservative assumption
on tblazar below in Section 4.3 for comparison. Several
authors have constrained the IGMF to be B ! 10−18 G
for LB = 1 Mpc by using a shorter tblazar as we do (e.g.,
Dermer et al. 2011; Taylor et al. 2011; Vovk et al. 2012).
Our lower limits are generally consistent with these au-
thors, although slightly lower (B > 10−19 G). The minor
difference could be due to the fact that we assume a sharp
cutoff at high energies in the intrinsic spectrum at the
maximum VHE energy bin observed from a source, while
other authors extrapolate above this energy in some way,
typically with an exponential form. This makes our re-
sults more conservative.

4.2. Robustness

In general, we consider our assumptions, and the re-
sults found in Section 4.1 quite reasonable, and indeed
quite conservative. However, to be thorough, we have
tested the robustness of these results by varying some of
the assumptions, particularly those that would weaken
the constraints, and seeing if this made a significant dif-
ference in our results.
The first item we explored is the EBL model. One

would expect that the parameter space will be ruled out
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Fig. 5.— The same as Figure 4, only with the EBL model of
Kneiske & Dole (2010).
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Fig. 6.— The same as Figure 4, only without the results from
the source 1ES 0229+200 and 1ES 1218+304, which have shown
evidence for γ-ray variability.

with greater significance if a more intense and absorb-
ing EBL model is used, while it would be ruled out with
lesser significance if a less intense EBL model is used.
We performed simulations for a less intense EBL model,
namely the model of Kneiske & Dole (2010). This model
was designed to be as close as possible to the observed
lower limits on the EBL from galaxy counts; however,
note that for some regions of parameter space, other EBL
models predict less absorption. The results can be seen
in Figure 5. The low B values are ruled out at 5.5σ, while
the high B values are still unconstrained. We also per-
formed simulations with the model of Franceschini et al.
(2008), which has a similar overall normalization as the
Finke et al. (2010) model, but its SED has a bit different
shape. With this model we found that low B values are
ruled out at 6.7σ, and high B values are again uncon-
strained.
There is some evidence in recent years that the source

1ES 0229+200 is variable at VHE energies (Aliu et al.
2014), as is 1ES 1218+304. We have therefore computed
our constraints leaving out these sources, and the results
can be seen in Figure 6. Similar regions of parameter
space are ruled out, but at much less significance; low
values of B are ruled out at 6.0σ.
We performed simulations with both larger (θj = 0.2

rad) and smaller (θj = 0.05 rad) values of the jet opening
angle. A Larger value of θj led to larger cascades, and

Fig. 2: Light, medium and dark grey: known observational bounds on the strength and correla-
tion length of EGMF, summarized in the Ref. (25). The bound from Big Bang Nucleosynthesis
marked “BBN” is from the Ref. (2). The black hatched region shows the lower bound on the
EGMF derived in this paper. Orange hatched regions show the allowed ranges of B,λB for
magnetic fields generated at the epoch of Inflation (horizontal hatching) the electroweak phase
transition (dense vertical hatching), QCD phase transition (medium vertical hatching), epoch of
recombination (rear vertical hatching) (25). White ellipses show the range of measured mag-
netic field strengths and correlation lengths in galaxies and galaxy clusters.
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Figure 4: 95 % lower limits on the field strength of the IGMF for qjet = 6�. Left: Exclusions for tmax =
10years for individual sources. Right: Combined exclusion limits for different blazar activity times.

(B & 3⇥10�13 G). For such large fields, however, the actual jet opening and viewing angle of the
blazar become important to accurately model the halo. The influence of these effects in the limit of
large field strength (B & 10�15 G) is not considered in the simplified 1D Monte-Carlo calculation
used by ELMAG.

Dedicated 3D Monte Carlo codes should be used in the future to search for the cascade emis-
sion at higher values of the IGMF to accurately model the source extension and taking into ac-
count the viewing angle of the blazar [20, 21, 22]. Further extensions could include more realistic
models of the intergalactic field, including a full treatment of its turbulence spectrum [23] and its
helicity [24].
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Fig. 1: A comparison of models of cascade emission from TeV blazars (thick solid black curves)
with Fermi upper limits (grey curves) and HESS data (grey data points). Thin dashed curves
show the primary (unabsorbed) source spectra. Dotted curves show the spectra of electromag-
netic cascade initiated by pair production on EBL. Vertical lines with arrows show the energies
below which the cascade emission should be suppressed.
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Fig. 1: A comparison of models of cascade emission from TeV blazars (thick solid black curves)
with Fermi upper limits (grey curves) and HESS data (grey data points). Thin dashed curves
show the primary (unabsorbed) source spectra. Dotted curves show the spectra of electromag-
netic cascade initiated by pair production on EBL. Vertical lines with arrows show the energies
below which the cascade emission should be suppressed.
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Most convincing explanation: Extragalactic MFs  
Evidence (?) of large scale magnetic fields 
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What happens if they originated from very early Universe?  
One interesting possibility   

If the MFs existed before the EWSB (as hyperMFs) and  
they have non-zero helicity, baryon asymmetry of the 
Universe is generated through the chiral anomaly of the SM. 

(’98 Givannini&Shaposhnikov, ’16 KK&Fujita, KK&Long)
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- “Free” decay due to MHD
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- Conversion from hyper to electromagnetic field at EWSB

✓W(t)

BY Bem

BZ

BW 3

BA

Figure 1: A graphical representation of the conversion from hypermagnetic field BY into elec-

tromagnetic field Bem during the EW crossover. The (blue) parabolas indicate the curvature of

the thermal e↵ective potential. The weak mixing angle ✓W(t) measures the separation of the flat

direction (massless field degree of freedom) and the U(1)Y axis.

evolution of the massless field degree of freedom, we have reduced the problem to a single degree

of freedom as represented by the classical vector field Aµ(x).

The Ansatz (2.3) is represented graphically in Fig. 1, which illustrates the conversion from

hypermagnetic field to electromagnetic field. Here we denote the magnetic field of a gauge field Y

as BY ⌘ r⇥Y. We have drawn the figure so as to suggest that |BA| does not decrease appreciably

during the EW crossover. As we will explain later, this is the case because Aµ evolves slowly

according to the cosmic expansion and the inverse cascade.

Having generalized the gauge field Ansatz from our earlier work, we are now prepared to

revisit the calculation of source terms (2.2). Using the Ansatz in Eq. (2.3), the source terms can

be written as

S
bkg
w =

1

2

⇣ 1

sT

1

16⇡2

⌘
g2
⇣
sin2 ✓W(t)Aµ⌫Ã

µ⌫ + 2
d✓W

dt
sin 2✓W(t)�0µA⌫Ã

µ⌫
⌘

(2.4a)

S
bkg
y =

⇣ 1

sT

1

16⇡2

⌘
g02

⇣
cos2 ✓W(t)Aµ⌫Ã

µ⌫ � 2
d✓W

dt
sin 2✓W(t)�0µA⌫Ã

µ⌫
⌘

(2.4b)

S
bkg
yw = 2

⇣ 1

sT

1

16⇡2

⌘
gg0

⇣
sin ✓W(t) cos ✓W(t)Aµ⌫Ã

µ⌫ + 2
d✓W

dt
cos 2✓W(t)�0µA⌫Ã

µ⌫
⌘

(2.4c)

where Aµ⌫ is the field strength tensor associated with Aµ(x), and Ã
µ⌫ = ✏µ⌫⇢�A⇢�/2 is the dual
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becomes sensitive to the near-critical behaviour and the
mass becomes small but still remains non-zero. Even at
its largest, the Higgs correlation length is smaller than
10/T , which is substantially smaller than the largest lat-
tice sizes ∼ 70-80/T .
In the symmetric phase, the non-abelian gauge fields

are confining, and the operators couple to bound states
of two scalars. The correlation functions become noisy
and the screening masses increase rapidly.
The U(1) gauge field correlation function can be used

to measure the γ-Z mixing, i.e. the effective Weinberg
angle. We define the operator

Op(z) =
∑

x1,x2

α12(x1, x2, z)e
ip·x, (22)

where the sum is taken over the plane (x1, x2), αij is
the (non-compact) hypercharge U(1) plaquette (9) and p

is a transverse momentum vector compatible with peri-
odic boundary conditions: (p1, p2, p3) = 2π/N(n1, n2, 0)
with integer n1 and n2. In our measurements we use
the smallest non-vanishing momentum, with |p| = 2π/N .
At p = 0 the operator Op vanishes, due to the periodic
boundary conditions. The correlation function

G(z) =
1

N3

∑

t

⟨Op(t)O
∗
p
(z + t)⟩ (23)

has the long distance behaviour [30]

G(z) →
Aγz

2βG

ap2
√

p2 +m2
γ

e−z
√

p2+m2
γ (24)

where mγ is the photon screening mass and Aγ gives
the projection of the operator to the hypercharge U(1)
field, in effect yielding the temperature-dependent effec-
tive mixing angle. At tree level, Aγ = 1 in the symmetric
phase and Aγ = cos2 θW in the broken phase.
The photon screening mass mγ vanishes within our

measurement accuracy at all temperatures. The projec-
tion Aγ is shown in figure 9 for βG = 9, 603 lattice. The
measurement is noisy, but we can observe that Aγ ≈ 1 in
the symmetric phase down to the cross-over temperature,
and it starts to decrase as the Higgs field expectation
value grows at lower temperatures, slowly approaching
the tree-level value.
Beyond tree-level perturbative estimates for the be-

haviour of Aγ can be obtained by calculating at 1-loop
order the residue of the 1/k2 pole in the ⟨BiBj⟩ corre-
lator. In the symmetric and broken phases one obtains
[30]

Asymm.
γ = 1−

z

48π
√
y

(25)

Abroken
γ = cos2 θW

(

1 +
11

12

g23 sin
2 θW

πmW

)

(26)

where mW is the perturbative W mass. These expres-
sions clearly anticipate the behaviour we observe on the
lattice, although they diverge as y → 0±.
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FIG. 9: The effective γ−Z mixing as a function of the temper-
ature. The dashed lines show the 1-loop perturbative results.

VII. CONCLUSIONS

We have accurately determined the Higgs field expec-
tation value and its susceptibility across the Standard
Model cross-over using lattice simulations of an effective
3-dimensional theory. Defining the cross-over temper-
ature by the maximum of the susceptibility, we obtain
Tc = 159.6 ± 0.1 ± 1.5GeV, where the first error is due
to the statistical accuracy of the lattice computation and
the second one is the estimated uncertainty of the effec-
tive theory approach [16, 26]. Following the approach of
Laine and Meyer [26], these results were used to obtain
the behaviour of basic thermodynamic quantities, includ-
ing energy density, pressure, heat capacity and the speed
of sound, across the cross-over. There is a well-defined
cross-over region where thermodynamic quantities devi-
ate from the low- or high-temperature behaviour. This
region is quite narrow, between 157 and 162GeV. The re-
sults are consistent with the standard picture of the elec-
troweak cross-over: Higgs and W modes become softer
but not critical, and the U(1) field remains massless at
all temperatures.
Overall our results are compatible with the analysis in

ref. [26] using lattice data from ref. [20]. Howeever, our
results are significantly improved numerically: we have
much larger volumes with higher statistical accuracy, the
data is extrapolated to the continuum and we include
the U(1) field in the effective theory. Thus, our results
form an important consistency and reliability check of
the earlier results.
For phenomenological applications the thermodynamic

quantities here can be combined with existing low- [37]
and high-temperature [27] perturbative results. This has

Lattice results

Analytic (1-loop)

(’16 D’Onofrio)

EY � Ẏ � �̇W sin �W Y

(dH/dt)/V � �̇W �BB2
p/2�

(’16 KK&Long)

(’98 Givannini&Shaposhnikov)
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FIG. 2: The Higgs expectation value as a function of tem-
perature, compared with the perturbative result [2].

sphaleron barrier (∼ sphaleron energy), and special real-
time runs are performed to calculate the dynamical pref-
actors of the tunneling process. The physical rate is then
obtained by reweighting the measurements. For details
of this intricate technique, we refer to [12, 27]. As we will
observe, in the temperature range where both methods
work, these overlap smoothly.
Simulation results: We perform the simulations using lat-
tice spacing a = 4/(9g23) (i.e. βG = 4/(g23a) = 9 in
conventional lattice units), and volume V = 323a3. In
ref. [12] we observed that the rate measured with this
lattice spacing in the symmetric phase is in practice in-
distinguishable from the continuum rate, and deep in the
broken phase it is within a factor of two of our estimate
for the continuum value, well within our accuracy goals.
In fact, algorithmic inefficiencies in multicanonical simu-
lations become severe at significantly smaller lattice spac-
ing, making simulations there very costly in the broken
phase. The simulation volume is large enough for the
finite-volume effects to be negligible [12].
The expectation value of the square of the Higgs field,

v2/T 2 = 2⟨φ†φ⟩/T (here φ is in 3d units), measures the
“turning on” of the Higgs mechanism, see Fig. 2. As
mentioned above, there is no proper phase transition and
v2(T ) behaves smoothly as a function of the tempera-
ture. Nevertheless, the cross-over is rather sharp, and
the pseudocritical temperature can be estimated to be
Tc = 159± 1GeV. If the temperature is below Tc, v2(T )
is approximately linear in T , and at T > Tc, it is close to
zero. The observable ⟨φ†φ⟩ is ultraviolet divergent and
is additively renormalized; because of additive renormal-
ization, v2(T ) can become negative.
We also show the two-loop RG-improved perturbative
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FIG. 3: The measured sphaleron rate and the fit to the broken
phase rate, Eq. (7), shown with a shaded error band. The
perturbative result is from Burnier et al. [11] with the non-
perturbative correction used there removed; see main text.
Pure gauge refers to the rate in hot SU(2) gauge theory [19].
The freeze-out temperature T∗ is solved from the crossing of
Γ and the appropriately scaled Hubble rate, shown with the
almost horizontal line.

result [2] for v2(T ) in the broken phase. Perturbation
theory reproduces Tc perfectly, and v2 is slightly larger
than the lattice measurement. In the continuum limit we
expect this difference to decrease for this observable; in
ref. [12] we extrapolated v2(T ) to the continuum at a few
temperature values and with Higgs mass 115GeV. The
continuum limit in the broken phase was observed to be
about 6% larger than the result at βG = 9. Thus, for
v2(T ) perturbation theory and lattice results match very
well.
Finally, in Fig. 3 we show the sphaleron rate as a func-

tion of temperature. The straightforward Langevin re-
sults cover the high-temperature phase, where the rate
is not too strongly suppressed by the sphaleron barrier.
In fact, we were able to extend the range of the method
through the cross-over and into the broken phase, down
to relative suppression of 10−3.
Using the multicanonical simulation methods we are

able to compute the rate 4 orders of magnitude further
down into the broken low-temperature phase. The results
nicely interpolate with the canonical simulations in the
range where both exist. In the interval 140<∼T<∼155GeV
the broken phase rate is very close to a pure exponential,
and can be parametrized as

log
ΓBroken

T 4
= (0.83± 0.01)

T

GeV
− (147.7± 1.9). (7)

The error in the second constant is completely dominated
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Figure 3: Evolution of the baryon asymmetry ⌘B during the EW crossover. The temporal coor-

dinate is x = T/H = M0/T . The four panels correspond to di↵erent values of the relic magnetic

field strength B0 and coherence length �0 today. In each panel, the five pairs of colored curves

correspond to the five parameterizations of ✓W(t) that appear in Fig. 2. The solid curves are the

result of numerically solving the Boltzmann equations, and the dashed curves evaluate the formula

in Eq. (3.6). The (gray) dotted curve corresponds to the calculation in Ref. [58].

between its asymptotic values at Tstep = 162 GeV. The sudden change in ✓W implies an abrupt

decrease in the helicity of the hypermagnetic field, and a correspondingly large source of baryon

number via the SAB term in Eq. (3.1). As predicted in Ref. [58] the baryon number grows suddenly,

but soon the hypermagnetic field is fully converted into an electromagnetic field, and the EW

sphaleron, which remains in thermal equilibrium until T ⇡ Tsph,fo ' 130 GeV, is able to wash

out the injection of baryon number. At temperatures T & 135 GeV, the analytic formula from

Eq. (3.6) (dashed curve) matches the numerical result (solid curve) very well. After EW sphaleron

freeze-out, T . 130 GeV the baryon number is fixed.

The (gray) dotted curve in Fig. 3 corresponds to the calculation of Ref. [58], which as-

sumed that the weak mixing angle changes abruptly and discontinuously at T = 162 GeV while

15
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sphaleron barrier (∼ sphaleron energy), and special real-
time runs are performed to calculate the dynamical pref-
actors of the tunneling process. The physical rate is then
obtained by reweighting the measurements. For details
of this intricate technique, we refer to [12, 27]. As we will
observe, in the temperature range where both methods
work, these overlap smoothly.
Simulation results: We perform the simulations using lat-
tice spacing a = 4/(9g23) (i.e. βG = 4/(g23a) = 9 in
conventional lattice units), and volume V = 323a3. In
ref. [12] we observed that the rate measured with this
lattice spacing in the symmetric phase is in practice in-
distinguishable from the continuum rate, and deep in the
broken phase it is within a factor of two of our estimate
for the continuum value, well within our accuracy goals.
In fact, algorithmic inefficiencies in multicanonical simu-
lations become severe at significantly smaller lattice spac-
ing, making simulations there very costly in the broken
phase. The simulation volume is large enough for the
finite-volume effects to be negligible [12].
The expectation value of the square of the Higgs field,

v2/T 2 = 2⟨φ†φ⟩/T (here φ is in 3d units), measures the
“turning on” of the Higgs mechanism, see Fig. 2. As
mentioned above, there is no proper phase transition and
v2(T ) behaves smoothly as a function of the tempera-
ture. Nevertheless, the cross-over is rather sharp, and
the pseudocritical temperature can be estimated to be
Tc = 159± 1GeV. If the temperature is below Tc, v2(T )
is approximately linear in T , and at T > Tc, it is close to
zero. The observable ⟨φ†φ⟩ is ultraviolet divergent and
is additively renormalized; because of additive renormal-
ization, v2(T ) can become negative.
We also show the two-loop RG-improved perturbative
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phase rate, Eq. (7), shown with a shaded error band. The
perturbative result is from Burnier et al. [11] with the non-
perturbative correction used there removed; see main text.
Pure gauge refers to the rate in hot SU(2) gauge theory [19].
The freeze-out temperature T∗ is solved from the crossing of
Γ and the appropriately scaled Hubble rate, shown with the
almost horizontal line.

result [2] for v2(T ) in the broken phase. Perturbation
theory reproduces Tc perfectly, and v2 is slightly larger
than the lattice measurement. In the continuum limit we
expect this difference to decrease for this observable; in
ref. [12] we extrapolated v2(T ) to the continuum at a few
temperature values and with Higgs mass 115GeV. The
continuum limit in the broken phase was observed to be
about 6% larger than the result at βG = 9. Thus, for
v2(T ) perturbation theory and lattice results match very
well.
Finally, in Fig. 3 we show the sphaleron rate as a func-

tion of temperature. The straightforward Langevin re-
sults cover the high-temperature phase, where the rate
is not too strongly suppressed by the sphaleron barrier.
In fact, we were able to extend the range of the method
through the cross-over and into the broken phase, down
to relative suppression of 10−3.
Using the multicanonical simulation methods we are

able to compute the rate 4 orders of magnitude further
down into the broken low-temperature phase. The results
nicely interpolate with the canonical simulations in the
range where both exist. In the interval 140<∼T<∼155GeV
the broken phase rate is very close to a pure exponential,
and can be parametrized as

log
ΓBroken

T 4
= (0.83± 0.01)

T

GeV
− (147.7± 1.9). (7)

The error in the second constant is completely dominated
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dinate is x = T/H = M0/T . The four panels correspond to di↵erent values of the relic magnetic

field strength B0 and coherence length �0 today. In each panel, the five pairs of colored curves

correspond to the five parameterizations of ✓W(t) that appear in Fig. 2. The solid curves are the

result of numerically solving the Boltzmann equations, and the dashed curves evaluate the formula

in Eq. (3.6). The (gray) dotted curve corresponds to the calculation in Ref. [58].

between its asymptotic values at Tstep = 162 GeV. The sudden change in ✓W implies an abrupt

decrease in the helicity of the hypermagnetic field, and a correspondingly large source of baryon

number via the SAB term in Eq. (3.1). As predicted in Ref. [58] the baryon number grows suddenly,

but soon the hypermagnetic field is fully converted into an electromagnetic field, and the EW

sphaleron, which remains in thermal equilibrium until T ⇡ Tsph,fo ' 130 GeV, is able to wash

out the injection of baryon number. At temperatures T & 135 GeV, the analytic formula from

Eq. (3.6) (dashed curve) matches the numerical result (solid curve) very well. After EW sphaleron

freeze-out, T . 130 GeV the baryon number is fixed.

The (gray) dotted curve in Fig. 3 corresponds to the calculation of Ref. [58], which as-

sumed that the weak mixing angle changes abruptly and discontinuously at T = 162 GeV while
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Figure 4: The relic baryon asymmetry as a function of the relic magnetic field strength and coher-

ence length today. The five pairs of colored lines correspond to the di↵erent parameterizations of

✓W(t) in Fig. 2: the solid lines show the result of numerical integration, ⌘B(T = 100 GeV), and the

dashed lines show the analytic approximation (3.6) evaluated at T = 135 GeV. The (gray) dotted

curve corresponds to the calculation in Ref. [58].

baryon asymmetry is too large, then our calculation is unreliable. Specifically, in deriving the

Boltzmann equations [58] we have assumed that µi/T ⌧ 1 for the chemical potentials µi associated

with each of the SM particle species. The corresponding abundance is calculated as ⌘ = µT 2/(6s) '

(4⇥10�3)(µ/T ) with s = (2⇡2/45)g⇤ST 3 the entropy density and g⇤S ' 106.75. Then, the condition

µi/T ⌧ 1 implies ⌘i ⌧ 10�3. Consequently, the formula in Eq. (3.6) for the equilibrium baryon

asymmetry cannot be trusted6 if ⌘B � 10�3, but the calculation is certainly reliable for ⌘B as large

as 10�10. We discuss further in Appendix A the reliability of our calculation in the large ⌘B regime.

5 Avoiding Baryon-Number Over-Production

As we discussed in the Introduction, various blazar observations provide evidence for the existence

of an intergalactic magnetic field with strength B0 & 10�14 G and coherence length �0 & 1 pc.

However, our calculations of the relic baryon asymmetry, which are summarized in Fig. 4, imply

6One might wonder whether the conclusion of baryon number over-production can be avoided in the strong field

regime where a more sophisticated calculation is required to accurately infer the late-time behavior of ⌘B . While we

cannot exclude this possibility outright, we cannot envisage any mechanism that would suppress ⌘B back down to

order 10�10.
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from the individual p-values for each source, Paccept,k, where Ns

is the number of sources. Fisher’s method assures that the TS is
distributed as a χ2 distribution with 2Ns degrees of freedom.
This χ2 distribution is integrated, giving the overall p-value of
acceptance, Paccept,com. We choose to present the combined
results for rejecting a model as the equivalent number of sigma
for which the model is rejected if the errors were distributed as
a normal distribution. That is, the number of sigma a model is
rejected is 4 � � P2 erf .1

accept,com( )

4. RESULTS

4.1. Results with Conservative Assumptions

Here we show the results for our conservative assumptions.
We choose a jet opening angle of θj = 0.1 rad, roughly
consistent with values from VLBI measurements (Jorstad
et al. 2005), and the EBL model from (Finke et al. 2010, their
“model C”). For the calculation of Fcascade,min we use tblazar = 3
years and Emax equal to the central energy of the maximum
observed bin from the IACTs. This tblazar is the typical time
between observations for the objects in our sample, and the
typical time for which we know the sources are not variable.
For calculation of Fcascade,max we use tblazar = 1/H0, i.e., we
assume the blazar has been emitting VHE γ-rays at the level
currently observed for the entire age of the universe; and
Emax = 100 TeV. For calculation of Fcascade,max the deabsorbed
VHE points are fit with a power law and extrapolated to
100 TeV to calculate the cascade component. The VHE
spectrum is assumed to have a hard cutoff at Emax. That is,
this assumes that the source does not emit any γ-rays
above Emax.

Our conservative results can be seen in Figure 4. One can see
that high magnetic field values (B  10−12 G for LB  1Mpc)
are not significantly ruled out, while low values (B  10−16 G
at 10−10 Mpc; B  10−21 G for LB  1Mpc) are ruled out at
≈7.2σ. For LB  1Mpc, the allowed B is essentially
independent of LB, since above this LB the electrons will lose
most of their energy from scattering within a single coherence
length. For LB  1Mpc, the allowed B goes as r �B LB

1 2 due
to the random change in direction of B, and hence the direction
of the electrons’ acceleration, as they cross several coherence

lengths. This overall dependence of the constraints on B and LB
has been pointed out previously by Neronov & Semikoz (2009)
and Neronov & Vovk (2010). There is a strange shape in the
contours at 1–10Mpc due to this transition region, and due to
the coarseness of our grid, which is one order of magnitude in
both B and LB.
Low magnetic field values are inconsistent with the data at

>5σ. We consider this to be quite a significant constraint. Since
many authors (e.g., Neronov & Vovk 2010; Dermer
et al. 2011) have ruled out low B values if the cascade
component is above the LAT 2σ upper limits, those authors are
implicitly ruling out the B values at the 2σ level. The high
magnetic field values are not significantly ruled out. The most
constraining sources in our sample for low B values turned out
to be 1ES 0229+200, 1ES 0347–121, and 1ES 1101–232, all
of which individually ruled out low B values at 4.5σ.
Our lower limits on B are lower than what many previous

authors have found in a similar fashion, but assuming tblazar= 1/
H0 (e.g., Neronov & Vovk 2010; Tavecchio et al. 2010, 2011;
Dolag et al. 2011). We compute a constraint with this less
conservative assumption on tblazar below in Section 4.3 for
comparison. Several authors have constrained the IGMF to be
B  10−18 G for LB = 1Mpc by using a shorter tblazar as we do
(e.g., Dermer et al. 2011; Taylor et al. 2011; Vovk et al. 2012).
Our lower limits are generally consistent with these authors,
although slightly lower (B > 10−19 G). The minor difference
could be due to the fact that we assume a sharp cutoff at high
energies in the intrinsic spectrum at the maximum VHE energy
bin observed from a source, while other authors extrapolate
above this energy in some way, typically with an exponential
form. This makes our results more conservative.

4.2. Robustness

In general, we consider our assumptions, and the results
found in Section 4.1, to be quite reasonable, and indeed quite
conservative. However, to be thorough, we have tested the
robustness of these results by varying some of the assumptions,
particularly those that would weaken the constraints, and
seeing if this made a significant difference in our results.
The first item we explored is the EBL model. One would

expect that the parameter space will be ruled out with greater
significance if a more intense and absorbing EBL model is
used, while it would be ruled out with lesser significance if a
less intense EBL model is used. We performed simulations for
a less intense EBL model, namely the model of Kneiske &
Dole (2010). This model was designed to be as close as
possible to the observed lower limits on the EBL from galaxy
counts; however, note that for some regions of parameter space,
other EBL models predict less absorption. The results can be
seen in Figure 5. The low B values are ruled out at 5.5σ, while
the high B values are still unconstrained. We also performed
simulations with the model of Franceschini et al. (2008), which
has a similar overall normalization as the Finke et al. (2010)
model, but its SED has a bit different shape. With this model
we found that low B values are ruled out at 6.7σ, and high B
values are again unconstrained.
There has been some evidence in recent years that the source

1ES 0229+200 is variable at VHE energies (Aliu et al. 2014),
as is 1ES 1218+304. We have therefore left out these sources
when computing our constraints, and the results can be seen in
Figure 6. Similar regions of parameter space are ruled out, but
at much less significance; low values of B are ruled out at 6.0σ.

Figure 4. Values of parameter space of B and LB ruled out for the combined
conservative results of Section 4.1 for all of our objects. The contours represent
the significance a particular region of parameter space is ruled out, in number
of sigma, as indicated by the bar. These constraints assume the Finke et al.
(2010) EBL model and θj = 0.1 rad.
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Figure 4: Present-day strength of the physical magnetic field, B0
p, as a function of the instability parameter ⇠

and the Hubble rate H; see Eq. (50). Here, both ⇠ and H are understood to correspond to the respective values

at the end of inflation, ⇠ ⌘ ⇠rh and H ⌘ Hrh. The green band illustrates the region in parameter space where

baryogenesis around the time of EWSB results in a baryon asymmetry ⌘B in accord with the observed value,

⌘
obs
B ⇠ 10�10; see Eq. (62) and Fig. 5. The gray-shaded regions are the same as in Fig. 2.
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Bp (T ) =

✓
T

Tic

◆7/3

B
ic
p =

✓
T

Trh

◆7/3
"
16⇡ I�

✓
g⇤,ch
g⇤

◆1/2
e
2⇡⇠rh

⇠
4
rh

H
5
rhMPl

#1/3

(47)

' 0.16

✓
T

Trh

◆7/3✓
e
2⇡⇠rh

⇠
4
rh

H
5
rhMPl

◆1/3

,

whereas for the correlation length �p, we find
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Note that we assumed a constant e↵ective number of DOFs in both Eq. (47) and Eq. (48).

3.3 From the electroweak crossover to the present epoch

The evolution of the field strength and correlation length at late times can be described by

standard techniques with the assumption that the magnetic fields evolve according to the inverse

cascade until recombination and evolve adiabatically again after that until today. In the usual

⇤CDM model (without any additional stages of late-time entropy production or the like), we can

readily relate the values of Bp and �p around the time of EWSB to their values in the present

21
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How to generate helical MFs? 
One example is pseudoscalar inflation (’06 Anber+)
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baryogenesis around the time of EWSB results in a baryon asymmetry ⌘B in accord with the observed value,
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Note that we assumed a constant e↵ective number of DOFs in both Eq. (47) and Eq. (48).

3.3 From the electroweak crossover to the present epoch

The evolution of the field strength and correlation length at late times can be described by

standard techniques with the assumption that the magnetic fields evolve according to the inverse

cascade until recombination and evolve adiabatically again after that until today. In the usual

⇤CDM model (without any additional stages of late-time entropy production or the like), we can

readily relate the values of Bp and �p around the time of EWSB to their values in the present
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Figure 7: Present-day magnetic field strength B
0
p as a function of the peak frequency fpeak and the strength of

the peak in the GW spectrum associated with the gauge field production at the end of inflation,
⇥
⌦0

GWh
2
⇤
peak

;

see Eq. (77). In the approximation of instant reheating, fpeak is directly related to the Hubble rate at the end of

inflation; see Eq. (76). The green band illustrates the region in parameter space where ⌘B ⇠ 10�10; see Eq. (62).

the strength of the observed GW signal turns out to be consistent with an inflaton coupling to

the hypercharge gauge field—or whether this assumption would lead to baryon overproduction.

(ii) Along the diagonal line in Fig. 7, the GW spectrum at the end of inflation is dominated by

the (irreducible) vacuum contribution. The part of parameter space below this line is therefore

not accessible. Meanwhile, the vertical distance between this line and any point above indicates

the extent to which the peak in the GW spectrum sticks out of the usual vacuum background.

(iii) We stress once more that, at the quantitative level, Eq. (77) and Fig. 7 may still receive

a number of corrections. After all, every quantity in our analysis (B0
p , ⌘B, ⌦GWh

2) comes with

potentially large uncertainties. Nonetheless, we believe that Eq. (77) and Fig. 7 convey the

correct idea at the qualitative level. Our results illustrate that pseudoscalar inflation leads to

a highly nontrivial relation between initially completely independent phenomena: the present-

day strength of the intergalactic magnetic field, the baryon asymmetry of the universe, and the

stochastic background of GWs. This realization is one of our main achievements in this paper.

5 Explicit scenarios based on natural inflation

All quantities that we were interested in so far (B0
p , �

0
p, ⌘B, and ⌦0

GWh
2) solely depend on the

values of ⇠ and H at the end of inflation. This observation allowed us to perform a completely

model-independent analysis up to this point. We did not specify the form of the inflaton potential

V (a) and discarded all details of the reheating process. Instead, we simply employed a model-

31
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Conclusion

- Baryon asymmetry is generated from decaying hypermagnetic 
helicity through the chiral anomaly. No BSM ingredient!  
- B-violation: chiral anomaly/ C&CP-violation: hypermagnetic helicity 
  Out of equilibrium: Decay of hypermagnetic helicity/EWSB  
- Present B-asymmetry is explained for                                       . 
- Larger MFs (that explain blazars) predict baryon overproduction.  

B0 � 10�16�17G �0 � 10�2�3pc
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Future directions

- Evolution of MFs around EWSB (crossover); precise  
- Further study on magnetogenesis from pseudoscalar inflation 
- Other magnetogenesis mechanism? (e.g. 1st order PT) 
- Is the inverse cascade true? or evolution of MFs in MHD.  
- Determine the properties of intergalactic MFs.  
  Detect the helicity! CTA might be able to. 

�W(T )
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FIG. 6: Evolution of magnetic energy spectra in the turbulent regime for magnetic fields with initially maximal helicity. The
spectral index of the energy spectra is n ≈ 4.

neutral and charged particles is rapid enough. To investigate if this is the case one has to consider the (here assumed
incompressible) equations of MHD with a significant neutral component

ϱi

(

∂vi

∂t
+ vi ·∇vi

)

=
(∇× B) × B

4π
− ϱi αin (vi − vn) (20)

ϱn

(

∂vn

∂t
+ vn ·∇vn

)

= −ϱn αni (vn − vi) (21)

where ϱn, ϱi, vn, vi are matter density and velocity of neutrals and ions, respectively, and we will assume ϱi ≪ ϱn

throughout. The momentum transfer rate due to neutral-ion collisions satisfy

αni =
ϱi

ϱn
αin ≈ Xe αin (22)

The equations of MHD are closed by including the induction equation

∂B

∂t
= ∇× (vi × B) (23)

for ions. The condition of tight coupling between ions and neutrals, i.e. vD ≡ vi − vn ≪ vi may be derived from
Eq. (21) (noting that the first two terms are usually of the same magnitude) to be equivalent to

vi

L
≈

vn

L
≪ Xe αin (24)

One may show (cf. also [39, 40, 41]) self-consistently that in this limit the LHS of Eq. (20) is negligible, leaving the
ion-neutral drift velocity vD in the terminal velocity regime

vD =
(∇× B) × B

4π ϱi αin
(25)

Inserting this equality into Eq. (21), and for vn ≈ v, where v is the center-of-mass velocity, one obtains the usual
Euler equation Eq. (1). The induction equation (23) is modified to include a dissipative term. Replacing vi = vD +vn

one finds

∂B

∂t
= ∇× (v × B) + ∇×

(

(∇× B) × B

4π ϱi αin
× B

)

. (26)
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FIG. 4: Time evolution of Γ = Ekin/Emag for maximal helical magnetic fields with different spectral indices n in the turbulent
regime. The initial kinetic energy is set to 10−4 Emag. The ratio Γ is nearly constant in time, although, equipartition of kinetic
and magnetic energy is not established for helical magnetic fields.

such that vl ≈ vA,L (τdrag/τA,l) ≪ vA,l for τdrag ≡ α−1 ≪ τA,l. This yields a kinetic Reynolds number of

Re ≈
(vA,l

α l

)2

≪ 1 . (15)

Though one would naively expect that at small Reynolds number the total energy gets immediately dissipated due
to viscous terms, this is not the case (JKO98). For large Prandtl number the energy may only be dissipated via
the excitation of fluid motions. Nevertheless, due to the strong drag, such excitation is slow and inefficient, and a
system with Γ ≪ 1, i.e. well below equipartition between magnetic- and kinetic- energy results. Since the dissipation
rate is proportional to the velocity fluctuations v the net effect of strong fluid viscosities is a delayed dissipation and
quasi-frozen-in magnetic fields. Note that in the case of viscous MHD, flows are effectively dissipated on the integral
scale, and cascading of energy in k-space is not required. One finds for the energy dissipation rate

dE

dt
≈

E

τL
∼

E2

L2 α
, with τL ≈ L/vL ∼

L2α

E
, (16)

and where τL a formal eddy turn-over time scale identical to the overdamped time scale for the evolution of overdamped
Alfvén and slow- magnetosonic modes as found in JKO98.

A. Nonhelical fields

With a blue spectrum (n > 0) for the magnetic fields on large scales as given in Eq. (9), and with very similar
reasoning as in the turbulent case, one may compute the asymptotic power-law for decay of energy density and growth
of magnetic field coherence length as

E ≈ E0

(

t

τvisc
0

)− n
n+2

L ≈ L0

(

t

τvisc
0

)
1

n+2

no helicity , Re ≪ 1 , (17)

for t >∼ τvisc
0 and where τvisc

0 ≈ τA
L,0 (τA

L,0/τdrag) ≈ L2
0α/E0. Here, in contrast to the condition in the early Universe,

a constant (in time) drag coefficient α has been assumed. Note that Eq. (17) indeed predicts slower magnetic field

(’04 Banerjee+)

Helicity conservation leads to an enhancement of  
large-scale correlation of MFs: Inverse Cascade (IC) 

Scaling relation during the radiation dominated era

Bp � a�7/3, �B � a5/3 for maximally helical MFs
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MHD simulations tells that coherent length (or peak scale) 
of MFs is determined by the eddy scale (at recombination). 

MF coherent length

from the individual p-values for each source, Paccept,k, where Ns

is the number of sources. Fisher’s method assures that the TS is
distributed as a χ2 distribution with 2Ns degrees of freedom.
This χ2 distribution is integrated, giving the overall p-value of
acceptance, Paccept,com. We choose to present the combined
results for rejecting a model as the equivalent number of sigma
for which the model is rejected if the errors were distributed as
a normal distribution. That is, the number of sigma a model is
rejected is 4 � � P2 erf .1

accept,com( )

4. RESULTS

4.1. Results with Conservative Assumptions

Here we show the results for our conservative assumptions.
We choose a jet opening angle of θj = 0.1 rad, roughly
consistent with values from VLBI measurements (Jorstad
et al. 2005), and the EBL model from (Finke et al. 2010, their
“model C”). For the calculation of Fcascade,min we use tblazar = 3
years and Emax equal to the central energy of the maximum
observed bin from the IACTs. This tblazar is the typical time
between observations for the objects in our sample, and the
typical time for which we know the sources are not variable.
For calculation of Fcascade,max we use tblazar = 1/H0, i.e., we
assume the blazar has been emitting VHE γ-rays at the level
currently observed for the entire age of the universe; and
Emax = 100 TeV. For calculation of Fcascade,max the deabsorbed
VHE points are fit with a power law and extrapolated to
100 TeV to calculate the cascade component. The VHE
spectrum is assumed to have a hard cutoff at Emax. That is,
this assumes that the source does not emit any γ-rays
above Emax.

Our conservative results can be seen in Figure 4. One can see
that high magnetic field values (B  10−12 G for LB  1Mpc)
are not significantly ruled out, while low values (B  10−16 G
at 10−10 Mpc; B  10−21 G for LB  1Mpc) are ruled out at
≈7.2σ. For LB  1Mpc, the allowed B is essentially
independent of LB, since above this LB the electrons will lose
most of their energy from scattering within a single coherence
length. For LB  1Mpc, the allowed B goes as r �B LB

1 2 due
to the random change in direction of B, and hence the direction
of the electrons’ acceleration, as they cross several coherence

lengths. This overall dependence of the constraints on B and LB
has been pointed out previously by Neronov & Semikoz (2009)
and Neronov & Vovk (2010). There is a strange shape in the
contours at 1–10Mpc due to this transition region, and due to
the coarseness of our grid, which is one order of magnitude in
both B and LB.
Low magnetic field values are inconsistent with the data at

>5σ. We consider this to be quite a significant constraint. Since
many authors (e.g., Neronov & Vovk 2010; Dermer
et al. 2011) have ruled out low B values if the cascade
component is above the LAT 2σ upper limits, those authors are
implicitly ruling out the B values at the 2σ level. The high
magnetic field values are not significantly ruled out. The most
constraining sources in our sample for low B values turned out
to be 1ES 0229+200, 1ES 0347–121, and 1ES 1101–232, all
of which individually ruled out low B values at 4.5σ.
Our lower limits on B are lower than what many previous

authors have found in a similar fashion, but assuming tblazar= 1/
H0 (e.g., Neronov & Vovk 2010; Tavecchio et al. 2010, 2011;
Dolag et al. 2011). We compute a constraint with this less
conservative assumption on tblazar below in Section 4.3 for
comparison. Several authors have constrained the IGMF to be
B  10−18 G for LB = 1Mpc by using a shorter tblazar as we do
(e.g., Dermer et al. 2011; Taylor et al. 2011; Vovk et al. 2012).
Our lower limits are generally consistent with these authors,
although slightly lower (B > 10−19 G). The minor difference
could be due to the fact that we assume a sharp cutoff at high
energies in the intrinsic spectrum at the maximum VHE energy
bin observed from a source, while other authors extrapolate
above this energy in some way, typically with an exponential
form. This makes our results more conservative.

4.2. Robustness

In general, we consider our assumptions, and the results
found in Section 4.1, to be quite reasonable, and indeed quite
conservative. However, to be thorough, we have tested the
robustness of these results by varying some of the assumptions,
particularly those that would weaken the constraints, and
seeing if this made a significant difference in our results.
The first item we explored is the EBL model. One would

expect that the parameter space will be ruled out with greater
significance if a more intense and absorbing EBL model is
used, while it would be ruled out with lesser significance if a
less intense EBL model is used. We performed simulations for
a less intense EBL model, namely the model of Kneiske &
Dole (2010). This model was designed to be as close as
possible to the observed lower limits on the EBL from galaxy
counts; however, note that for some regions of parameter space,
other EBL models predict less absorption. The results can be
seen in Figure 5. The low B values are ruled out at 5.5σ, while
the high B values are still unconstrained. We also performed
simulations with the model of Franceschini et al. (2008), which
has a similar overall normalization as the Finke et al. (2010)
model, but its SED has a bit different shape. With this model
we found that low B values are ruled out at 6.7σ, and high B
values are again unconstrained.
There has been some evidence in recent years that the source

1ES 0229+200 is variable at VHE energies (Aliu et al. 2014),
as is 1ES 1218+304. We have therefore left out these sources
when computing our constraints, and the results can be seen in
Figure 6. Similar regions of parameter space are ruled out, but
at much less significance; low values of B are ruled out at 6.0σ.

Figure 4. Values of parameter space of B and LB ruled out for the combined
conservative results of Section 4.1 for all of our objects. The contours represent
the significance a particular region of parameter space is ruled out, in number
of sigma, as indicated by the bar. These constraints assume the Finke et al.
(2010) EBL model and θj = 0.1 rad.
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Fig. 4.— The values of parameter space of B and LB ruled out
for the combined conservative results of Section 4.1 for all of our
objects. The contours represent the significance a particular region
of parameter space is ruled out, in number of sigma, as indicated
by the bar. These constraints assume the Finke et al. (2010) EBL
model and θj = 0.1 rad.

There is a strange shape in the contours at 1 − 10 Mpc
due to this transition region, and due to the coarseness
of our grid, which is one order of magnitude in both B
and LB.
Low magnetic field values are inconsistent with the

data at > 5σ. We consider this quite a significant con-
straint. Since many authors (e.g., Neronov & Vovk 2010;
Dermer et al. 2011) have ruled out low B values if the
cascade component is above the LAT 2σ upper limits,
those authors are implicitly ruling out the B values at the
2σ level. The high magnetic field values are not signifi-
cantly ruled out. The most constraining sources in our
sample for low B values turned out to be 1ES 0229+200,
1ES 0347−121, and 1ES 1101−232, all of which individ-
ually ruled out low B values at ! 4.5σ.
Our lower limits on B are lower than what many

previous authors have found in a similar fashion, but
assuming tblazar = 1/H0 (e.g. Neronov & Vovk 2010;
Tavecchio et al. 2010, 2011; Dolag et al. 2011). We com-
pute a constraint with this less conservative assumption
on tblazar below in Section 4.3 for comparison. Several
authors have constrained the IGMF to be B ! 10−18 G
for LB = 1 Mpc by using a shorter tblazar as we do (e.g.,
Dermer et al. 2011; Taylor et al. 2011; Vovk et al. 2012).
Our lower limits are generally consistent with these au-
thors, although slightly lower (B > 10−19 G). The minor
difference could be due to the fact that we assume a sharp
cutoff at high energies in the intrinsic spectrum at the
maximum VHE energy bin observed from a source, while
other authors extrapolate above this energy in some way,
typically with an exponential form. This makes our re-
sults more conservative.

4.2. Robustness

In general, we consider our assumptions, and the re-
sults found in Section 4.1 quite reasonable, and indeed
quite conservative. However, to be thorough, we have
tested the robustness of these results by varying some of
the assumptions, particularly those that would weaken
the constraints, and seeing if this made a significant dif-
ference in our results.
The first item we explored is the EBL model. One

would expect that the parameter space will be ruled out
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Fig. 5.— The same as Figure 4, only with the EBL model of
Kneiske & Dole (2010).
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Fig. 6.— The same as Figure 4, only without the results from
the source 1ES 0229+200 and 1ES 1218+304, which have shown
evidence for γ-ray variability.

with greater significance if a more intense and absorb-
ing EBL model is used, while it would be ruled out with
lesser significance if a less intense EBL model is used.
We performed simulations for a less intense EBL model,
namely the model of Kneiske & Dole (2010). This model
was designed to be as close as possible to the observed
lower limits on the EBL from galaxy counts; however,
note that for some regions of parameter space, other EBL
models predict less absorption. The results can be seen
in Figure 5. The low B values are ruled out at 5.5σ, while
the high B values are still unconstrained. We also per-
formed simulations with the model of Franceschini et al.
(2008), which has a similar overall normalization as the
Finke et al. (2010) model, but its SED has a bit different
shape. With this model we found that low B values are
ruled out at 6.7σ, and high B values are again uncon-
strained.
There is some evidence in recent years that the source

1ES 0229+200 is variable at VHE energies (Aliu et al.
2014), as is 1ES 1218+304. We have therefore computed
our constraints leaving out these sources, and the results
can be seen in Figure 6. Similar regions of parameter
space are ruled out, but at much less significance; low
values of B are ruled out at 6.0σ.
We performed simulations with both larger (θj = 0.2

rad) and smaller (θj = 0.05 rad) values of the jet opening
angle. A Larger value of θj led to larger cascades, and

(’04 Banerjee+)
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MHD evolution
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- Washout term: EW sphaleron
Maximal Temperature of the Early Universe 9
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Fig. 5. One of the 12-fermion processes which are in thermal equilibrium in the
high-temperature phase of the standard model.

transition.
The second crucial nonperturbative aspect of baryogenesis is the connec-

tion between baryon number and lepton number in the high-temperature,
symmetric phase of the Standard Model. Due to the chiral nature of the
weak interactions B and L are not conserved [23]. At zero temperature
this has no observable e↵ect due to the smallness of the weak coupling.
However, as the temperature reaches the critical temperature Tc of the elec-
troweak phase transition, B and L violating processes come into thermal
equilibrium [24]. The rate of these processes is related to the free energy
of sphaleron-type field configurations which carry topological charge. In
the standard model they lead to an e↵ective interaction of all left-handed
fermions [23] (cf. Fig. 5),

OB+L =
Y

i

(qLiqLiqLilLi) , (3.3)

which violates baryon and lepton number by three units,

�B = �L = 3 . (3.4)

The sphaleron transition rate in the symmetric high-temperature phase
has been evaluated by combining an analytical resummation with numerical
lattice techniques [25]. The result is, in accord with previous estimates, that
B and L violating processes are in thermal equilibrium for temperatures in
the range

TEW ⇠ 100 GeV < T < TSPH ⇠ 1012 GeV . (3.5)

W. Buchmüller, 1212.3554 

Washes out B(+L) asymmetry carried 
by left-handed fermions:  

(’85 Kuzmin, Rubakov&Shaposhnikov)

�W � 20�5
W T

Spin-flip interactions are needed to 
remove asymmetry carried by right-
handed fermions

e�L e+
R

�

yij
e

(’92 Campbell+)

�e �
|ye|2

8�
T

(’97 Moore)

At the symmetric phase, �W � �e

Washout is determined by spin-flip interactions 

Baryon asymmetry has the form

�B �
nB

s
� S1

s�e
�

(g�2/4�)B2
p/�B

(|ye|2/8�)sT

(※ Chiral magnetic effect can change the washout term.) 
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Figure 2: Evolution of the baryon asymmetry in the presence of decaying helical magnetic field.

We take B0 = 10�16 G for the field strength today, �0 = 10�2 pc for the coherence length today,

and fh$ee = fflip = 1 for the spin-flip fudge factor. The magnetic field is injected at a temperature

Tini, which ranges from 108 to 103 GeV by factors of 10. The dashed lines shown the analytic

approximations in Eqs. (3.6) and (3.10).

in some previous studies [24, 25].) In the symmetric phase, the equilibrium solution scales as

⌘B ⇠ x�4/3 for weak fields and x�2/3 for strong fields, as we showed in Eq. (3.7).

In Fig. 4 we show the relic baryon asymmetry ⌘B as a function of the magnetic field strength

today B0 while fixing the coherence length �0 with the relation in Eq. (2.67). If the field is too

weak, the corresponding source term from decaying hypermagnetic helicity is ine�cient, and the

resulting relic baryon asymmetry is suppressed. If the field is too strong, the baryon asymmetry

is suppressed instead by the chiral magnetic e↵ect. For our best estimates of the electron spin-flip

transport coe�cients, fh$ee = fflip = 1, the largest relic baryon asymmetry ⌘B ' 5 ⇥ 10�12 is

obtained for B0 ' 5⇥ 10�15 G. This is insu�cient to account for the observed baryon asymmetry

of the universe, ⌘obsB ' 1⇥10�10. Varying the transport coe�cients over a reasonable interval leads

to an O(1) change in the relic asymmetry; this indicates the robustness of our result.

The above results strongly support the validity of our analytic estimate Eq. (3.12). Figure

5 shows the magnetic field parameter space and predicted baryon asymmetry from the analytic

formula Eq. (3.12). The constraints are summarized as follows [1]. On large length scales, a

strong field B0 & 10�9 G would induce energy density inhomogeneities at a comparable level to the

primordial density perturbations. Models falling into the region of parameter space labeled “conflict

with CMB” are excluded by non-observation of these e↵ects in the cosmic microwave background.

Measurements of TeV blazar spectra display a deficit of GeV photons, which can be explained by a

su�ciently strong intergalactic magnetic field that deflects the electromagnetic cascade o↵ the line

of sight. A weak magnetic field in the region of parameter space labeled “cannot explain blazars”

cannot accommodate the blazar observations. Finally, we have already discussed that a causally-

29

(’98 Giovannini&Shaposhinikov 
 ’16 Fujita&KK, KK&Long)

(※ Inverse cascade regime is assumed.  
Backreaction to the evolution of MFs is negligible.) 
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Parameterization of the evolution of weak mixing 
angle
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Figure 2: The time-dependent weak mixing angle, expressed as cos2 ✓W(t). Results of numerical

lattice simulations [61] appear as (gray) data points, and results of one-loop perturbative analytic

calculations [63] appear as a (black) dashed line. The other curves correspond to the “smoothed

step” interpolating function from Eq. (4.3), which we use for our analysis.

as a smoothed step function,

cos2 ✓W(T ) = cos2 ✓W0 +
1 � cos2 ✓W0

2

✓
1 + tanh

T � Tstep

�T

◆
, (4.3)

which interpolates between cos2 ✓W0 = g2/(g2 + g02) ' 0.773 at low temperature and cos2 ✓W = 1

at high temperature. A few trial functions are also shown in Fig. 2. It is straightforward to obtain

✓W in terms of the dimensionless temporal coordinate x = M0/T .

The conductivity of the SM plasma has been calculated in Ref. [73]. In the symmetric phase

at temperature T � 100 GeV they find the hypermagnetic conductivity to be �Y ' 55T , and

in the broken phase at temperature T ⇠ 100 GeV the electromagnetic conductivity is given by

�em ⇠ 109T (see also [58]). The conductivity �A that appears in Eq. (2.7) interpolates between

these two limiting behaviors. However, for simplicity we estimate the conductivity instead as

�A = 100T in both the symmetric and broken phases.

Adopting Eq. (4.3) to model the time-dependence of the weak mixing angle, we solve the

Boltzmann equations [58] using the source terms in Eq. (2.13). The evolution of the baryon asym-

metry during the EW crossover is shown in Fig. 3 where we compare the numerical solution with

the analytic formula that appears in Eq. (3.6). Evidently, the evolution of ⌘B depends strongly on

how the weak mixing angle evolves through the EW crossover; this behavior can be understood as

follows.

Let us first consider the pair of (purple) curves which correspond to Parameterization A

(Tstep = 162 GeV, �T = 1 GeV) in Fig. 2. In this case, the weak mixing angle quickly transitions
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